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1. Introduction

Let H be a complex Hilbert space with inner product (.,.) and let B (H)
be the space of all bounded linear operators on H. For A € B(H), let
w(A) and [|A|| denote the numerical radius and the usual operator norm,
respectively. Recall that

w(A) =sup {[A[: A e W (A)},

where W (A) is the numerical range of A which is a subset of the
complex numbers, and

[A[} = sup {[|Az[| : [Jz[| = 1} .

It is well-known that w (.) defines a norm on B (H ), which is equivalent
to the usual operator norm ||A||. In fact, for A € B (H) ,we have

1Al < w(A) < |A].
(1.1)

These inequalities are sharp. The first inequality becomes an equality
if A2 =0, and the second inequality becomes an equality if A is normal.

One of the important properties of w (.) is that it is weakly unitarily
invariant, that is, for A € B (H), we have

w(UAU*) = w (4),
(1.2)

for every unitary U € B (H).
This improvement of the seconed inequality in (1.1) has been given in
[6]. It says that for A € B(H), we have
1
)

o) < 3 (114 + 47

(1.3)

consequently, if A2 =0, then
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w(A) =3 Al

(1.4)

The equality (1.4) follows from the inequality (1.3) and the first inequal-
ity in (1.1).

A fundamental inequality for the numerical radius is the power inequal-
ity, which says that for A € B(H), we have

w(A") < (w(4))",
(1.5)

forn=1,2,3,... (see, e.g., [4, p. 118]).

Recent numerical radius equalities and inequalities for operator matrices
can be found in [1, 2], and [5].

In this paper, we give some new numerical radius inequalities for certain
3 x 3 operator matrices. In section 2, we establish upper and lower bounds
for the numerical radii of the off-diagonal parts of 3 X 3 operator matrices.
In section 3, we establish upper and lower bounds for the numerical radii
of general 3 x 3 operator matrices.

2. Numerical radius inequalities for the operator matrix
0 0 A
0 B 0
cC 0 0

Our goal in this section is to give bounds for the numerical radius

0 0 Az
of the off-diagonal part 0 A O of a 3 x 3 operator matrix
A1 0 0

Ann Az A
Ay Agg Aog | defined on H @ H ® H. To achieve our goal, we need
Az1 Azz Asz
two basic lemmas. Part (a) of the first lemma is well-known, and it can be
found in [3]. Part (b) is also known (see, e.g., [1]) and it follows by applying
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A B C
the identity (1.2) to the operator matrix | C A B | and the unitary op-
B C A
I I 1
erator % I ol o] | whichis defined on H & H & H, where 1, o, o
3
I oI ol

are the cubic roots of unity.

Lemma 1. Let A,B,C € B(H). Then
A -

(a) w = max (w(A),w(B),w(C)).

(b) w

0

0
C
o
B
A

QW oo

0
0
[ A
C
B
maz(w(A+ B+ C),w(A+aB+a?C),w(A+a’B +aC)) .

Lemma 2. Let A, B,C € B(H). Then

0 0 A
(a) w 0 B 0
C 0 0
[0 0 O] [ B 0 0] B 0 0
=W 0 B 0 =w 0 0 C||l=w 0O 0 A
A 0 0 | 0 A 0 0 C 0
[0 A 0] [0 C 0]
=w C 0 0 || =w A 0 O
| 0 0 B | |0 0 B
[0 0 o2C 0 0 aC
=[] o B o = w 0 B 0
laA 0 0 a?A 0 0
0 0 A
(b) w|| 0 A O =w(A).
A 0 0
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Proof. To prove part (a), let

[0 0 I 0 I 0 0 I 0 I0
U=|01 0]|,U=|00TI]|,U=|1200/|,Us=]0 0
I 00 I 00 00 I 0 I

0 I 0 0 0 I 0 0 ol
Us=|al 0 0 ,Ug = 0 aof 0 |,andU; = 0 I O
0 0 oI oI 0 0 ol 0 0

Then Uy, Uz, Us, Uy, Us, Ug, and Uz are unitary operator matrices, where

I is the identity operator in B (H) .

0 0 A
Consider X = 0 B 0
cC 0 0

Now, it is easy to prove the following identities

0 0 A B 0 0
XU = | 0 B 0|, UeXxUs=|0 0 C],
C 0 0 0 A0
B 0 O 0 A O
UsXUi=|0 0 A|,UXU;=|C 0 0|,
0 C 0 0 0 B
0 C 0 0 0 a’C
UiXUs=| A 0 0 |,UsxUs=| 0 B 0 |,
0 0 B aA 0 0
0 0 aC B 0 0
U XU;=| 0 B 0 |,UXUi=|0 0 o34
a?A 0 0 0 aC O
Hence, from the property (1.2), we obtain the required results.
I V2I 1
Now, to prove part (b), take U = % V2I 0 —+v/2I | . Then U
I =21 I

is unitary matrix. Thus,

0 0 A A
ulo A o0 |U=|0 —-A 0
A 0 O 0
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Consequently,
0 0 A
0 A O
A 0 0
0 0 A
wl|lU| 0 A 0 |U*
A 0 0
O
A 0 O
w 0 —-A 0
0 0 A

w(A) (by Lemma 1 (a)).
Our first result in this section can be stated as follows.

Theorem 3. Let A,B,C € B(H). Then

QVmaX (w((AC)n)7w (B2n) ;w((CA)n)) <w

Qo o
oo
o O

< 5 ([Al +CI) +w (B), forn=12.3,.... (2.1)

Proof.  To prove the first inequality in (2.1), let

0 0 A
X=1|0 B 0 |.Then
c 0 0

(Ac)™ 0 A
X = 0 B™ 0
c 0 (CA"
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forn=1,2,3,..., and so
max (w((AC)"),w (B*") ,w((CA)"))

=w (X?") (by Lemma 1 (a))

<w?(X) (by the inequality (1.5)) O

0 0
= w2n 0 B
cC 0

o O

Thus,

0 0
A/max (w((AC)"),w (B?"),w((CA)")) <w 0 B
c 0

o O

for n = 1,2,3,.... This completes the proof of the first inequality in
(2.1).

00 4] 00 0]° 00 0
Now, since | 0 0 O =10 0 0 =10 0 0], it follows
00 0 C 00 000
by the identity (1.4) that
0 0 A [0 0 A 0 0 0
w 0 B 0 < w 0 0 O +w 0 B O
C 0 0 100 0 0 0 0
0 0 0]
+w 0 0 0
C 00
Jo o 4 o oo
= 5|00 0 +w(B)+§ 0 00
00 0 C 00
1
= §(||A||+||C||)+W(B)-

This proves the second inequality in (2.1).

Now, we give some inequalities that involve w

Qoo
olyo
o o
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Theorem 4. Let A,B,C € B(H). Then

0 0 A
1
w 0 B 0 2—max(w(A+B+C),w(aA+B+0420>,
3
cC 0 0
w(a?A+ B+ a0)
(2.2)

(w(A+ B+C)+w(ad+B+a’C)+

Proof. First, we prove the inequality (2.2). We have

[ A+ B+C 0 0
w 0 aA+ B+ a2C 0
I 0 0 a?A+ B+ aC
[ B A C
= w C B A (by Lemma 1 (b))
| A C B
[ B 0 0] 0 A 0 0 0 C
- w 00 A|l+|Cc o o|+]|0 B 0
0 C 0| 0 0 B A 0 0
[ B 0 0] [0 A 0] [0 0 C ]
< w 0 0 A|l]|l4+w|]|C 0 0 +w 0 B 0
0 C 0| | 0 0 B A 0 0
[0 0 A] [0 0 A] [0 0 4]
- w 0 B 0 +w 0 B 0 +w 0 B 0
| C 0 0 | | C 0 0 | ' C 0 0 |
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(by Lemma 2 (a))
0 0 A
3wl 0 B o],
cC 0 0

and so

imax(w (A+ B+ C),w(eA+ B+ a?C) ,w (e?A+ B+ aC))

0 0 A
<w 0 B O
cC 0 O
This completes the proof of the inequality (2.2).
I 1 I
Now, to prove the inequality (2.3), let U = % I ol oI | and
3
I o1 ol
0 0 A
X=1|10 B 0 |.ThenU is unitary.
c 0 0
Consequently,
w(X) = w(UXU") (by the identity (1.2))
1 A+ B+C aA+a’?B+C oPA+aB+C
= g A+aB+a?C aA+B+a?C o?A+a?B+aC
A+a?B+aC aA+aB+aC o?A+B+aC
0 0 a?A+aB+C
0 aA+ B+ a*C 0
A+a’B +aC 0 0
1 [ 0 aA+ao’B+C 0 |
= gw| + A+ aB+a*C 0 0
0 0 o?A+ B +aC
A+B+C 0 0
+ 0 0 a?A+ a?B +a*C
I 0 aA+aB+ aC 0 |




(SN
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0
0
A+ ao?B+aC
[ 0
A+ aB + a2C
0
[ A+B+C
0
0

0
0
a? (eA + B + a*C)
[ 0
0
a(a?A+ B+ aC)
0
0
a(A+B+C

A

o o —

W

0
0

Wl

0

+w 0

(by Lemma 2 (a))

Wl =

(by Lemma 2 (b)).
O

I aA+ B+ a2C
a?A+ B+ aC

| A+B+C

0
aA+ B+ a2C
0
aA+a?B+C

0
0
0
0

aA -+ aB 4+ aC

0
aA+ B+ a?C
0
0
a?A+ B+ aC

0
0 a? (A
+B+C
0

0

aA+ B+ a2C

0
0

oA+ B+ aC

0
0
A+B+C
0

o?A+ o?B + o2C
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a?A+aB+C
0
0
0
0
a’?A+ B+ aC
0

0

a(aA + B+ a*C)
0
0
a?(a?A+B+aC) |
0
0

+B+C)
0
0
aA+ B+ a?C
0
0
o?A+ B+ aC |
0
0

A+B+C

0
0

(w(ad+ B +02C) +w(a?A+ B+aC) +w(A+ B+C))
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Remark 5. If A= B = C, then the inequalities in (2.2) and (2.3) becomes
equalities.

In the following two results we give further upper and lower bounds for

0 0 A
the numerical radiusof | 0 B 0 |[.In theseresults, we use the observa-
c 0 0

tion that for X € B (H a?X a?2X o?X =

aX

we have

o O O
o O O

aX

x x x 1° [o
0
aX | |0

(§]

So by the identity (1.4) we hav

- X X 7
X
" a’X o?X
a?X
aX aX
L X i
- x X
X
1| @?X o?X
T 2| o2X
aX aX
| aX i
[ 1 I 77X X qT71 I 7
I X 1
LI a2l a?X o?X I al
23| al a?X a2l
I al aX aX I a?l
| %I 1L aX al
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3
=S x
x|

| =

Theorem 6. Let A,B,C € B(H). Then
w(X) <

(3) min (|A+ B+C|, [[a?A+ B +aC||, oA + B+ a2C|)
w((1+202) A+ (24 a®) B) +w ((2+ o) A+ (14 2?)

’

( + ( B)
+(l)m1‘n w((1+20%)C (2+a) B)+w((24+0a%) C+ (1+20°) B),
3 w((2+a) C+(2+ ) B) 4w ((142a)C + (1 +2a%) B),
w((2a+a?)C+ (2+a?) B) +w ((a+2a?) C + (1 +2a%) B)
0 0 A
where X=| 0 B 0
cC 0 0
I I I 0 0 A
Proof. Let U:% I af o&?I |andX=|0 B 0
I oI ol cC 0 0

Then U is unitary. It follows that

w(X) = w(UXU*) (by the identity (1.2))

. A+ B+C aA+a?B+C oa2A+aB+C
:§w A+aB+a?C aA+ B+ a?2C o?A+a?B+ a2C
A+a?B+aC aA+aB+aC a2A+ B+ aC
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A+B+C A+B+C A+B+C
a?(A+B+C) o*(A+B+0C) o?(A+B+C) |+
a(A+B+C) a(A+B+C) «oa(A+B+C)

0 (a—1)A+ (a®*—1)B 0

(1-a®)A+ (a—a?) B 0 0
0 0 (?—a)A+(1-a)B
0 0 (a?-1)A+(a—-1)B
+ 0 (a—a?)A+ (1-a*) B 0
(1-a)A+ (o> —a)B 0 0
A+B+C A+B+C A+B+C
w| | ?(A+B+C) o*(A+B+C) o*(A+B+C) | |+
a(A+B+C) a(A+B+C) «a(A+B+C0C)
0 (a—1)A+ (a®*-1)B 0
wl|l| 1l—a*)A+ (a—a*) B 0 0
0 0 (?—a)A+(1—a)B
0 0 (*—1)A+(a—1)B
+w 0 (a—a?) A+ (1-a*) B 0
(1-a)A+ (?-a)B 0 0
1 24+ B+C|
T3\ +w((1+20®) A+ (2+0%) B) +w((2+a?) A+ (1+2a%) B)
(2.6)

(by the identity (2.4) and Lemma 2 (a) and (b)).



IN

290 Watheq Bani-Domi and Feras Ali Bani-Ahmad

In a similar way, we can prove the following

0
wX) = w 0
A

olmgo

C
0
0

1 ( S|A+B+C|l+w((14+22) C+ (2+a?) B)
=3 +w((2+a2)0+(1+2a2)3)

0 aC

B 0

0 0

C+ 2+«

<1( 3le*A+B+al|+w(2+a)C+(2+
=3 w((142a)C+ (1+2a%) B)

w(X)=w

Qwc:c:
b

2)B

(2.8)

0 0 a?C
w(X)=w 0 B 0

aA 0 O
<1 3llaA+ B+ o2C| +w ((2a+ a?) C + (
-3 4w ((a+20?) C+ (14 2a%) B

§+a2)B) )

(2.9)

Now, the result follows from the inequalities (2.6), (2.7), (2,8), and
(2.9). Thus,

w (X)

(3) min (|4 + B+C|, [[a?A+ B +aC||, oA + B+ a2C|)
w((14+2a?) A+ (2+a?) B) +w ((2+ a?) A+ (14 20%) B)
1N\ w((14+20%) C+ (24 02) B) +w ((24o2) C + (1 +202) B)
+(3)mm w(2+a)C+ (24 a?) B)+w((1+2a)C+ (1+202) B),
w((2a+a?) C+ (2+a?) B) +w ((a+2a2) C + (1 + 2a?%) B)

)

I
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Remark 7. If A = B = C, then the inequalities in Theorem 6 becomes
equalities.

3. Upper and lower bounds for the numerical radius of the
general 3 x 3 operator matrix.

We start our results by the following lemma which satisfies certain pinching
inequalities (see, e.g., [3]).

Lemma 1. Let A;; € B(H), for all i,j =1,2,3. Then

A 00 A Ap Ags
(a) w 0 Ax 0 <w Ay Azx Ass )
0 0 Ass A1 Aszy Ass
0 0 A Ay Ap Az
(b) w 0 0 Sw| | Aun A As ||,
A1 00 Az1 Aszx Asz
0 0 0 An Ap Ags
() w 0 0 A <w Ao A Asg )
0 Az 0 Az Az Ass
0 A O A Ap A
(d) w A21 0 0 <w A21 A22 A23
Proof. Let
[T 0 0 I 0 0 [ -1 0 0
Uy = |0 =1 0|, th=|01T 0 |, s=| 0 1 0],
0 0 I 0 0 -1 0 0 I
[T 0 0 Ayn A Agg ]
U4 = 0 1 0 and X = A21 A22 A23
00 I A1 Az Ass
Then, to prove part (c) for example, it is easy to prove that
0 0 0
ULXUF + Us XU} — UsXUS —UsXUF = | 0 0 —4Ay |,

0 —4As3 0
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and from the fact that the numerical radius is a norm, which is weakly
unitarily invariant, we have

0 0 0 A A Agg
w 0 0 A <w Ag1 Axy Asz
0 Ay 0 A3z Az Ass

O
Based on the Lemmas 1 and 8, we have our first result in this section.

Theorem 2. Let A,B,C € B(H). Then
A aB o?*C

max (w(A),w(B),w(C)) <w B aC o’A <w (A)+w (B)+w (C).
C aA o’B

Proof. For the second inequality, we have

A aB o®C
w B aC o?A
C aA o?B
A 0 0 0 aB 0
0 0 A|+| B 0 0
_ 0 A 0 0 0 o’B
v 0" 0 a2C
+1 0 aC O
cC 0 0
A 0 0 0 aB 0
w 0 0 o?4 +w B 0 0
0 aA O 0 0 a°B
<
- 0 0 oa?C
+w 0 aC 0
C 0

0
w(A)+w(B)+w(C). (by Lemma 2 (a) and (b))

The first inequality follows from Lemma 1 (a), Theorem 4, and Lemma
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A aB o’C
w B aC a?A
C aA o’B
0 0 0 | 0 aB 0
w 0 0 o?4 , W B 0 O ,
> max 0 aA 0 | \ 0 0 0
- 0 0 a?C A 0 0
w 0 0 O , W 0 a«C 0
cC 0 0 0 0 a’B
[0 0 a%A 0 0 aB
w 0 0 0 , W 0 0 O ,
- _aA 0 O B 0 0
0 0 a’C
w 0 0 O yw(A),w(B),w(C)
cC 0 0

> max (%w (A),2w(B), 2w (C), (w(A),w(B),w (C)))
= max(w (A),w (B),w(C)) O

At the end of this section, we present a general numerical radius in-
equalities for 3 x 3 operator matrices. These new inequalities are based
on the pinching inequalities given in Lemma 8, the triangle inequality for
w(.), Lemma 1 (a) and Lemma 2 (a), concerning the numerical radii of
the diagonal parts of 3 x 3 operator matrices, and our estimates of the

numerical radii of the off-diagonal parts of these operator matrices given in
Theorem 4.

Theorem 3. Let A;; € B(H), for alli,j =1,2,3. Then

w ([Ai;])

w(A11 + Aoz + As2) + w (a?Ags + A11 + adse) + w (Ao + A1r + a2 As)
<3| 4w (A2 + Asz + A1) +w (a® A1z + Asz + aAgr) + w (aArz + Asz + a®Ag)
+w (Alg + Aoy + A31) + w (a2A13 + Aoy + aAgl) +w (aAlg + Aoy + a2A31)

(3.1)

and
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w ([Ai])

w(Agz + Asgz) ,w (a? Aoz + aAzz) ,w (ahag + aAs) , 3w (A11)
> %max w <A12 + Agl) , W (a2A12 + OéAgl) , W (aA12 + 042A21) , 3w (Agg) ,
w (A3 + As1) ,w (02 A13 + @As) ,w (13 + a? A1) , 3w (Ass)

(3.2)

Proof. To prove the inequality (3.3), note that Lemma 2 (a) and The-
orem 4 imply that

<

1
3

w ([As])
A;p 0 0 0 A 0
w 0 0 Aos +w Aoy 0 0
< 0 Az 0 0 0 Ass
- 0 0 Ais
+w 0 Ay O
A1 0 0
0 0 Ao 0 0 A
w 0 A 0 +w 0 Asg 0
_ Ass 0 0 Ay 0 0
N 0 0 Az
“+w 0 Ay O
A1 0 0

w <A11 + Aoz + A32) +w (a2A23 + A1 + CKA32) +w (CKAQ?, + A1 + a2A32)
+w (A1g + Ass + Ag1) + w (@®A1g + Asg + adar) +w (@diz + Ass + a?Ag)
+w (A1z + Agg + Az1) + w (@®A1g + Agg + adsgr) +w (@dis + Aze + a?Asp)

Now, it follows from Lemma 8 that

0 0 0

w 0 0 A23

0 A2 O

w([AU]) >  max 0 0 A13
w 0 0 O

A1 0 O

0 A O
Ay 0 0 ;
0 0 O
An 0 0 ]
0 Ay O
0 0 Asj
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0 O 0 0 App O
w 0 0 A23 , W A21 0 0 y
o 0 Az 0 0 0 0
0 0 Az
w 0 0 0 , W (All) y (Agg) s W (Agg)
As;; 0 O

(by Lemma 1 (a))
w(Agz + As2) ,w (@?Azs + aAsz) ,w (Aog + a2 As2) , 3w (A11)
> %max w (A12 + A21) ;W (a2A12 + OéAgl) ;W (aA12 + a2A21) , 3w (Agg) ,
w(A1z + As1) ,w (@® A1z + aAz) ,w (adiz + a?As1) , 3w (As3)

(by Theorem 4)

O
This proves the inequality (3.4)

Theorem 4. Let A;; € B(H), for all i,j =1,2,3. Then

w ([4i;])

max (w (A11) , (A22) ,w (As3)) +
< w (A23 + A32) +w (a2A23 + OéAgg) +w (aAgg + a2A32)
= | tw(App+ Ay) +w (a?A1 + ada) +w (@2 + a?Ay)
+w (A13 + A31) +w (a2A13 + CKA31) + w (aA13 + a2A31)

(3.3)

Proof. To prove the inequality (3.5), note that

w ([Aij])
Ap 00 0 A 0
w 0 Aoy 0 +w Aoy 0 0
< 0 0 Ass 0 0 0
- 0 0 0 0 0 A3
+w 0 0 A23 +w 0 0 0
0 Az O As; 0 0
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0 0 Ap
max (w (AH) s (AQQ) , W <A33)) +w 0 0 0
_ Ay 0 O
N 0 0 A3 0 0 A
+w 0 0 O +w 0O 0 O
Az 0 0 Az; 0 0

max (w (AH) , (AQQ) , W (Agg)) +
w (Agg + A32) +w (a2A23 + 04A32) +w (OzAgg + a2A32)
% +w (Alz + A21) +w (a2A12 + OzAgl) +w (aA12 + a2A21)
+w (A13 + A31) + w (0% A13 + aAs) +w (el + o?As;)

IN

Remark 5. If A;; = A for all i,j = 1,2,3, then the inequality in (3.3)
becomes equality, but the inequality (3.5) does not.
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