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Abstract

In this paper we introduce difference entire sequence spaces and
difference analytic sequence spaces defined by a sequence of modulus
function F = (fk) and study some topological properties and some
inclusion relations between these spaces. We also make an effort
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ΓF (∆

m
s , u, p, q, ||., · · · , .||) and ΛF (∆m
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1. Introduction and Preliminaries

The notion of difference sequence spaces was introduced by Kızmaz [11],
who studied the difference sequence spaces l∞(∆), c(∆) and co(∆). The
notion was further generalized by Et and Çolak [5] by introducing the
spaces l∞(∆n), c(∆n) and co(∆

n). Let w be the space of all complex or
real sequences x = (xk) and let m, s be non-negative integers, then for
Z = l∞, c, c0 we have sequence spaces

Z(∆m
s ) = {x = (xk) ∈ w : (∆m

s xk) ∈ Z},

where ∆m
s x = (∆m

s xk) = (∆m−1
s xk − ∆m−1

s xk+1) and ∆
0
sxk = xk for all

k ∈ N, which is equivalent to the following binomial representation

∆m
s xk =

mX
v=0

(−1)v
Ã

m
v

!
xk+sv.

Taking s = 1, we get the spaces which were studied by Et and Çolak [5].
Taking m = s = 1, we get the spaces which were introduced and studied
by Kızmaz [11].

A complex sequence, whose kth term is xk, is denoted by (xk). Let ϕ be
the set of all finite sequences. A sequence x = (xk) is said to be analytic if

sup
k
|xk|

1
k <∞. The vector space of all analytic sequences will be denoted

by Λ. A sequence x = (xk) is called entire sequence if lim
k→∞

|xk|
1
k = 0. The

vector space of all entire sequences will be denoted by Γ.
A modulus function is a function f : [0,∞)→ [0,∞) such that

1. f(x) = 0 if and only if x = 0,

2. f(x+ y) ≤ f(x) + f(y) for all x ≥ 0, y ≥ 0,

3. f is increasing

4. f is continuous from right at 0.

It follows that f must be continuous everywhere on [0,∞). The modulus
function may be bounded or unbounded. For example, if we take f(x) =
x

x+1 , then f(x) is bounded. If f(x) = xp, 0 < p < 1, then the modulus
f(x) is unbounded. Subsequentially, modulus function has been discussed
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in ([1], [2], [3], [4], [12], [13], [17], [18]) and references therein. Let F = (fk)
be a sequence of modulus function.

The space consisting of all those sequences x in w such that

fk

µ
|xk|1/k

ρ

¶
→ 0 as k → ∞ for some arbitrary fixed ρ > 0 is de-

noted by ΓF and is known as a space of entire sequences defined by a
sequence of modulus function. The space ΓF is a metric space with the

metric d(x, y) = sup
k

fk

µ |xk − yk|1/k
ρ

¶
for all x = (xk) and y = (yk)

in ΓF . The space consisting of all those sequences x in w such thatµ
sup
k

µ
fk

µ |xk|1/k
ρ

¶¶¶
< ∞ for some arbitrarily fixed ρ > 0 is denoted

by ΛF and is known as a space of analytic sequences defined by a sequence
of modulus function.

A sequence space E is said to be solid or normal if (αkxk) ∈ E whenever
(xk) ∈ E and for all sequences of scalars (αk) with |αk| ≤ 1 (see [10]).

Let X be a linear metric space. A function p : X → R is called
paranorm, if

1. p(x) ≥ 0, for all x ∈ X,

2. p(−x) = p(x), for all x ∈ X,

3. p(x+ y) ≤ p(x) + p(y), for all x, y ∈ X,

4. if (λn) is a sequence of scalars with λn → λ as n→∞ and (xn) is a
sequence of vectors with p(xn − x)→ 0 as n→∞, then
p(λnxn − λx)→ 0 as n→∞.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm
and the pair (X, p) is called a total paranormed space. It is well known
that the metric of any linear metric space is given by some total paranorm
(see [19], Theorem 10.4.2, P-183).
The following inequality will be used throughout the paper. Let p = (pk)
be a sequence of positive real numbers with 0 ≤ pk ≤ sup pk = G, K =
max(1, 2G−1) then

|ak + bk|pk ≤ K{|ak|pk + |bk|pk}
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for all k and ak, bk ∈ C. Also |a|pk ≤ max(1, |a|G) for all a ∈ C.

Let F = (fk) be a sequence of modulus functions and X be locally
convex Hausdorff topological linear space whose topology is determined by
a set of continuous seminorms q. The symbol Λ(X) and Γ(X) denotes
the space of all analytic and entire sequences respectively defined over X.
If p = (pk) be bounded sequences of strictly positive real numbers and
u = (uk) be sequences of positive real numbers, then we define the follow-
ing sequence spaces:

ΛF (∆
m
s , u, p, q) =

½
x ∈ Λ(X) : sup

n

1

n

nX
k=1

∙
fk

µµ |(uk∆m
s xk)

1/k|
ρ

¶¶¸pk
<∞,

for some ρ > 0

¾
and

ΓF (∆
m
s , u, p, q) =

½
x ∈ Γ(X) : 1

n

nX
k=1

∙
fk

µ
q

µ |(uk∆m
s xk)

1/k|
ρ

¶¶¸pk
→ 0 as

n→∞, for some ρ > 0

¾
.

If we take If we take p = (pk) = 1, we get

ΛF (∆
m
s , u, q) =

½
x ∈ Λ(X) : sup

n

1

n

nX
k=1

∙
fk

µµ |(uk∆m
s xk)

1/k|
ρ

¶¶¸
<∞,

for some ρ > 0

¾
and

ΓF (∆
m
s , u, q) =

½
x ∈ Γ(X) : 1

n

nX
k=1

∙
fk

µ
q

µ |(uk∆m
s xk)

1/k|
ρ

¶¶¸
→ 0 as

n→∞, for some ρ > 0

¾
.
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The purpose of this paper is to introduce and study a concept of differ-
ence entire sequence spaces and difference analytic sequence spaces using se-
quence of modulus functions. We examine some topological properties and
inclusion relation between the spaces ΛF (∆

m
s , u, p, q) and ΓF (∆

m
s , u, p, q)

in the second section and third section devoted to the study of some prop-
erties of n-normed spaces ΛF (∆

m
s , u, p, q, ||., · · · , .||) and

ΓF (∆
m
s , u, p, q, ||., · · · , .||).

2. Some Topological properties of the spaces ΛF (∆
m
s , u, p, q) and

ΓF (∆
m
s , u, p, q)

In this section of the paper we study very interesting properties like lin-
earity, paranorm and some attractive inclusion relations between the spaces
ΛF (∆

m
s , u, p, q) and ΓF (∆

m
s , u, p, q).

Theorem 2.1 Let F = (fk) be a sequence of modulus functions and
p = (pk) be bounded sequence of strictly positive real numbers, then
ΓF (∆

m
s , u, p, q) and ΛF (∆

m
s , u, p, q) are linear spaces over the set of com-

plex numbers C.

Proof. Let x = (xk), y = (yk) ∈ ΓF (∆m
s , u, p, q) and α, β ∈ C. In order

to prove the result, we need to find some ρ3 > 0 such that

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s (αxk + βyk)|)
1
k

ρ3

¶¶¸pk
→ 0 as n→∞.

Since x = (xk), y = (yk) ∈ ΓF (∆m
s , u, p, q), there exist some positive ρ1

and ρ2 such that

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
→ 0 as n→∞

and
1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ2

¶¶¸pk
→ 0 as n→∞.
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Since F = (fk) is a non-decreasing function, q is a seminorm and ∆m
s

is linear, then

1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s (αxk + βyk)|)
1
k

ρ3

¶¶¸pk

≤ 1

n

nX
k=1

∙
fk

µ
q

µ |α| 1k (|uk∆m
s xk|)

1
k

ρ3
+
|β| 1k (|uk∆m

s yk|)
1
k

ρ3

¶¶¸pk
so that

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s (αxk + βyk)|)
1
k

ρ3

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ |α|(|uk∆m
s xk|)

1
k

ρ3
+
|β|(|uk∆m

s yk|)
1
k

ρ3

¶¶¸pk
.

Take ρ3 > 0 such that
1
ρ3
= min

½
1

|α| ρ1 ,
1

|β| ρ2

¾
1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s (αxk + βyk)|)
1
k

ρ3

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1
+
(|uk∆m

s yk|)
1
k

ρ2

¶¶¸pk
1
n

nX
k=1

∙∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
+

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ2

¶¶¸pk¸

≤ K 1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
+K 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k |

ρ2

¶¶¸pk
−→ 0 as n→∞.

Hence

nX
k=1

∙
fk

µ
q

µ
(|αuk∆m

s xk + βuk∆
m
s yk|)

1
k

ρ3

¶¶¸pk
→ 0 as n→∞.

This proves that ΓF (∆
m
s , u, p, q) is a linear space. Similarly, we can

prove that ΛF (∆
m
s , u, p, q) is a linear space
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Theorem 2.2 Let F = (fk) be a sequence of modulus functions and
p = (pk) be bounded sequence of strictly positive real numbers. Then
ΓF (∆

m
s , u, p, q) is a paranormed space with paranorm defined by

g(x) = inf

½
ρ
pm
H : sup

k≥1

∙
fk

µ
q

µ |(uk∆m
s xk|)

1
k

ρ

¶¶¸pk
≤ 1, ρ > 0, m ∈N

¾
,

where H = max(1, sup
k

pk).

Proof. Clearly g(x) ≥ 0, g(x) = g(−x) and g(θ) = 0, where θ is the zero
sequence of X.

Let (xk), (yk) ∈ ΓF (∆m
s , u, p, q). Let ρ1, ρ2 > 0 be such that

sup
k≥1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
≤ 1

and

sup
k≥1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ2

¶¶¸pk
≤ 1.

Let ρ = ρ1 + ρ2.

Then by using Minkowski’s inequality, we have

sup
k≥1

∙
fk

µ
q

µ
(|uk∆m

s (xk + yk)|)
1
k

ρ

¶¶¸pk
≤
µ

ρ1
ρ1+ρ2

¶
sup
k≥1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
+

µ
ρ2

ρ1+ρ2

¶
sup
k≥1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ2

¶¶¸pk
≤ 1.

Hence
g(x+ y)

≤ inf
½
(ρ1 + ρ2)

pm
H : sup

k≥1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1 + ρ2

¶¶¸pk
≤ 1, ρ1, ρ2 > 0, m ∈ N

¾
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≤ inf
½
(ρ1)

pm
H : sup

k≥1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
≤ 1, ρ1 > 0, m ∈ N

¾

+ inf

½
(ρ2)

pm
H : sup

k≥1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ2

¶¶¸pk
≤ 1, ρ2 > 0, m ∈N

¾
.

Thus we have

g(x+ y) ≤ g(x) + g(y). Hence g satisfies the triangle inequality.

g(λx) =

inf

½
(ρ)

pm
H : sup

k≥1

∙
fk

µ
q

µ
(|λuk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ 1, ρ > 0, m ∈ N

¾

= inf

½
(r|λ|)

pm
H : sup

k≥1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

r

¶¶¸pk
≤ 1, r > 0, m ∈ N

¾
,

where r = ρ
|λ| .

Hence ΓF (∆
m
s , u, p, q) is a paranormed space.

Theorem 2.3 Let F 0 = (f 0k) and F 00 = (f 00k ) be two sequences of modulus
functions. Then

ΓF 0(∆
m
s , u, p, q) ∩ ΓF 00(∆m

s , u, p, q) ⊆ ΓF 0+F 00(∆m
s , u, p, q).

Proof. Let x = (xk) ∈ ΓF 0(∆m
s , u, p, q) ∩ ΓF 00(∆m

s , u, p, q).
Then there exist ρ1 and ρ2 such that

1

n

nX
k=1

∙
f 0k

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk
→ 0 as n→∞.

and
1

n

nX
k=1

∙
f 00k

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ2

¶¶¸pk
→ 0 as n→∞.
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Since ρ > 0 such that 1
ρ = min

µ
1
ρ1
, 1ρ2

¶
. Then we have 1

n

nX
k=1

∙
(f 0k +

f 00k )
µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ K

∙
1
n

nX
k=1

∙
f 0k

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ1

¶¶¸pk¸

+K

∙
1
n

nX
k=1

∙
f 00k

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ2

¶¶¸pk¸
→ 0 as n→∞

Then

1

n

nX
k=1

∙
(f 0k + f 00k )

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞.

Therefore x = (xk) ∈ ΓF 0+F 00(∆m
s , u, p, q).

Theorem 2.4 Let m ≥ 1. Then we have the following inclusions:
(i) ΓF (∆

m−1
s , u, p, q) ⊆ ΓF (∆m

s , u, p, q),
(ii) ΛF (∆

m−1
s , u, p, q) ⊆ ΛF (∆m

s , u, p, q).

Proof. Let x = (xk) ∈ ΓF (∆m−1
s , u, p, q). Then we have

1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m−1

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞, for some ρ > 0.

Since F = (fk) is non-decreasing and q is a seminorm, we have

1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m−1

s xk − uk∆
m−1
s xk+1|)

1
k

ρ

¶¶¸pk
≤ K

½
1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m−1

s xk|)
1
k

ρ

¶¶¸pk
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+ 1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m−1

s xk+1|)
1
k

ρ

¶¶¸pk¾
−→ 0 as n→∞.

Therefore 1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞.

Hence x ∈ ΓF (∆m
s , u, p, q). This completes the proof of (i). Similarly,

we can prove (ii).

Theorem 2.5 Let 0 ≤ pk ≤ rk and let { rkpk } be bounded. Then
ΓF (∆

m
s , u, r, q) ⊂ ΓF (∆m

s , u, p, q).

Proof. Let x = (xk) ∈ ΓF (∆m
s , u, r, q). Then

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸rk
→ 0 as n→∞.

Let tk =
1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸qk
and λk =

pk
rk
.

Since pk ≤ rk, we have 0 ≤ λk ≤ 1. Take 0 < λ < λk. Define

uk =

⎧⎪⎨⎪⎩
tk if tk ≥ 1

0 if tk < 1

and

vk =

⎧⎪⎨⎪⎩
0 if tk ≥ 1

tk if tk < 1

tk = uk + vk, tλkk = uλkk + vλkk . It follows that u
λk
k ≤ uk ≤ tk, v

λk
k ≤ vλk .

Since tλkk = uλkk + vλkk , then tλkk ≤ tk + vλk . Thus

1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶rk¸λk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸rk
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=⇒ 1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶rk¸pk/rk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸rk
=⇒ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸rk
.

But
1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸rk
→ 0 as n→∞.

Therefore

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞.

Hence x = (xk) ∈ ΓF (∆m
s , u, p, q). Thus, we have

ΓF (∆
m
s , u, r, q) ⊂ ΓF (∆m

s , u, p, q).

Theorem 2.6

(i) Let 0 < inf pk ≤ pk ≤ 1. Then
ΓF (∆

m
s , u, p, q) ⊂ ΓF (∆m

s , u, q),

(ii) Let 1 ≤ pk ≤ sup pk <∞. Then ΓF (∆m
s , u, q) ⊂ ΓF (∆m

s , u, p, q).

Proof. (i) Let x = (xk) ∈ ΓF (∆m
s , u, p, q). Then

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞.

Since 0 < inf pk ≤ pk ≤ 1,

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0
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as n→∞.
Thus, it follows that, x = (xk) ∈ ΓF (∆m

s , u, q). Thus ΓF (∆
m
s , u, p, q) ⊂

ΓF (∆
m
s , u, q).

(ii) Let pk ≥ 1 for each k and sup pk <∞ and let x = (xk) ∈ ΓF (∆m
s , u, q).

Then
1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸
→ 0 as n→∞

Since 1 ≤ pk ≤ sup pk <∞, we have

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞.

This implies that x = (xk) ∈ ΓF (∆m
s , u, p, q). Therefore

ΓF (∆
m
s , u, q) ⊂ ΓF (∆m

s , u, p, q).

Theorem 2.7 Suppose 1
n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ |xk|1/k, then

Γ ⊂ ΓF (∆m
s , u, p, q).

Proof. Let x = (xk) ∈ Γ. Then we have,

|xk|1/k → 0 as k→∞.

But 1n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ |xk|1/k, by our assumption, im-

plies that

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞

Then x = (xk) ∈ ΓF (∆m
s , u, p, q) and Γ ⊂ ΓF (∆m

s , u, p, q).

Theorem 2.8 ΓF (∆
m
s , u, p, q) is solid.
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Proof. Let |xk| ≤ |yk| and let y = (yk) ∈ ΓF (∆m
s , u, p, q), because F = (fk)

is non-decreasing

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ

¶¶¸pk
Since y = (yk) ∈ ΓF (∆m

s , u, p, q). Therefore,

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s yk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞

and so that

1

n

nX
k=1

∙
fk

µ
q

µ
(|uk∆m

s xk|)
1
k

ρ

¶¶¸pk
→ 0 as n→∞.

Therefore x = (xk) ∈ ΓF (∆m
s , u, p, q).

Theorem 2.9 ΓF (∆
m
s , u, p, q) is monotone.

Proof. It is trivial so we omit it.

3. Difference Entire sequence spaces over n- normed spaces

The concept of 2-normed spaces was initially developed by Gähler[6] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak[14].
Since then, many others have studied this concept and obtained various
results, see Gunawan ([7],[8]) and Gunawan and Mashadi [9]. For more
details about the sequence spaces over n-normed spaces see ([15],[16]).

Let n ∈ N and X be a linear space over the field K, where K is field of
real or complex numbers of dimension d, where d ≥ n ≥ 2. A real valued
function ||·, · · · , ·|| on Xn satisfying the following four conditions:

1. ||x1, x2, · · · , xn|| = 0 if and only if x1, x2, · · · , xn are linearly depen-
dent in X;

2. ||x1, x2, · · · , xn|| is invariant under permutation;
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3. ||αx1, x2, · · · , xn|| = |α| ||x1, x2, · · · , xn|| for any α ∈ K, and

4. ||x+ x0, x2, · · · , xn|| ≤ ||x, x2, · · · , xn||+ ||x0, x2, · · · , xn||

is called an n-norm on X, and the pair (X, ||·, · · · , ·||) is called a n-normed
space over the field K. For example, we may take X = Rn being equipped
with the n-norm ||x1, x2, · · · , xn||E = the volume of the n-dimensional par-
allelopiped spanned by the vectors x1, x2, · · · , xn which may be given ex-
plicitly by the formula

||x1, x2, · · · , xn||E = |det(xij)|,

where xi = (xi1, xi2, · · · , xin) ∈ Rn for each i = 1, 2, · · · , n.
Let (X, ||·, · · · , ·||) be an n-normed space of dimension d ≥ n ≥ 2 and

{a1, a2, · · · , an} be linearly independent set in X. Then the following func-
tion ||·, · · · , ·||∞ on Xn−1 defined by

||x1, x2, · · · , xn−1||∞ = max{||x1, x2, · · · , xn−1, ai|| : i = 1, 2, · · · , n}

defines an (n− 1)-norm on X with respect to {a1, a2, · · · , an}.

A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to converge
to some L ∈ X if

lim
k→∞

||xk − L, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.

A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to be Cauchy
if

lim
k,p→∞

||xk − xp, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.

If every cauchy sequence in X converges to some L ∈ X, then X is said to
be complete with respect to the n-norm. Any complete n-normed space is
said to be n-Banach space.

Let F = (fk) be a sequence of modulus functions and let X be locally
convex Hausdorff topological linear space whose topology is determined by
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a set of continuous seminorms q. The symbol Λ(X), Γ(X) denotes the
space of all analytic and entire sequences respectively defined over X. In
this section we define the following sequences spaces:

ΛF (∆
m
s , u, p, q, ||., · · · , .||) =½

x ∈ Λ(X) : sup
n

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1/k

ρ
, z1, · · · , zn−1||

¶¶¸pk
<∞, for some ρ > 0

¾
,

ΓF (∆
m
s , u, p, q, ||., · · · , .||) =½

x ∈ Γ(X) : 1n
nX

k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1/k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞, for some ρ > 0

¾
.

If we take p = (pk) = 1, we get

ΛF (∆
m
s , u, q, ||., · · · , .||) =½

x ∈ Λ(X) : sup
n

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1/k

ρ
, z1, · · · , zn−1||

¶¶¸
<∞, for some ρ > 0

¾
,

ΓF (∆
m
s , u, q, ||., · · · , .||) =½

x ∈ Γ(X) : 1n
nX

k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1/k

ρ
, z1, · · · , zn−1||

¶¶¸
→ 0 as n→∞, for some ρ > 0

¾
.

In this section of the paper we study some topological properties of the
spaces ΛF (∆

m
s , u, p, q, ||., · · · , .||) and ΓF (∆m

s , u, p, q, ||., · · · , .||). We also ex-
amine some inclusion relation between these spaces.

Theorem 3.1 Let F = (fk) be a sequence of modulus functions and
p = (pk) be bounded sequence of strictly positive real numbers, then
ΓF (∆

m
s , u, p, q, ||., · · · , .||) and ΛF (∆m

s , u, p, q, ||., · · · , .||) are linear spaces
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over the set of complex numbers C.

Proof. x = (xk), y = (yk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||) and α, β ∈ C. In

order to prove the result, we need to find some ρ3 > 0 such that

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s (αxk + βyk))

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Since x = (xk), y = (yk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||), there exist some

positive ρ1 and ρ2 such that

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞

and

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Since F = (fk) is a non-decreasing function, q is a seminorm and ∆m
s

is linear, then

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s (αxk + βyk))

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||α

1
k (uk∆

m
s xk)

1
k

ρ3
, z1, · · · , zn−1||+

||β
1
k (uk∆

m
s yk)

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk
so that

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s (αxk + βyk))

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk

≤ 1
n

nX
k=1

∙
fk

µ
q

µ
||α(uk∆

m
s xk)

1
k

ρ3
, z1, · · · , zn−1||

+||β(uk∆
m
s yk)

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk
.
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Since ρ3 > 0 such that
1
ρ3
= min

½
1

|α| ρ1 ,
1

|β| ρ2

¾
1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s (αxk + βyk))

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk

≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||
µ
(uk∆

m
s xk)

1
k

ρ1
+
(|uk∆m

s yk|)
1
k

ρ2

¶
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

n

nX
k=1

∙∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk

+

∙
fk

µ
q

µ
|| (uk∆

m
s yk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk¸
≤ K 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
+K 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
−→ 0 as n→∞.

Hence

nX
k=1

∙
fk

µ
q

µ
||(ukα∆

m
s xk + βuk∆

m
s yk)

1
k

ρ3
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

This proves that ΓF (∆
m
s , u, p, q, ||., · · · , .||) is a linear space. Similarly,

we can prove that ΛF (∆
m
s , u, p, q, ||., · · · , .||) is a linear space.

Theorem 3.2 Let F = (fk) be a sequence of modulus functions and
p = (pk) be bounded sequence of strictly positive real numbers,
ΓF (∆

m
s , u, p, q, ||., · · · , .||) is paranormed space with paranorm defined by

g(x) = inf

½
ρ
pm
H : sup

k≥1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ 1,

ρ > 0, m ∈ N
¾
,

where H = max(1, sup
k

pk).
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Proof. Clearly g(x) ≥ 0, g(x) = g(−x) and g(θ) = 0, where θ is the zero
sequence of X.

Let (xk), (yk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||). Let ρ1, ρ2 > 0 be such that

sup
k≥1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

and

sup
k≥1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk
≤ 1.

Let ρ = ρ1 + ρ2. Then by using Minkowski’s inequality, we have

sup
k≥1

∙
fk

µ
q

µ
||(uk∆

m
s (xk + yk))

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk

≤
µ

ρ1
ρ1 + ρ2

¶
sup
k≥1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
+

µ
ρ2

ρ1 + ρ2

¶
sup
k≥1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk
≤ 1.

Hence

g(x+ y)

≤ inf

½
(ρ1 + ρ2)

pm
H : sup

k≥1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1 + ρ2
, z1, · · · , zn−1||

¶¶¸pk
≤ 1,

ρ1, ρ2 > 0, m ∈ N

¾
≤ inf

½
(ρ1)

pm
H : sup

k≥1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
≤ 1,

ρ1 > 0, m ∈ N

¾
+ inf

½
(ρ2)

pm
H : sup

k≥1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk
≤ 1,

ρ2 > 0, m ∈ N

¾
.
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Thus we have g(x + y) ≤ g(x) + g(y). Hence g satisfies the triangle
inequality.

g(λx) = inf

½
(ρ)

pm
H : sup

k≥1

∙
fk

µ
q

µ
||(λuk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ 1,

ρ > 0, m ∈ N

¾
= inf

½
(r|λ|)

pm
H : sup

k≥1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

r
, z1, · · · , zn−1||

¶¶¸pk
≤ 1,

r > 0, m ∈ N

¾
,

where r = ρ
|λ| .

Hence ΓF (∆
m
s , u, p, q, ||., · · · , .||) is a paranormed space.

Theorem 3.3 Let F 0 = (f 0k) and F 00 = (f 00k ) be two sequences of modulus
functions.

Then ΓF 0(∆
m
s , u, p, q, ||., · · · , .||) ∩ ΓF 00(∆m

s , u, p, q, ||., · · · , .||)

⊆ ΓF 0+F 00(∆m
s , u, p, q, ||., · · · , .||).

Proof. Let x = (xk) ∈ ΓF 0(∆m
s , u, p, q, ||., · · · , .||)∩ΓF 00(∆m

s , u, p, q, ||., · · · , .||).
Then there exist ρ1 and ρ2 such that

1

n

nX
k=1

∙
f 0k

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

and

1

n

nX
k=1

∙
f 00k

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Let 1ρ = min

µ
1
ρ1
, 1ρ2

¶
. Then we have

1
n

nX
k=1

∙
(f 0k + f 00k )

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
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≤ K

∙
1

n

nX
k=1

∙
f 0k

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ1
, z1, · · · , zn−1||

¶¶¸pk¸

+ K

∙
1

n

nX
k=1

∙
f 00k

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ2
, z1, · · · , zn−1||

¶¶¸pk¸
→ 0 as n→∞

Then

1

n

nX
k=1

∙
(f 0k + f 00k )

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Therefore x = (xk) ∈ ΓF 0+F 00(∆m
s , u, p, q, ||., · · · , .||).

Theorem 3.4 Let m ≥ 1. Then we have the following inclusions:
(i) ΓF (∆

m−1
s , u, p, q, ||., · · · , .||) ⊆ ΓF (∆m

s , u, p, q, ||., · · · , .||),
(ii) ΛF (∆

m−1
s , u, p, q, ||., · · · , .||) ⊆ ΛF (∆m

s , u, p, q, ||., · · · , .||).

Proof. Let x = (xk) ∈ ΓF (∆m−1
s , u, p, q, ||., · · · , .||). Then we have

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m−1
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞, for some

ρ > 0.
Since F = (fk) is non-decreasing and q is a seminorm, we have

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m−1
s xk − uk∆

m−1
s xk+1)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ K

½
1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m−1
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
+ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m−1
s xk+1)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk¾
−→ 0 as n→∞.

Therefore 1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0

as n→∞.
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Hence x = (xk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||). This completes the proof

of (i). Similarly, we can prove (ii).

Theorem 3.5 Let 0 ≤ pk ≤ rk and let { rkpk } be bounded. Then

ΓF (∆
m
s , u, r, q, ||., · · · , .||) ⊂ ΓF (∆m

s , u, p, q, ||., · · · , .||).

Proof. Let x ∈ ΓF (∆m
s , u, r, q, ||., · · · , .||). Then

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸rk
→ 0 as n→∞.

Let tk =
1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸qk
and λk =

pk
rk
.

Since pk ≤ rk, we have 0 ≤ λk ≤ 1. Take 0 < λ < λk. Define

uk =

⎧⎪⎨⎪⎩
tk if tk ≥ 1

0 if tk < 1

and

vk =

⎧⎪⎨⎪⎩
0 if tk ≥ 1

tk if tk < 1

tk = uk + vk, tλkk = uλkk + vλkk . It follows that u
λk
k ≤ uk ≤ tk , v

λk
k ≤ vλk .

Since tλkk = uλkk + vλkk , then tλkk ≤ tk + vλk . So that

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶rk¸λk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸rk
This implies that

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶rk¸pk/rk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸rk
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=⇒ 1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸rk
.

But

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸rk
→ 0 as n→∞.

Therefore

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Hence x = (xk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||). Thus, we get

ΓF (∆
m
s , u, r, q, ||., · · · , .||) ⊂ ΓF (∆m

s , u, p, q, ||., · · · , .||).

Theorem 3.6 (i) Let 0 < inf pk ≤ pk ≤ 1. Then

ΓF (∆
m
s , u, p, q, ||., · · · , .||) ⊂ ΓF (∆m

s , u, q, ||., · · · , .||),
(ii) Let 1 ≤ pk ≤ sup pk <∞. Then

ΓF (∆
m
s , u, q, ||., · · · , .||) ⊂ ΓF (∆m

s , u, p, q, ||., · · · , .||).

Proof. (i) Let x = (xk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||). Then

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Since 0 < inf pk ≤ pk ≤ 1, 1n
nX

k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸

≤ 1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.
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Thus, it follows that, x = (xk) ∈ ΓF (∆m
s , u, q, ||., · · · , .||).

Thus ΓF (∆
m
s , u, p, q, ||., · · · , .||) ⊂ ΓF (∆m

s , u, q, ||., · · · , .||).
(ii) Let pk ≥ 1 for each k and sup pk <∞ and let

x = (xk) ∈ ΓF (∆m
s , u, q, ||., · · · , .||). Then

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸
→ 0 as n→∞

Since 1 ≤ pk ≤ sup pk <∞, we have

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸
.

Hence

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

This implies that x = (xk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||). Therefore

ΓF (∆
m
s , u, q, ||., · · · , .||) ⊂ ΓF (∆m

s , u, p, q, ||., · · · , .||).

Theorem 3.7 Suppose

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ |xk|1/k,

then Γ ⊂ ΓF (∆m
s , u, p, q, ||., · · · , .||).

Proof. Let x = (xk) ∈ Γ. Then we have,

|xk|1/k → 0 as k→∞.

But 1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ |xk|1/k, by our

assumption, implies that

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞ by(10)
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Then x = (xk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||) and

Γ ⊂ ΓF (∆m
s , u, p, q, ||., · · · , .||).

Theorem 3.8 ΓF (∆
m
s , u, p, q, ||., · · · , .||) is solid.

Proof. Let |xk| ≤ |yk| and let y = (yk) ∈ ΓF (∆m
s , u, p, q, ||., · · · , .||), be-

cause F = (fk) is non-decreasing, so that

1
n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
≤ 1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
Since y ∈ ΓF (∆m

s , u, p, q, ||., · · · , .||). Therefore,

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s yk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞

and

1

n

nX
k=1

∙
fk

µ
q

µ
||(uk∆

m
s xk)

1
k

ρ
, z1, · · · , zn−1||

¶¶¸pk
→ 0 as n→∞.

Therefore x = (xk) ∈ ΓF (∆m
s , u, p, q).

Theorem 3.9 ΓF (∆
m
s , u, p, q, ||., · · · , .||) is monotone.

Proof. It is trivial so we omit it.
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