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1. Introduction

Let 0 A1 C R, a,be I witha <b,let f: I — R be a convex function and
p : [a,b] — R be a non-negative integrable and symmetric about = = “TH’.
The following two inequalities are of great significance in literature: the
first known as Hermite-Hadamard inequality:

(1.1) f<a;b>§bia/abf<$)dxéw

with the reversed inequality for the concave function f, and the second,
known as Fejér’s inequality:

02 £(52) [ e < [ e < O e,

These inequalities attracted the attention of many mathematicians over
the decades and they generalize, improve and extend these inequalities in
a number of ways, see [6, 7, 8, 9, 11, 19]. Let us now define some mappings
and quote the results established by K.L. Tseng, S. R. Hwang and S.S.
Dragomir in [18]:

G(t):%[f(ta#—(l—t)a;b)—i—f(tb—k(l—t)a;b)},

H(t):ﬁ/abf@xjt(l—t)%w)dx,
I(t)—/ab%[f(tx;aJr(l—t)a;b)

+f<t$;b+(l—t) a;bﬂp(:n)dm,

b
Lo(0) = 5 [ 17 (ta+ (1= 1)) + [ (tb+ (1 ) 2)] pa)i,

b
L,,(t):ma/[f(twu—t)x)+f(tb+(1—t)x)]dx
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and

x—+a

>+f(ta+(1—t)“b>

sp(t):i/:[f<m+(1—t)

b (v a-n252) 41 (400552 ),

where f : [a,b] — R is a convex function and p : [a,b] — R is non-negative
integrable and symmetric about = = “T‘H’, te0,1].
Now we quote some results from [18]:

Theorem 1. [18] Let f, p, I be defined as above. Then:

1. The following inequality holds:

(13) () [ @

atb a+3b
< ]

[on, F@plar =20~z + [ f@plaz —a - )da

2

+/ab%[f(x;“)+f(”3§bﬂp<x>dw]-

2. If f is differentiable on [a,b] and p is bounded on [a,b], then for all
t € [0, 1] we have the inequality

og/ab% {f (x;a>+f($;b)]p(:c>dx—1(t>

(1.4)
(-t [Ma)— - | bf<a:>dx] 1Pl

where [|p]|o, = sup |p (z)|.

z€la,b
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3. If f is differentiable on [a,b], then for all t € [0,1] we have the in-
equality

0
(1.5)
Theorem 2. [18] Let f, p, G, I be defined as above. Then:

1. The following inequality holds for all t € [0,1] :

(1.6) 1(t) < G(1) / p(x)da.

2. If f is differentiable on [a,b] and p is bounded on [a,b], then for all
t € [0,1] we have the inequality

0<10)- 7 (“52) [ p@)de < 6~ ) (G0 - HO) e,

where ||p||, = sup [p(z)].

z€la,b

Theorem 3. [18] Let f, p, G, I, S, be defined as above. Then we have
the following results:

1. S, is convex on [0, 1].

2. The following inequalities hold for all t € [0,1] :

b
(18) G) [ p(a)de < S,()

om0 (5 (Y i
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2 2
(1.9) 10— 1) < S, (t)
and
(1.10) MO+IA=Y) g 4.

2
3. The following equality holds:

(L1D)  sup S, (f) = S,(1) = M/abp(zn) dz.

z€[0,1] 2
They used the following Lemma to prove the above results:

Lemma 4. [17, p. 3] f : [a,b] — R be convex function and let a < A <
C<D<B<bwithA+ B=C+ D. Then

f(A) + f(B) < f(C) + f(D).

Let us now recall the definition, some of the properties and results
related to superquadratic functions to be used in the sequel.

Definition 5. [3, Defintion 2.1] Let I = [0,a] or [0,00) be an interval in
R. A function f : I — R is superquadratic if for each x in I there exists
a real number C(x) such that

(1.12) fy) = f@) = Cl@)(y — ) + f (ly — =)
for ally € 1. If —f is superquadratic then f is called subquadratic.
For examples of superquadratic functions see [2, p. 1049].

Theorem 6. [3, Theorem 2.3] The inequality

13) £ ([odu) < [ (1660~ £ (ot = [ o]} ) duto

holds for all probability measure y and all non-negative u-integrable func-
tion g, if and only if f is superquadratic.
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The following discrete version of the above theorem will be helpful in
the sequel of the paper:

Lemma 7. [2, Lemma A, p.1049] Suppose that f is superquadratic. Let
zr >0,1<r<n,andlet z =731 \pxy, where \, >0 and ) ;A\, = 1.
Then

(1.14) Zn:)\ flz) > f(z Z)\ f(lzr — 7).
r=1

The following Lemma shows that positive superquadratic functions are
also convex:

Lemma 8. [3, Lemma 2.2] Let f be superquadratic function with C(x) as
in Definition 1. Then

1. f(0)<0
2. If f(0) = f'(0) = 0 then C(x) = f'(z) whenever f is differentiable at
x> 0.

3. If f >0, then f convex and f(0) = f'(0) =

In [4] a converse of Jensen’s inequality for superquadratic functions was
proved:

Theorem 9. [4, Theorem 1] Let (2, A, u) be a measurable space with 0 <
w(Q) < oo and let f : [0,00) — R be a superquadratic function. If g :
Q — [m,M] C [0,00) is such that g, fog € Li(u), then we have for

g= #(Q)fgd'ur
g—m
M—-—m

f(M)

(1.15) m/f(g)du < j\\j__if(mH

1 1
M(Q)M_m/(( 9)flg—m)+(g—m)f (M —g))du
The discrete version of this theorem is:

Theorem 10. [4, Theorem 2] Let f : [0,00) — R be a superquadratic
function. Let (z1, ...,xy) be an n-tuple in [m, M]" (0 <m < M < o), and
(p1,-..,pn) be a non-negative n-tuple such that P, = > ;" p; > 0. Denote
z= Pin > pixi, then
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(1.16) Pi > pif(mi) < Aj\j:;%f(m) + J\:E/[_—n;zf(M)
=1
1 n
B (M =m) ;pi (M — ;) f (zs —m) + (zi —m) f (M — z;)]

For recent results on Fejér and Hermite-Hadamard type inequalities
for superquadratic functions, we refer interested readers to [4], [5] and [2].
In this paper we deal with mappings G(t), I(t), Sp(t) and L(t) when f
is superquadratic function. In case when superquadratic function f is also
non-negative and hence convex we get refinements of some parts of Theorem
1, Theorem 2 and of Theorem 3.

2. Main Results

In this section we prove our main results by using the same techniques as
used in [17] and [2]. Moreover, we assume that all the considered integrals
in this section exist.

In order to prove our main results we go through some calculations.
From Lemma 2 and Theorem 6 for n = 2, we get that

M — 2z zZ—m M — 2z Z—m

F(2) € A flm) + 2 ()~ A ) - 2 ()
(2.1)
and
FMAm—2) < 2= flm)t 2= f(M) 2 (M —2)~ 2= f(=m)
(2.2)
hold for superquadratic function f, 0 < m<z< M, m< M.
Therefore from (2.1) and (2.2), we have
P+ FOMm—2) < Fm)+ F(M) 22— (M —2) 23— f(z—m).

(2.3)
Now for 0 < t < % and 0 < a <z < aT+b, we obtain from (2.3) the
following inequalities:
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By setting z = “TH’, M = 3(ajb) 5,m =35+ “TH’ in (2.3), we have that

2f<a—2|—b> §f<g+a1—b>+f<3(a4+b)_%)_2f<% (a—;b_gU))

(2.4)

holds.
Also, by replacing z = £+%2 M = to+(1 —t) %2 m =t +(1 - t) 2
in (2.3), we get that

2f<f+a+b) §f<ta;b+(1—t)fc)+f<tx+(1—t)a;b)

2 4
1 a+b
o () (e)
holds. ,
3(a T a
Further, for z = % I M=t (1-t)(a+b—2),

m=t(a+b—x)+(1—1t) %L in (2.3), we observe that

(2.6) 2f<3(a4+b)—%)Sf(t(a+b—x)+(1—t)a;b>

+f(ta;b+(1—t)(a+b—x)> —2f<<%—t> (“;b—x»

holds.
Again, for z = t%2 + (1 —t) 2, M = %2, m = z in (2.3), we observe
that

(2.7) f(ta;bﬂl—t)w)+f(ta:+(1—t)“;b)
< rrer (B2 (00 (52— )20 ( (52 -)
holds.

Finally, by setting z =t (a + b — x)+(1 — t) aT+b, M =a+b—z,m= “T‘"b
in (2.3), we get that
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f(t(a—i—b—a:)—i—(l—t)a;b)+f(ta+b+(1—t)(a+b—a:)>

2
))
2

(2.8) gf(a;b) +f(a+b—a:)—2tf((1—t)(

—2(1—t)f(t<a;b —3:))
holds.

Now we are ready to state and prove our main results based on the
calculations done above.

Theorem 1. Let f be superquadratic integrable function on [0, b] and p(x)
be non-negative integrable and symmetric about x = ‘ZT‘H’, 0<a<b Let
I be defined as above, then we have the following inequalities:

(29) f (“;b) /abp«c) dr <2

a+b

/&:b f(x)p(4x — 2a — b)dzx

4

a+3b

4
“
atb

2

f@)p(ds —a— 2b>dac] -/ N (3¢-2)) )tz

a+b a+3b ‘|

(2.10) 2 [/3(1_1) f(z)p(4x — 2a — b)dzx + /J f(z)p(4x — a — 2b)dx

g/oll(t)dt—/ab/olfﬂé—t’ (b;x»p(gg)dtd:p
1(550) [r@ws [5[1(45%)

+f (x;_bﬂp(m)d:ﬂ] —2/;/01 (1—t)f<tb_Tx>p(x)dtdx.

and

(2.11) /01 (0t < %
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Proof.  Using simple techniques of integration and by the assumptions
on p, we have

f<a+b>/ d:z:—4/ / <“+b) (22 — a)dtda.

Therefore from (2.4), we get that

(2.12) f(a;b) /abp(l‘)d:n

<2/a+b/ { (— CH_b)—i—f( (at?) ;)]p@x—a)dtdm
_4/’1“’/ <% (a;—b — x)) p(2z — a)dtdx.
But

2/a+b/ { (x a+b>—|—f(3(a4+b)—%)]p(?m—a)dtda:

(2.13)

a+b

_ 2/_+_b [f(2) + f(a+b— )] pdx — 2a — b)dz

a-+3b
4
b

2

=2 [/Hb f(z)p(4x — 2a — b)dx —i—ﬁ

3a+b
4

f(z)p(dr — a — 2b)dw] .

2

From (2.12), (2.13) and by the change of variable 2 — 5%, we get (2.9).
From (2.5), (2.6) and (2.13), we have

4

2 [[gzf(a:)p(4a:—2a—b)dx+/:b_f(ac)p(éla:—a—Qb)dm]

(2.14)
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[T LI a0 s (a0t

H(t(a+b-2)+ (1—75)7*))

+f(tt + (1= t) (a+b—2))| p (22— a) dtda

—4f fo ((% ) (‘ITH’ —x))p(?az—a) dtdz.
But

/Oll(t)dt:/a%b/f {f(ta;rbﬂl—t)z)+f<t:c+(1—t)a;b>

(2.15)

+f<t(a+b—x)+(1—t)a;b>

+f (¢4t + (1= t) (a+b—2)) | p (22 — a) dtda.
From (2.14) and (2.15), we get that

2[/zan(gg)p(élx—Za—b)dm+[,’;Tbf(x)p(4a:—a—2b)da:]

a+b
4

(2.16)

<o [ (1) () oo

r+a

By the change of variables ¢ — 1 —¢ and x — %5 in (2.16), we get
(2.10).
From (2.7), (2.8) and (2.15), we have

frons f[F s (5) s (- (5 4)

(2.17)
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—4(1—t)f<t(a—2i_b—w>) —i—f(a—i—b—x)]p(Q:c—a)dtdw.
But

L[ (552) Lo L3 (252) o1 (250 o]

(2.18)

a+b 1
3 b
:/ ? /2 {f(:n)+2f <a—21— > +f(a+b—:c)}p(2:c—a)dtd3:.
a 0
From (2.17), (2.18) and by the change of variables  — £ and ¢t —
1 —t, we get (2.11).
This completes the proof of the theorem as well. O

Remark 2. If the superquadratic function f is non-negative and hence
convex, then from (2.9) we get refinement of the first inequality of (1.3) in
Theorem 1; from (2.10) we get refinement of the middle inequality of (1.3)
in Theorem 1 and from (2.11) we get refinement of the last inequality of
(1.3) in Theorem 1.

Corollary 3. Let f be superquadratic integrable function on [0,b]. If
p(z) = 7=, z € [a,b] and 0 < a < b, then we have

a+3b

210)7 (F0) < 2 fon f@de - = [ 1 (30-) @

4

a+3b

e Lo (552

(2.20)

and

(2.21) /OlH(t)dt < % f (a‘z”’> . bia /abf(x)dz]
_bza/ab/ol(l—t)f<tb_?$> dtdz,

where ,

H(t)zﬁ/ﬂ f<t:z:+(1—t)aT+b)d:p, teo,1].
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Proof. If p(z) = 3=, = € [a,b], then I(t) = H(t), t € [0,1], and
therefore the proof of the corollary follows directly from the above theorem.

O

Remark 4. If the superquadratic function f is non-negative and therefore
convex, then the inequalities in Corollary 1 refine the inequalities in (1.3)
of Theorem B from [18, p.2 ].

To proceed to our next result, we go again through the similar calcula-
tions as given before Theorem 7.
For0<a<z< “TH’, t € [0, 1], we have that

a—i—b a+b a+b

a<ta+(1-1t) (1—t)T<t(a+b—x) +(1—1%) 5

b
<tb+(1—t)% <b.
Therefore, by replacing z = tx + (1 — t) “TJ“b, M=tb+ (1—1) “T‘H),m =
ta+ (1 —t) %L in (2.3),
we get that

(2.22) f(t(a+b—x)+(1—t)“;b)+f(t:c+(1—t) b)

2
§f(tb+(1—t)a;b>+f<

=)
2(x —a)

—ﬁf (tb—=)) —

2(b—x)
b—a

[tz —a))

holds.
Now we are ready to state and prove our next result based on the above
calculations.

Theorem 5. Let f be superquadratic integrable function on [0, b] and p(x)
be non-negative integrable and symmetric about x = ‘ITH’, 0<a<b Let
I and G be defined as above, then the following inequality holds for all
tel0,1]:

@ 1w <o [ [0 ((*5))

+2b b_—xa_ af (t (x ; a>)] p(z)dz.
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Proof.  Using simple techniques of integration and by the assumptions
on p, we have that the following identity holds for all ¢ € [0, 1]:

[f <ta+(1—t)a;b>

a+b

a+b

(2.24) qg[m@m—lz

+f (tb +(1-1%) ﬂ p(2x — a)dz.

Arguing similarly as in obtaining (2.15), by using (2.22) and (2.24), we
get that

(2.25) I@gG@Ap@m
- [ P - ) + 2= s - )] 2o — o),
for all € [0, 1].

By the change of variable # — ¢ in (2.25), we get (2.23).
This completes the proof of the theorem. O

Remark 6. If the superquadratic function f is non-negative and hence
convex, then the inequality (2.23) represents a refinement of the inequality
(1.6) in Theorem 2.

Corollary 7. Let f be superquadratic integrable function on [0,b], let
p(x) = ﬁ, 0 < a < band G, H be defined as above. Then for all
t € [0, 1], we have the following inequality

e w060~ [ ot [ (1(B))

26—z —a r—a
t dx.
TTha f(( 2 ))]”j
Proof. This is a direct consequence of the above theorem, since for
p(z) = s, z € [a,b], I(t) = H(t), for all t € [0,1]. O

Remark 8. If the superquadratic function f is non-negative and hence
convex, then the inequality (2.26) represents refinement of the inequality
(1.6) in [18, Theorem C, p. 2|.
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Now again we give some calculations for our next result.

For0<t< % and 0<a<z < ‘LTH’, we obtain from (2.3) the following
inequalities:

By setting m = ta+ (1 —t)z, M =ta+ (1 —t)(a+b—x) and 2 =
ta+ (1 — )%t in (2.3), we obseve that

2f<ta+(1—t)a;b

) < fta+ (1= t)2) + f(ta+ (1= t)(a+b—2))
(2.27) —2f ((1 — ) (

2

Also, by replacing m = tb+ (1 —t)z, M =tb+ (1 —t)(a + b — ) and
z=tb+ (1 — t)“TH’ in (2.3), we get that

2 f (tb—i— (1 —t)aTer> < fth+(1—t)z)+ ftb+ (1 —t)(a+b— =)

(2.28) —of <(1—t) (a;rb—:c»
holds.

Theorem 9. Let f be superquadratic integrable function on [0, b] and p(x)
be non-negative integrable and symmetric about x = ‘ZT‘H’, 0<a<b. Let
Sp and G be defined as above, then the following inequality holds for all
telo,1]:

(2.20)  G(1) /abp(a:)da: < S,(t) — /abf ((1 _ 1) (b - x)) p(@)da.

Proof. By the simple techniques of integration and by the assumptions
on p, we have the following identity for all ¢ € [0, 1]:

a+b

(2.30) S,(t) = %/ " [flta+ (1— )+ flta+ (1 —D)(a+b—a))

+ftb+ (1 —t)z)+ f(tb+ (1 —t)(a+b—x))|p(2z — a)dz.
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From (2.27), (2.28) and (2.30), we have that

a+b

/a i {f (tCH- (1 —t)aT—i_b) +f <tb+ (1 —t)a;_b)] p(2x — a)dz
(2.31)

a —21- b_ x)) p(2x — a)dzx,

holds for all ¢ € [0, 1].
From (2.24) and by the change of variable z — “£Z we get from (2.31)

that
6t0) [ piarde < 5,0~ [ 1 (0= (*55) ) praa,

for all ¢ € [0,1]. Which is (2.29) and this completes the proof of the theorem
as well. O

Remark 10. The result of the above theorem refines the first inequality
of Theorem 3, when superquadratic function f is non-negative and hence
convex.

Corollary 11. Let f be superquadratic integrable function on [0,b] and
let p(x) = ﬁ, x € [a,b], 0 < a <b. Let G be defined as above, then the
following inequality holds for all t € [0, 1] :

(2.32) G(t)gL(t)—bia/abf((l—t)c;x))dm.

Proof.  Since for p(z) = 71, = € [a,b], Sp(t) = Ly(t) = L(t), for all
t € [a,b]. Therefore the proof of the crollary follows directly from the above
theorem. O

3. Inequalities for differentiable superquadratic functions

In this section we give results when f is a differentiable superquadratic
function. Those results give refinements of (1.4) and (1.5) in Theorem
1 and refine (1.7) of Theorem 2 when superquadratic function f is non-
negative and hence convex. Here we quote very important result which will
be helpful in the sequel of the paper.
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Theorem 1. [14, Theorem 10, p. 5] Let f be superquadratic integrable
function on [0, b] and p(x) be non-negative integrable and symmetric about
T = “TJ“b, 0 <a <b. Let I be defined as above and let fp be integrable on
[a,b], then for 0 < s <t <1, t >0, we have the following inequality:

(3.1) 1(5)gf(t)—/bt;f«t;s)(b—z)>p(m)d:z

a

_/abt;tsf((t;rs) (b—fﬁ)>p(x)dx,

Now we state and prove the first result of this section.

Theorem 2. Let f be superquadratic function on [0,b] and p(z) be non-
negative integrable and symmetric about x = “T‘H’, 0<a<b Let f be
differentiable on [a, b] such that f(0) = f (0) = 0 and p is bounded on [a, b],
then the following inequalities hold for all t € [0, 1]:

(3.2) /b% [f (“”?) +f(x;b)]p(a:)dac—l(t)

a b
<) | K00 o - [ s o

—/abf((l—t) (55)) ptarda.

where |[p|l,, = sup_|p (x)| and

z€[a,b

a b
HOZ IO [y @yae -1 <

) e () e

Proof. By integration by parts, we have that

(3.3)

{(f’(b) — f'(a)) (b—a)
4

a+b

[F (5 fass-a - r@lde= [ (o= 50) Fas

(3.4)
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_ fla) + f(b) b
=8O 0 a) —/a f(z)da.

Using the substitution rules for integration, under the assumptions on
p, we have

o L3R oo L35

f (a+2b—x>]p(x)dx

2

a+b

= [T U@+ fat+b-2)pea - a)da

and
(36) f(t)Z/ab%[f(tm_;aﬂl—t)a;b)
+f<ta+22b_x+(1—t)a—2i_b>}p(x)dx
SAlUG
a+b

+f(t(a—i—b—x)+(1—t) 5 )]p(?x—a)daj,

for all ¢ € [0, 1].
Now by the assumptions on f, we have that

a+b

(3.7) [f(x) _f (m +(1— t)T>] p(2z —a) + [f(a+b— )

a+b

—f(t(a+b—x)+(1—t) 5 )}p@x—a)

a+b_

<a-9(4

—2f ((l—t) (a—2|—b —x))p(?x—a)

$> [f'(a+b—1x)— f(z)] p(2z — a)
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<a-(

27 (@-0(*5" -=) )pze-a).

for all t € [0,1] and = € [a, “TM}

From (3.4), (3.5), (3.6) and (3.7) and by the change of variable z — %%,
we get (3.2).

By the assumptions on f and from Lemma 3, we get that

S [Pat s o) - £E) ol

f(a)—g(“T“’) Sa;bf/(a)_%f<a;b'>
and
f(b)—;”(“%b) Sb;af/(b)_%f<a;b‘)'

Adding these inequalities we get that

flo)+ £0) (a+b> . (F'®) - F(@)0b-a _f(

a;bD'

2 2 4

Thus

(3.8) M[Lbzﬂ(w)dw—f(a;b) /fp(x)dw
S [(f’(a)—f;(b)) (b—a) _f( a;bD] /;p@)dx

From (3.1), for s = 0, we have

6o () [r@ar<io- [1(1(5E)) rw,

for all ¢ € [0, 1].
From (3.8) and (3.9), we get (3.3). This completes the proof of the
theorem. O

Remark 3. The inequalities (3.2) and (3.3) refine the inequalities (1.4)
and (1.5) in Theorem 1, when the superquadratic function f is non-negative
and therefore convex.
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Corollary 4. Let f be superquadratic function on [0, b] and differentiable
on [a,b] such that f(0) = f(0) = 0. If p(z) = 7, then we have the
following inequalities:

(3.10) /ab2<b1—a> 1 (557) s ()| e

§1_t[f(a)+f(b)(b—a)— b (x)dl‘]

b—a 2 a

(-0 (55w

and

(3.11) w _Hp < SO f’ia)) b=a) (

—b
a2 de

for all t € [0, 1].

Now we give our last result and summarize the results related to it in
the remark followed by Theorem 12.

Theorem 5. Let f be superquadratic function on [0,b] and p(x) be non-
negative integrable and symmetric about x = GTH’, 0 <a<b Letf be
differentiable on [a, b] such that f(0) = f (0) = 0 and p is bounded on [a, b),
then for all t € [0,1] we have the inequality:

a b
612 10~ £(57) [ @ < 00 66) - HO sl

[ 1 (50-0)pw

where [|p||,, = sup |p(x)].

z€[a,b
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Proof. By integration by parts, we observe that

a+b

(3.13) t/aZ Ka:—a;b)f' (tx+(1—t)a;b)

+<a;b—x> f <t(a+b—x)+(1—t)a;b)]dx

= /ab<x—a_2|_b>fl <tx+(1—t)a_2{_b)da:

= (b—a)G(t) - H(?),

hold for sll ¢ € [0, 1].
Under the assumptions on f, we have that

(3.14) [f (tx—k(l—t)a;b)—f(a;bﬂp@x—a)

+[f (t(a—l—b—x)—i—(l—t)a;b) —f(a;_b)]p@x—a)

§t<x—a;b)fl (ta:+(1—t)a_2'_b>p(2x—a)

t<a;_b—x)f/ (t(a—i—b—x)—l—(l—t)a+b)p(2x—a)
—Zf(t a;b—x)p@x—a)
:t(a;rb—x> f (t(a+b—az)+(1—t)a;b)

a+b

— X

—f (tw+(1—t)a+b>:p(2a:—a)—2f <t

) p(2z — a)

St(a;b—x> f (t(a+b—x)+(1—t)a;b)
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a;b—a:’)p@a:—a)

~f (o4 1= 0°52) Iple — 2 (¢

hold for all ¢t € [0,1] and x € [a, “TM}

Integrating (3.14) over x on {a, “—b}, using (3.13), by the change of variable

2
T — %, under the assumptions on p, we get (3.12). This completes the

proof of the theorem. O

Remark 6. The result of Theorem 12 refines (1.7) of Theorem 2, when
superquadratic function f is non-negative and therefore convex.

Corollary 7. Let f be superquadratic function on [0,b]. Let f be differ-
entiable on [a,b] such that f(0) = f(0) = 0. If p(z) = 7=, = € [a,b],
then

for all t € [0, 1].
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