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Abstract

Closed form expressions are obtained for a family of convergent Mathieu
type a—series and its alternating variants, whose terms contain an I —function
which is a generalization of the Fox’s H—function. The results derived are of
general character and provide an elegant generalization for the closed form
expressions of these series associated with the H—function by Pogdny [9], for
Foz-Wright functions by Pogdny and Srivastava [10] and for ,F, and Mei-
jer’s G—function by Pogdny and Tomouski [13], and others.
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1. Introduction and preliminaries

In order to unify and extend the results for the convergent Mathieu—type a—
series and its alternative form series and alternating Mathieu—type a—series
whose terms contain the familiar transcendental functions, such as Gauss
hypergeometric function oF, generalized hypergeometric function ,Fy, the
Fox-Wright function ,¥,, the Meijer’s G—function and Fox’s H-function,
published in a series of papers by Pogany [7, 8, 9], Pogény et al. [10, 11, 12,
13], Srivastava and Tomovski [21], Tomovski [23] and Tomovski and Tuan [26],
the authors introduce the Mathieu—type a—series and its alternative variant,
whose terms contain an I-function. Inequalities for Mathieu—type series are
discussed by Cerone [1], Pogédny and Tomovski [14], Srivastava and Tomovski
[21], Tomovski and Hilfer [24] and Tomovski and Pogany [25]. The results
obtained by the authors serve as the key formulas for numerous potentially
useful special functions of Science, Engineering and Technology scattered in
the literature.

The I-function like the H—function, is defined in terms of a Mellin—
Barnes type integral in the following form [19]:

(a5, Aj) 1, (aje, Aje) T2t

(L1) I, 2] = I" o
. pesqe ki l? = peaek |? =1
=1,k
(bj,Bj)m7 (bje, B )j:m
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where k € N and (aj, 4;)75; denotes the parameters sequence (a1, A1), -,

(an, Ay), while (aje, Ajz)ﬁiix;[ stands for the parameters sequence (a1, A11),

, (Aprr, Ap,.) and

F(bj + BjS) . H F(l —a; — AJS)

=

j=1 j=1

X“(S) = & Pe qe :
> D(aje+ Ajes) - TI T'(1—bje — Bjes)
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Here m,n,py,q¢ are nonnegative integers satisfying 0 < n < p;,0 < m <
a, ¢ =1,k and (a;, A;), (bj, B;) € C x RT such that A;(b, + ¢) # Bp(a; —
k—1), for £,k € No;h =1,m,j = 1,n. The parameters a;;, Az, bj¢, Bjs € C.
The contour L, in the complex s—plane extends from w —ico to w + ioco, w +
maxi<p<m |3{bn}|/Bn > 0 separating the points —B; ' (b, +£),h = T,m,l €
Ny, which are the poles of I'(b; + B;s),j = 1,m, from the points —Aj_l(aj -
k—1),j =1,n,k € Ng which are the poles of I'(1 — a; — A;s),j = 1,n.
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Existence conditions for the integral (1.1) are given below

ap >0, |arg{z}| < ga(g, =1,k

and

ap >0, |arg{z}|§gag, and R{B}+1<0, £=1,k,

where

ZA - Z Ajg—&—ZB — Z Bje, £ =1,k,
j=n+1 j=m+1

m

Zb + Z b]é_za] Z aj€+%(pg—qg),€:17n_

j=n+1 j=n+1

Remark 1. For xk =1 in (1.1), the I—function reduces to the familiar H—
function, defined by Fox [4] in the following manner:

I m,n [ ] _ Hmen |: (aJ’AJ)1n7 (ajl,Ajl)j:m
P1,q1,1 P1,91 (b B )1 mo (bjl’le)j:m

' 2mi Iy 25 '

A comprehensive account of the H—function is available from the monographs
written by Mathai and Sazena [5], Srivastava et al. [20], Kilbas and Saigo (3]
and Mathai et al. [6].

Remark 2. I-function naturally occurs in certain problems associated with
driftless Fokker—Planck equations with power—law diffusion, see Sudland et
al. [22].

Note 1. We note that integral operators involving [—function are defined
and studied by Saxena and Singh [17]. A basic analogue of the I—function is
given by Saxena and Kumar in [15]. Saigo-Maeda operators of the product

of I-function and a general class of polynomials are discussed by Saxena et
al. [16].

Now, let us define the Mathieu-type a-series O, , and its alternating
variant O ,, by the following series:

m,n+1
9%#{]10[+1 qe.r © ’“}

=1,x
(o, B), (aj, Aj)tas (aje, Aje), - —
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~ m,n+1,
Oxnu {IZH-LQ G r}
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ji—1 pmnt1 | T JmntLpe
(D I, a P
(=1,k
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j=1 cjle; +r)* 7

where the following convention is followed that the real sequence ¢ = (cn)
increases and tends to infinity; equivalently

neN

(1.3) c:0<eg << <cp T 0.

2. Integral representations

The Laplace transform of the I-function is given by

oo
/ grleTsE mn [wxp]dx
0

Pe,qe,R

=1r
(=X p), (a5, A (a0 Aje) o

_ =X mn+tl w
21 =s Ipz+l7qe7ﬁ 5P ’

=1,r
where A, s,w € C; ®{s} >0, p >0, and

. %{bj} ™
%{/\}—i—plg}lgnm B, >0, |argw|<§Qg,

being

m n qe De
QgZZBj—i-ZAj— Z ng— Z Ajg>0 l=1,k.
j=1 j=1

j=m+1 j=n+1
The formula (2.1) can be easily established with the help of the definition
(1.1) of I-function and using the gamma function formula

(2.2) T(p)¢ ™+ = /0oo et e % dg min (§R{,u}, S?{C}) >0.

Theorem. Let A > 0,u>0,7>0,a=1—X\,8=p=1 and let the sequence
c satisfies (1.3). Then there holds the following results:

(23) O {Lt et = L0+ Lp +pIlp+1)

(2.4) éw{f matl o 7"}

petl,qek0 il:()\‘f' 1) +,LLH(/\,M+ 1),
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where
Ie(u,v)
l=1,k
B oo] —_— r (1 - u, 1)7 (aijj)ﬁa (ajZ7Aj/)] n+1,pe
T petlgers | T
c K
' (bj, B, )1 m> (bjvaﬂ)] iy
-1
@l
¢ (r 4+ x)v
E(u,v)
o ) =1,k
B ooI o1 | 7 (I—u,1), (aJ7AJ)1,n> (aﬂ’AJ@)J =nt1pe
T petlaek | 4
c1 (=1,r
(b, Bi)tms  (bjes Bje) ;oo
9 sin® (2[c™(2)]) dx'
x(r +x)v

Here c: Ry — Ry is an increasing function such that c(x)| =c,c ()

zeN
denotes the inverse of c(x), [c’l(x)] stands for the integer part of the quantity

c ().

Proof. Taking ¢ = ¢, + r in (2.2), setting s = ¢;; p = 1,w = r and inserting
A=1-—a,8=1in (1.2), that is a fortiori in (2.1), we find that

m,n+1
@A»u{ petlaer © 7’}

t=1,r
st |7 (1 =X1), (a5, A (age, Aje), s

Laeks | o)
pet+1,q0,k ¢ (b. B )Z =
96 23t j=mFTa

(b5, Bj)Tam
c;‘ (cj+r)H

T o1, et )t
/0 cﬂsfpqum[rs]ds/o e (Gtntqy

<.
I
—

= I'(p)
1
(2.5) — F( / / (Ze_cf(s'”)) A=lpu—1 _”nganﬁ[rs]dsdt,
m

where R{u} > 0 is already assumed. The inside Dirichlet series

S +t Ze—c] s+t)
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has a Laplace type integral representation [7, 9] such that it can be expressed
in the form

De(s+t) = (s—l—t)/ooe_(s"’t)x( Z 1>d$

j:cj<lz

(2.6) = (s+1) / IEE [c™!(z)]dz,

C1

with [¢71(z)] = 0 for € [0,¢1). By virtue of (2.6), the equation (2.5)
becomes

m,n+1
@Arﬂ{lpwrl;e,ﬁ’c’r}
ol e *
= — e (rro)tmasp mn 101 (g) | dsdtda
F(M) 0 o o Peyqe, [ ][ ( )]

1 / / / A—1 —(r+z)t— —1
+— st TR M (g T (x) |dsdtde
o Jo /o peden 7S] [T ()]

o0 o'e) - »
R / it trang | 1 @)
[1 (A se plquyﬁ[rs]d8> < ) t e dt F(lu) dz
(= 1), (ag, Ayt (age, Age) S0

o0 i=n-+1
7 mon+1 f Jj=n+1,p,
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Since

b
[

1,m>

[c‘l(x)]
A (r 4 x)#

introducing the auxiliary integral

=1,x
(1 _u71)7 (a’j7Aj)7 (a][’AJ[) :

)

0 1,n° i=n-+1
I nt1 r Jj=n+1,pe
(u0) = / IR b B
c =T,
' (bj’Bj)l,m’ (bjlijf)j:#Lq
(@]
zu(r+z)v

it readily follows that
Jo=LO\+1,p) and J=p-IL\pu+1).

This establishes the first assertion of the Theorem.
The proof of (2.4) is similar to that of (2.3), if we employ the definition
of the new alternating inner Dirichlet series D¢ (+) [11, p. 77, Section 4] given
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below:

De(s+1) = Z(—l)jflefcj(sﬂ)

o
i—1

<

—~

s—l—t)/ e (st Z (1) 'dz
0

jic;<z
_ S“/ e—<s+t>w(1_(_1)[c*1<w>])dx
2 0

(2.7) = (s+1) /COO e~ ()T gip?2 (g [cfl(sc)])dsc.

The application of (2.7) completes the proof of (2.4). O

3. Special cases

As I-function is most generalized function, numerous special cases as-
sociated with various transcendental functions, such Mittag—LefHler functions,
Bessel functions, Whittaker functions, hypergeometric functions, generalized
hypergeometric function, Meijer’s G—function, Fox-—Wright ¥ function and
Fox’s H—function and their special cases can be deduced by making use of
the special cases of the I-function given in the book [18].

Now, some interesting special case results are presented here.
3.1.

For x = 1, the I-function reduces to Fox’s H-function (see Remark 1.) and
we obtain the following result given by Pogény [9, Theorem 1].

Corollary 1. Assume that
Ay >0,ap, 410 =1 =N Ap 111 =1

and let the sequence ¢ satisfies the condition (1.3). Then there hold the fol-
lowing formulas:

@,\,M{Hm’m'1 'c,r}

p1+1l,q1°

Fmentl [L‘ (aijj)LTv (aj1,Aj1)n+1,p1+1 }
) p1+1,q1 cj (bj,Bj)m, (bjlaBj1)7m+1,q1

o ; C;\(Cj +r)H

=T+ L) + pId (A p+ 1),



118 Tibor K. Pogdny and Ram K. Sazxena

and
@,\M{H;Lff’;l,c r} =
. ™ n+1 |:T ) (ajaAj)m’ (a’jhAjl)m }
S -1yt nrtele | (s Bty (bivs Bi)amrrar
e cjej +r)m
=T+ L) + I (N p+ 1),
where
° 1—u,1), (aj, A) 1, (a1, A1)
17 u, v — / Hm,n+1 [Z ( 31 A5 ) T \ @1, A51 )73 T py }
c ( ) o p1+1,q1 T (b B )1 mo (bj17Bj1)7m+17q1
[c™(=)]
au(r+ax)v
= o 1—-u,1), (aj,4;) (aj1, Aj1) 1o
IHuv = / gmentl ﬁ)( T, \451 251) 031 py
( ) o p1itl,q1 LL, (b B) (bj 1, ]1)m }

y sin? (%[c‘l(x) ])

d
¥ (r 4 x)v *

and ¢ : Ry — Ry is an increasing function such that c(;v)|xeN =c,c (z) is
the inverse of c(x), [c™ (x)] stands for the integer part of ¢~ (x).

3.2. If we employ further the identity

w0 G = =] o s, ]

where , ¥, is the Fox-Wright function defined by [5, p. 11]
p
o H F(a] + A, n)
(ap, ) ‘ J=1 Z

pwq{ (b ﬁ q |-
2 n=0 [[T(b; + Bn)
1T (b +Bym)

q P
Here aj,bj € C, Aj,Bj > 0, (Z =1,pj= l,q) and Z Bj — Z Aj > —1.
j=1 j=1
Remark 3. The relation connecting Fox—Wright , ¥, function and the H-
function has been given by Mathai and Sazxena for the first time in the book
[5, p. 11, Eq. (1.7.8)].



Some Mathieu—type series for the I—function 119

By virtue of Theorem and the above result (3.1), one can deduce results
for Fox-Wright function. Suppose

N [ (o, B), (ap, Ap) ’ _ L}
SRR il % (Rl
A p B & T = }ej +r)r ,
and
N oo (—1)77 p+1\1/q[ (e, ,Bbq gp’ ‘ - *}
S} W, c,rp = ’

Now one can easily arrive at

Corollary 2. Let A € N,pu > 0,7 > 0,(c, ) = (1 — A\, 1),(bg, Bg) = (1,1)
and let the sequence c satisfies (1.3). Then we have

6)\,#{;04_1\1/(1;@7”} = I\cy()‘+1a/u')+:u‘]:\cp()‘,/‘+l)
Ornu{pr1¥oicr} TV 1)+l (A p+ 1),

o= [ e 6B - 2o

u(r_'_ X
and
0o 12 7r
v . M (1 _ual)a(aPaAP) _ K
Lo (u,0) = /cl z%(r 4+ x)? pH\Ijq[(L 1), (bg—1, Bg-1) ’ x} o

Here c(z),c ™ (2), [c71(2)] retain the same meanings than in previous corol-
lary.

Remark 4. Finally, it is interesting to observe that, by virtue of the relation

_ 1] (0,1)
Ea,ﬁ(z) - H1,2 |: z (071)7 (1 _ B»O‘)
where Eq g(z) is the Mittag-Leffler function [2, Chapter 18] and [4, p. 80],
defined by

n

= z
:nzzzlf‘(om—i—ﬁ)7

a, B € C;R{a}, R{8} >0,
the results for the Mittag—Leffler function can be easily deduced from Corol-
lary 1.

where
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