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Abstract

It is shown that the Holomorph of a C-loop is a C-loop if each
element of the automorphism group of the loops is left nuclear. Con-
dition under which an element of the Bryant-Schneider group of a
C-loop will form an automorphism is established. It is proved that
elements of the Bryant-Schneider group of a C-loop can be expressed
a product of pseudo-automorphisms and right translations of elements
of the nucleus of the loop. The Bryant-Schneider group of a C-loop is
also shown to be a kind of generalized holomorph of the loop.

2000 Mathematics Subject Classification : Primary 20NOS5;
Secondary 08A05.

Keywords : Central loop, isotopism, autotopism, Bryant-Schneider
group.


rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172011000300003

http://dx.doi.org/10.4067/S0716-09172011000300003

304 John Olusola, Yakub Tunde and Daabo Mohammed

1. Introduction

Central loops(C-loops) are loops which satisfy one of the identities called
”Central identity” as named by F. Fenyves [9], [10]. Closely related to the
central identity are left central(LC) and right central (RC) identities. The
expressions for the mentioned identities are as follows;

(1.1) (yr-x)z =y(x - xz) central identity

i.xx-yz = (x-xy)z =
ii. (x-2y)z =x(r-yz) =

(1.2) ii. (zx-y)z = x(x - yz)
LC- identities
i.yz-zx = ylzz.z) =
it. (yz-z)r =y(zx-x) =
(1.3) iii. (yz - x)x = y(z - zx)

RC- identities

Recently Phillips and Vojtechovsky [20], found out that in addition to
the identities above, LC and RC identity can also be defined respectively
by,

(1.4) (y-zx)z =y(x-zz) and (yr- -x)z =y(xx-2)

C-loops are one of the least studied loops. Few publications that have
considered C-loops include Fenyves [9], [10], Phillips and Vojtechovsky [18§]
[20] [19], Chein [5]. The difficulty in studying them is as a result of the
nature of their identities when compared with other Bol-Moufang identi-
ties(the element occurring twice on both sides has no other element sepa-
rating it from itself).

2. Preliminaries

Theorem 2.1. ([10], [20]) Let (L,-) be an LC-loop(RC-loop). Then:

1. (L,-) is a left (right) alternative loop,

2. (L,-) is a left (right) inverse property loop,
3. (L,-) is a left (right) nuclear square loop,

4. (L,-) is a left (right) power alternative loop,
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5. (L,-) is a middle square loop,
6. (L,-) is power associative loop.

Definition 2.1. A triple («, 3,7) of bijections is called an isotopism of
loop (L, +) onto a loop (H, o) provided zacoyf = (z-y)yV z,y € L. (H,0)
is called an isotope of (L,-). The loops (L,-) and (H,o) are said to be
isotopic to each other.

Definition 2.2. Let o and [ be a permutation of L and let ¢ denotes the
identity map on L. Then (a, f3,t) is a principal isotopism of a loop (L, )
onto a loop (L, o) which imply that (a, f3,t) is an isotopism of (L,-) onto
(L,o0).

Definition 2.3. An isotopism of (L,-) onto (L,-) is called an autotopism
of (L,-). The group of autotopisms of L is denoted by A(L).

Remark 2.1. The components of isotopism are usually denoted by lower
case Greek letters. However, we shall denote the components of autotopism
by capital letters, thus if T' = (U,V,W) is an autotopism of a loop (L, ),
then

a2U - yV = (xy)W,V z,y € L.

The set of all autotopism of a loop is a group with the inverse of T T~ ! =
(U, V,W)™t = (U1, V=1, W~1). The identity element of the group being
(I,1,I) where I is the identity map of L. If T'= (U,U,U), then T is called
the automorphism (L, -)

Definition 2.4. If (U,V,W) is autotopism of an inverse property loop
(L,.) then (W,JV J,U) and (JUJ,W,V) are autotopism of L. Moreover
it (U,V,W) = (S,SR., SR.) the S is called a pseudoautomorphism of L
with companion c. The set of all pseudoautomorphisms of L is denoted by
PS(L,.).

Definition 2.5. Let (L,-) be an inverse property loop with the nucleus
denoted by N. Then an automorphism a of (L, -) is left nuclearif f ac-a™' €
N for all a € L.

Definition 2.6. Let (L,.) be a loop and BS(L,.) be the set of all permu-
tations 0 of Q such that

-1 p7-1
<OR,L,0L7',0 >

is an autotopism of (L,.) for some f,g € L, then BS(L,.) is called the
Bryant-Schneider group of the loop.
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Definition 2.7. Let (L,-) be a loop, A(L) a group of automorphisms of
loop (L,-) and let H H = A(L) x L and define

(Oé,JI) % (ﬁvy) = (Oéﬁ, .TI/B y)
V (), (B,y) € H. Then the loop (H, o) is called the A(L)-holomorph
of (L,-) or simply holomorphy of (L, .).
3. Holomorphy

Theorem 3.1. Let (L,-) be a an LC-loop and A(L) be a group of auto-
morphism of (L,-). Then the A(L)-holomorph (H,0) of (L,-) is an LC-loop
if and only if

(3.1) (za - zy)z = oz - yz)

Va,yz€ Land ¥V a € A(L).

Proof.
Suppose A(L)-holomorph (H,0) of (L, ) is an LC-loop we have

(3.2) {(a, z)o[(e, x)o(B,y)]}o(v,2) = (a,z)o{(e,z)0[(B,y)o(7,2)]}
Vz,y,z€ Land ¥V «, 3,y € A(L). Thus
{(aw)o(aB, zB . y)to(v,2) = (o, x)o{(e, x)o(By,y7 - 2)}

{a-aB,zaB - (z8-y)lo(vy,2) = (a,x)o{(a- By, xBv - (yy-2))}
{(a-aB)y,[zaf - (zf-
Vv -z} = {ala-By),za-By-2fy(yy-2)}V x,y,2 € Land V o, 8,7 €

A(L). Therefore

{zaf - (zB-y)}y-2z = za- By.afy(yy - 2)

Va,y,z € Land ¥V «, 8,7 € A(L).
Therefore,

{za- By (@fy-y1)} -z =za- By by (y7-2)
putting ¢ = [, gives

{zag - (z¢-yv)}z = zag-xd(yy - 2)
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hence
{za-(x-yyo ")} 207" = {za-a(yye™" 207"}

Va,y,2€ Land ¥V a, ¢,y € A(L). If we put § = yy¢~! and Z = 29, we
obtain
(za-29)Z =za- (x -7 2)

And replacing 7 and Z by y and z respectively we have
(xa-zy)z = za(x-yz)

Va,y,z € Land V o € A(L), which is equation (3.1).

The converse is obtained by reversing the process.

Corollary 3.1. Let (L,-) be a loop, and A(L) be the group of all auto-
morphism of L, then L is an LC-loop if

(3.3) B = (LyLya, I, LyLyq)
is an autotopism of L,V x,y,z € L and ¥V « € A(L)
Proof. This is a consequence of (3.1)

Theorem 3.2. Let (L,-) be a loop and A(L) be a group of automorphism
of (L,-). Then the A(L)-holomorph (H,0) of (L, -) is an RC-loop if and only
if

(3.4) y((z - za)z) = (yz - za)x

Va,y,z€ L andV a € A(L).
Proof.

The procedure for the proof is like that of Theorem 3.1 above hence it
is omitted.

Corollary 3.2. Let (L,-) be any loop and A(L) be the group of all auto-
morphisms of L, then L is an RC-loop if and only if

(3’5) B = <[7R$CYR$7R:L‘O¢R:I:>

is an autotopism of L, for all x,y,z € L and all o« € A(L)
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Proof.
From 3.4)
y((z - za)z) = (yz-za)z

= Y- 2Rypa Ry = yZR:caRa:
Va,y,z€ Land ¥ a € A(L).

= (Ia Ra:aRmy Ra:aRx>
is an autotopism of (L,-) V2 € L and V o € A(L).

Conversely, suppose (3.5) hold, then V y, z € L we have
yl - zRzq Ry = yzRpa Ry
y((z-za)z) = yz(za - z)
Va,y,z € Land V o € A(L).

Theorem 3.3. Let (L,-) be a loop and A(L) be a group of automorphism
of (L,-). Then the A(L)-holomorph (H,o0) of (L,.) is a C-loop if and only if

(3.6) (y-za)x -z = ylxa-xz)
Va,y,z€ L andV a € A(L).

Proof.
The procedure for the proof is like that of theorem 3.1 hence it is omitted.

Corollary 3.3. Let (L,.) be a loop and A(L) be the group of all automor-
phisms of L, then L is a C-loop if and only if

(3.7) B = (RyaRu, LyiLy 1, 1)
is an autotopism of L, for all x,y,z €L and all « €A(L)

Proof. From (3.6)
(y-za)r -z = y(za - zz)

= YyRyaRz-2=19y-2LyLq

Va,y,z€ Land V¥ a € A(L).
substituting Z = 2L, L, we have

YRz Ry ‘EL(xa)fl L,1=yz
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Va,y,Z€ Land ¥ a € A(L).

= <RIQRI, L(za)—le—l , I)
is an autotopism of (L,-) Vz € L and V o € A(L).

Conversely, suppose equation (3.7) is an autotopism of (L, -), therefore
Y y,z € L we have

YRya Ry - 2L, L = yz-1

yRa:aRa: 2=y ZLy Lyl
(y-za)z = y(za - xZz)

Va,y,Z € LandV o € A(L) hence (L, ) is a C-loop.

3.1. Nuclear Automorphism

Theorem 3.4. Let (L,-) be a loop and A(L) be a group of automorphism
of (L,-). Then the A(L)-holomorph (H,o0) of (L,-) is a C-loop iff (L,-) is
a C-loop and each o € A(L) is a left nuclear automorphism of (L, -).

Proof. Suppose (H, o) is a C-loop. Since (L, -) is isomorphic to a subloop
of (H,o), it follows that (L,-) must be a C-loop. From Theorem (3.1),
equation (3.1) holds V z,y,z € L and V o € A(L). Furthermore, by
Theorem (3.1) and Corollary (3.3),

A(z) = (R2, L%, 1) and B(z) = (RyRya, Ly L}, 1)

ro

are autotopisms of (L,-),V z € L and V « € A(L). Therefore by Theorem
(3.1)and we have

(@) = (L2 1 L), 43 (0) = 1, )

By Yz) = (LyaLa, I, Lyo Ly) and By(z) = (I, Ry Rya, Ry Rua)

are also autotopisms of (L,-),¥V € L and V o € A(L). If these are
combined we have

Ax(x)ByNx) = (L2, 1, Ly (Lo Lya, I, Ly Lo

(3.8) Ax(2)ByNz) = (Ly ' Lua, I, Ly Lag)

Bu(x)Ail(x) = (I, Rya Ry, RuaRa) (1, R;27 R;2>
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(3.9) Bu(x)A M (2) = (I, Rya R, ", Rea) R, )

as autotopisms of (L, ),V z € L and V a € A(L). Now if we apply (3.8)
and (3.9) to 1-b and a - 1 respectively, we have

1L Ly b= (1-b)L; Lya

(xo- 7o = bL(x) ' Lyg
bLyoL;t = bL ' Lag

and
a- 1Ry R = (a-1)RuaR; !

a(ra -z = aRu R,
aRypp—1 = ARz R, !

and respectively we have
(3.10) Lpgo = Ly Lag

(311) Rmopm*l = R$01R1_‘1

Vo e LandV a € A(L). If we put equations(3.10) and (3.11) into
equations(3.8) and (3.9) respectively, we have

A\(2)By (%) = (Lpaog—1: 1, Lpg—1)

and
Bu($)A;1(:L') = (I, Rpq.p1, Rma-x*1>
Vo€ LandV¥ o€ A(L). These therefore imply that za -2~ € Ny(L) and

za -2t € N,y(L). Consequently, za- =1 € N(L) since (L,-) is an inverse
property loop. Hence o € A(L), is left nuclear.

Conversely, suppose (L, -) is a C-loop and each o € A(L) is left nuclear.
Then for each o € A(L) and each z € L the element za - 27 € N, (L),
thus

vy = ((wa-z )y

ra-y = (za-z 1)y

Vyel
YLlyo = yLszomc*l = L:?leoz = waz*l
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VeeLandV a € A(L). But for Vo € L andV o € A(L), we know that
za - 271 € Ny(L). Hence,

C= <Lo¢~x—1 ) I’ an~x—1> = <L;1L9€Oé’ I? L;1L$a>

is an autotopism of (L,-),V z € L and V o € A(L). But again , A =
(L2,1,L2) is an autotopism of (L,-),V = € L. Therefore,

AC = <L1an> I, LxLza>

is an autotopism of (L,-),V x € L and V o € A(L). So also is (AC);1 =
(Rpa Ry, LA L1, I). Therefore of yz,V y,z € L, we have

YRoaRy - 2L Lt = yz
if we put Z = 2L, 1L, !, in this we have

nyaRx 2=y ELman

((y - za)x)z = y(za - 2%)

V z,y,Z € L and ¥V o« € A(L). Replacing Z by z, V z,y,z € L and
V o € A(L) and we have a central identity. Hence, (H,0) is a C-loop.

Theorem 3.5. The set S(L) of all left nuclear automorphism of an C-loop
(L,-), is a normal subgroup of the automorphism group of (L, -).

Proof. S(L) # 0, from the Theorem 3.4 it was shown that
Lyow-1 = Ly 'Luyq

Vuée LandV a € S(L) (since for an inverse property loop L, L, 1 = L !
VYu € L). Then ua-u™' € Ny(L,-),Yu € L and ¥ o« € S(L). It follows
then that

A(av u) = <Lua-u*1717 Luqu—1) = <L;1Lua,1, LzzlLUOJ

Vu € L and forall a € L. Hence if o, € S(L), we have
Ao, u)A(Byuar) = (Ly* Luas T, Ly Lo (L Luaygs T Lge Luag)

(3.12) Ala, u)A(B,ua) = <L1:1Lua,5’7 I, LalLUOﬂ)
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is an autotopism of (L,-),V u € L. Therefore V y € L we have
1L, Luag -y = (1-y)Ly ' Luag
(uoB-u™) -y = yL, Luagp
YLuapu—t = YLy Luas

:>Lua64u—1 = Lu_lLuocB

(3.13)

Thus, (3.13) into (3.12) gives
(3.14) Ao, u)A(B,ua) = (Lyapy-1,1, Lyagu-—1)

From equation (3.14), uaB.u=t € N\(L,-), Yu € L, hence uaB.u~t € N,
for all uw € L and so a8 € S(L), since (L, -) is an inverse property loop.

If « € S(L), then A(a,u) is an autotopism of (L, )V u € L, so also is
Alua ™) I VYue L, ie

A(Oé, ua_l)_l = <LZL;—1Lua*1,a> I L;Ol[—lLofl.o)_l
= <L;i—1 Lua I, L;i—lLu>_1
= (Ly'Lyq—, I, L, LY
= (L(uatu™), I, Lluatu™h)
Hence it follows that o~ € S(L). Thus S(L) is a subgroup of the
automorphism group of (L, -).
Let o € S(L), then ua- ot € Ny(L,-),V u € L and
(wau Ny = (uvou Yy
YV u,x,y € L, if v is an automorphism of (L, ), then we have

{uary - (uy) ™) Hay - y7) = {uay - (wy) ™Yy - yy

1in the last expression, we have
(wy oy w )@y yy) = (wy ey u ey -y

Thus, vy lay-u~! € Ny(L,-) and since L is an inverse property loop, the

three nuclei coincide, then uy ‘ay-u~! € N(L,-) for all v € L and all

automorphism v of (L,-). Hence v~ tay € S(L) for all o € S(L) and all

automorphism ~ of (L,-). So S(L) is indeed normal in the automorphism

group of A(L) of (L,.).

YV u,x,y € L, and if we replace u by uy~
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4. Bryant-Schneider group

Theorem 4.1. Let (L, -) be a C-loop, an element 0 of the Bryant-Schneider
group of L is an automorphism of L provided

<OR;1,0Lp1,0 >
is an autotopism of (L, .) if f and g are elements of the nucleus of (L, .).
Proof : Let (L,.) is a C-loop then
< Ry,1Ry-1,LyLy, I >

is an autotopism for all x € L. 6 € BS(L,.) imply that < 0R;-1,0Ls-1,0 >
is also an autotopism for some g, f € (L,.)

Hence < 9R971,9Lf71,9 >< RyflRyfl, LyLy, I >=
<OR;1Ry-1Ry-1,0Ly-1LyLy, 0 > is an autotopism of for all y € L and
some g, f € L. Since (L,.) is an alternative property loop, then

RyflRyfl = R(yfl)Z = R(yZ)fl

and LyL, = L2 therefore < 0R,1 R, -1 Ry—1,0L¢1LyL,,0 >=

< ORy1Ryp2y1,0Lp-1L,2,0 > If g = (y*)~! and f = y? we obtain <
0,0,0 > Hence 0 is an automorphism of (L,.). g = (y*)7! and f = ¢?
implies that f = ¢g~' = 42, Then it follows that f and g are elements of

N(L,.) the nucleus of (L,.) since the square of every element y € L belongs
to N(L,.).

Theorem 4.2. Let (L,.) be a C-loop and let § € S(L,.) (the symmetric
group of L). Then 6 € BS(L,.) if there is a unique a € P(L,.) (the

set pseudo-automorphisms of (L,.)) and a unique f € N(L,.) such that
0 =aRf(la= HRJT]‘).

Proof :
Let (L,.) be a C-loop then

A=< Rxflefl,LxLx,I >

an autotopism of (L,.) for all z € L.
B=<I1,R2,R,2 >=< R,2,pR,2p, I > is also an autotopism for all z € L.
Therefore by Bruck[4]

BA =< R, pR2p, I >< Ry-1R, -1, Ly Ly, I >=<1,pR2pLyL,, I >



314 John Olusola, Yakub Tunde and Daabo Mohammed

is an autotopism for all z € L. § € BS(L,.) implies that
C=< GRffl,QLgfl,H >

is an autotopism for some f,g € L

CBA = ng—l,HLg—l,H > I, pRp2opLlyLy, I >=
< ¢9Rf71, QLgflpRmszxLx, 0 >

which implies that < a,0Lg-1pRy2pLy Ly, aRy > is autotopism of for some
f,g € Q and all z € L. Now if

<a,0Lg1pRy2pLly Ly, Ry >

is an autotopism we have sa.tf = (s.t)aR; for all s,t € L where § =
0L, 1pRy2pLyL,. 1If s is set to be e in the last autotopism and noting
that e« = efRp = e we get 8 = aRly therefore < o, Ry, aRy > is an
autotopism of (L, .) for some f € L hence « is a pseudo-automorphism with
companion f. 6 = aRy implies that the elements of the Bryant-Schneider
group of a C-loop (L, .) can be expresses in terms of pseudo-automorphisms
P(L,.) and right translations of elements of the nucleus of (L,.). To show
uniqueness, let a; Ry, = agRy, where ag, a0 € P(L,.) and x1, 22 € N(L,.).
Then ay 'a; = R,,R;! which implies that eaq Loy = eRmR;ll. Then we
observe that e = xox] "~ and therefore x; = x2. It the follows that a1 = .

Remark 4.1. Robinson[21] considered the Bryant-Schneider group of a
Bol loop and found out that they can be expressed as a product of pseudo-
automorphisms and right translations. Theorem 2.2 above shows that the
Bryant-Schneider group of a C-loop can also be expressed in the same way.
This further emphasis the fact that C-loops are analogous to Moufang loops
since Moufang loops satisfies the Bol identities(right and left).

Theorem 4.3. Let (L,.) be a C-loop . If x,y € Q, let ® be a binary
operation defined on the pseudo-automorphism PS(L,.) by

a®pf= aRmﬁRyR(w_y)q
for all afp € PS(L,.). Let H= PS(L,.) x Q and for
(a,x) o (B,y) = (@ ® B,zB.y).

Then (H,o) a group which is isomorphic to BS(L,.).
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Proof :
Let o, € PS(L,.) and let =,y € N(L,.) the nucleus of (L,.). Then
we know from the immediate preceding theorem that there exist unique
d € PS(L,.) and unique z € N(L,.) such that RS8R, = 0R.. Thus we
observe that

(uo.z) By = ud.z

for all w € L. If we set u = e we obtain 3.y = z. Therefore aR,8R, =
OR(;z3.4)-1 and so
0= OtRx,BRyR(zB.y)fl =a® ,8

Hence @ is a closed binary operation of PS(L,.). It is also obvious now that
(o, ) — aRy provided = € N(L,.) gives an isomorphism of (H, o) onto the
BS(L,.) of a C-loop. Hence the Bryant-Schneider group of a C-loop is a
form generalized holomorph of the loop.

Theorem 4.4. A finite C-loop is isomorphic to all its loop isotopes if
[(L,.): N(L,.)]* = [PS(L,.) : A(L)]
where A(L) is the automorphism group of (L,.)

Proof :
By Theorem 4.2 it is clear that | BS(L,.) |=| L || PS(L,.) |. By Bryant &
Schneider[2] (L, .) is isomorphic to all its loop isotopes if

ILIP|A(L, )| = |BS(L, )[INu(L, )|

But in a C-loop the nuclei coincide hence | N, (L,.) |=| N(L,.) |. Now by
Theorem 4.2 |BS(L,.)| = |PS(L,.)||N(L,.)| and therefore we have

ILI2|A(L, )| = [PS(L, )|IN(L, .)[”
which implies that

[ L] r _PS(L,)]
IN(L, )] |A(L, )|
which is the same as
[L: N(L,)]2 = [PS(L,.) : A(L,.)]
as required.
Corollary 4.1. Let (L,.) be a C-loop then
[PS(L,.): A(L,.)] #4

Proof :
The proof follows directly from Lemma 2.9 of [20] and Theorem 4.4
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