Proyecciones (Antofagasta. On line) | vol. 39, n. 2 (2020) | pp. 301-315.

-01)10.22199/issn.0717-6279-2020-02-0019

Journal of Mathematics

REVISTAS CIENTIFICAS ISSN 0717-6279 (On line)

Statistical convergence of complex uncertain
sequences defined by Orlicz function

Pankaj Kumar Nath! @ orcid.org/0000-0002-4166-604X
Binod Chandra Tripathy? © orcidorg/0000-0002-0738-652X

'Pandit Deendayal Upadhyaya Adarsha Mahavidyalaya, Dalgaon, Dist-Darrang, AS, India.
™ pankaj.kumar0246@gmail.com

2Tripura University, Dept. of Mathematics Agartala, TR, India
binodtripathy@tripurauniv.in

Received: March 2019 | Accepted: June 2019

Abstract:

Complex uncertain variables are measurable functions from
an uncertainty space to the set of complex numbers and are
used to model complex uncertain quantities. This paper intro-
duces the statistical convergence concepts of complex uncer-
tain sequences: statistical convergence almost surely(a.s.), sta-
tistical convergence in measure, statistical convergence in
mean, statistical convergence in distribution and statistical
convergence uniformly almost surely sequences of complex
uncertain sequences defined by Orlicz function. In addition,
Decomposition Theorems and relationships among them are
discussed.

Keywords: Uncertainty theory; Complex uncertain variable;
Statistical convergence.

MSC (2010): 40A05, 40A35, 46E30, 60B10, 60B12, 60F17.

Cite this article as (IEEE citation style):

P. K. Nath and B. C. Tripathy, “Statistical convergence of complex
uncertain sequences defined by Orlicz function”, Proyecciones
(Antofagasta, On line), vol. 39, no. 2, pp. 300-315, Apr. 2020, doi:
10.22199/issn.0717-6279-2020-02-0019.

Article copyright: © 2020 Pankaj Kumar Nath and Binod Chandra Tripathy. This is an open access article
distributed under the terms of the Creative Commons Licence, which permits unrestricted use and dis-
tribution provided the original author and source are credited. &)y ]



https://www.revistaproyecciones.cl/
https://www.revistas.ucn.cl
https://doi.org/10.22199/issn.0717-6279-2020-02-0019
https://portal.issn.org/resource/ISSN/0717-6279#
https://orcid.org/0000-0002-4166-604X
https://orcid.org/0000-0002-0738-652X
https://creativecommons.org/licenses/by/4.0/

302 Pankaj Kumar Nath and Binod Chandra Tripathy

1. Introduction and Preliminaries

Uncertainty is an extremely important feature of the real world. How do
we understand uncertainty? How do we model uncertainty? In order to an-
swer those questions, an uncertainty theory was founded by Liu [8] in 2007
and refined by Liu [9] in 2009. Nowadays uncertainty theory has become a
branch of mathematics for modeling human uncertainty.

Let w be the family of all real or complex sequences. Any subspace of
w is called sequence space.

Definition 1.1. An Orlicz function is a function M : [0,00) — [0, 00),
which is continuous, non-decreasing and convex with M(0) =0, M(z) >0
for z > 0 and M(x) — oo as © — oo. If convexity of Orlicz function M is
replaced by

M(z +y) < M(z) + M(y),

then this function is called Modulus function.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to con-
struct the sequence space

EM:{ZL‘GOJZZM<%><OO, forsomep>0}.

k=1

The space ¢ with the norm

||$||:inf{p>0:ZM<%) Sl},

k=1

becomes a Banach space, which is called an Orlicz sequence space. Linden-
strauss and Tzafriri [6] proved that every Orlicz sequence space £ contains
a subspace isomorphic to ¢y or some £, positively for a class of spaces.

The space €4 is closely related to the space ¢, which is an Orlicz se-
quence space with M(z) = a2P;1 < p < oc.

The concept of Orlicz function has been applied for studying different
classes of sequences by Krasnoselskii and Rutitsky [5], Lindenstrauss [7],
Et et.al [10], Tripathy and Dutta [14], Tripathy and Dutta [15], Tripathy
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and Goswami [16], Tripathy and Mahanta [17, 18] and others.

In order to extend the notion of convergence of sequences, statistical
convergence of sequences was introduced by Fast [3] in 1951, Buck [1] in
1953 and Schoenberg [13] in 1959 independently. Later on it was studied
from sequence space point of view and linked with summability theory by
Fridy [4], Salat [12] and many others.

The notion of statistical convergence depends on the notion of asymp-
totic density of subsets of the set N of natural numbers.

For any subset A of IV, we say that A possesses asymptotic density(or,
simply density) 6(A) if §(A) = nimoo% > or—1xA(k) exists, where x4 is the
characteristic function of A.

Clearly all finite subsets of N have zero natural density and 6(A°) =
(N —-A)=1-6(A).
A given complex sequence x = (xy) is said to be statistically convergent
to L, if for any € > 0, we have §({k € N : |z, — L| > k}) = 0. We write
x, —5% [ or stat — limxy, = L.

In this section, we introduce some concepts and theorems of complex
uncertain variables those were first proposed by Peng [11].

As a complex function on uncertainty space, complex uncertain variable
is mainly used to model a complex uncertain quantity.

Definition 1.2.(Peng [11]) A complex uncertain variable is a measurable
function ¢ from an uncertainty space (I', L, M) to the set of complex num-
bers, i.e., for any Borel set B of complex numbers, the set

{¢eB}={yeTl:((y) € B}

is an event.

Definition 1.3.(Peng [11]) The complex uncertainty distribution ®(z) of
a complex uncertain variable ¢ is a function from C' to [0, 1] defined by

®(c) = M{Re(¢) < Re(c), Im(() < Im(c)}

for any complex c.
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2. Convergence Concepts of Complex Uncertain Sequences

Complex uncertain sequence is a sequence of complex uncertain variables
indexed by integers. In this section, we discuss about five convergence
concepts of complex uncertain sequence: convergence almost surely(a.s.),
convergence in measure, convergence in mean, convergence in distribution
and convergence uniformly almost surely(a.s.).

Definition 2.1.(Chen, Ning, Wang [2]) The complex uncertain sequence
{¢n} is said to be convergent almost surely(a.s.) to ¢ if there exists an event
A with M{A} =1 such that

lim_ |G, (v) = (Il =0,

n—oo

for every v € A. In that case we write (, — &, a.s.

Definition 2.2.(Chen, Ning, Wang [2]) The complex uncertain sequence
{¢n} is said to be convergent in measure to ¢ if

Tim MG, — ¢l = ) =0,
for every € > 0.

Definition 2.3.(Chen, Ning, Wang [2]) The complex uncertain sequence
{¢n} is said to be convergent in mean to ¢ if

Tim_ E[|¢, - ¢[] = 0.

Definition 2.4.(Chen, Ning, Wang [2]) Let ®, &1, P, ... be the complex
uncertainty distributions of complex uncertain variables (, (1, (o, ..., respec-
tively. We say the complex uncertain sequence {(,} converges in distribu-
tion to ( if

lim &,(c) = ®(c),

n—oo

for all ¢ at which ®(c) is continuous.

Definition 2.5.(Chen, Ning, Wang [2]) The complex uncertain sequence
{¢n} is said to be convergent uniformly almost surely(a.s.) to ¢ if there
exists an sequence of events {E} }, M{E;} — 0 such that {(,} converges
uniformly to ¢ in I' — Ej, for any fixed k € N.
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3. Main Results

In this section we define the statistical version of sequence spaces given by
Orlicz function for uncertain variables.

Definition 3.1. The sequence spaces given by Orlicz function for the
complex uncertain sequences {(,} which are statistically convergent almost
surely(s.a.s.) to C is

c(M;s.a.s) = {{Cn} 2 G =5 Cand i M (@) < oo, for some p > ()} )
k=1 P

Definition 3.2. The sequence spaces given by Orlicz function for the
complex uncertain sequences {(, } which are statistically convergent in mea-
sure(s.m) to ( is

c(M;sm) = {{Cn} 2 =™ C and i/\/l <@> < o0, for some p > O} .
k=1 P

Definition 3.3. The sequence spaces given by Orlicz function for the com-
plex uncertain sequences {(, } which are statistically convergent in mean(s.mean)
to ( is

c¢(M; s.mean) = {{Cn} 2 G =M C and i/\/l (’é—p]f’> < o0, for some p > 0} .

k=1

Definition 3.4. Let @, @1, ®o, ... be the complex uncertainty distributions
of complex uncertain variables (, (1, (s, ..., respectively. Then the sequence
spaces given by Orlicz function for the complex uncertain sequences {(,}
which are statistically converges in distribution(s.dis) to ¢ is

c(M; s.dis) = {{Cn} 2 lim ®,(c) = P(c) and i./\/l <‘§—pk|> < o0, for some p > 0} .

k=1

Definition 3.5. The sequence spaces given by Orlicz function for the com-
plex uncertain sequences {(,} which are statistically convergent uniformly
almost surely(s.u.a.s.) to ¢ is

c(M;u.a.s) = {{Cn} 2 =" C and i M <%) < oo, for some p > 0} .

k=1
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We establish the relationship between the above classes of sequences in
this section.

Theorem 3.1. ¢(M;s.mean) C c¢(M;s.m).

Proof. Let (, € c¢(M;s.mean). Then by definition there exists ( €
¢(M; s.mean) such that

lim (k< n: B[lG—¢l] > <} =0,

n—oo

for every

e>0and ZM(K—;’) < 00, for some p > 0.
k=1

It follows from the Markov inequality that for any given ¢,0 > 0, we
have

Ji Lk < M1 2 ) > 0} < Jim T <o (ZLEZED) 5 gy

Thus {¢,} converges in measure to (. Hence we get

Cp =™ C and ZM <@> < o0, for some p > 0.
k=1 P

This proves the theorem.

Remark 3.1. Converse of above theorem is not true. ie. ¢(M;s.m) C
¢(M; s.mean) (strict inclusion). Following example illustrate this.

Example 3.1. Consider the uncertainty space (I', L, M) to be 1,72, ...
with

1 .
SUP~, eA [CESHE . lf SUD.,, eA (n——ll—ll) < 0.5
M{A} = ¢ 1—sup, cpe (CESIE if sup,, epe D < 0.5;
0.5; otherwise,

and the complex uncertain variables be defined by

_ ) (n+1)i, iy =
Gnl(7) = { 0, otherwise,
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forn =1,2,... and ¢ = 0. For some small number £, > 0 and n > 2, we

have 1
lim —|{ < n: M (I — ¢l > ) > 6}

n—oo

= Jim T|{k < My G) — o) 2 9) 2 3}

n—oo
1
Jim (ke N M {3} > 6} =0.
thus, the sequence {(,} statistically converges in measure to (. However,
for each n > 2, we have the uncertainty distribution of uncertain variable

160 =<l = liGnll 1s

0, if z <0;
Op(z) =4 1— 7, f0<z<n+1;
1, z>n+1.

So for each n > 2, we have

n+1
i, |k < s Bl — ¢l - = [ [ - -

n—oo

—1=0.
n+1)dm 0

That is, the sequence {(,} does not statistically converge in mean to (.
Hence the result follows.
Theorem 3.2. ¢(M;s.m) C c¢(M;s.dis).

Proof. Let ¢ = a+ib be a given continuity point of the complex uncertainty
distribution ®. On the one hand, for any « > a, 5 > b, we have

{gn <a,n, < b} = {gn < a,ny Sb,ﬁﬁa,ﬁﬁﬁ}U{ﬁn < a,m Sb,§>a,ﬁ>ﬂ}

U{&n < a,mn <0, <an>BEU{& <am, <b,E>a,n < B}
Cl{<an<piu{lén =&l 2a—atU{n, —n| >3 —b}.
It follows from the subadditivity axiom that
D(c) = B(atib) < Ba+iB)+ M{[6—€] > a—a)+ M{jn—n| > f-b}.

Since {&,} and {n,} statistically converges in measure to £ and 7, re-
spectively, so for any small number € > 0 we have
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limp, oo £[{k < n: M(||& =& > a—a) > e} = 0 and lim, o 2|{k <n:
M(|[gx =&l =2 B —b) z e} =0.

Thus we obtain limsup,, ., ®,(c) < ®(a + i) for any a > a, > b.
Taking o +i8 — a + ib, we get

(3.1) lim sup ®,,(c) < ®(c).

n—oo

On the other hand, for any z < a,y < b we have

<en<yt={&<anm<bi<zn<ytu{é <an <b{<zn<y}
U{én > a,mn < 0,6 <y <yt U{& > a,mn >0, <a,m <y}
C{& <am <btU{|& — &l 2 a—z}U{ln, —nl = b—y}

Which implies

Oz +iy) < Dula+ib) + M{|&n — € > a— o} + M{|n, —n| > b -y}

Since limy, oo 2[{k < n: M([|&—€| > a—2) > }| = 0 and limy, 00 2| {k <
n:M(||& —&|| > b—y) > e}| =0, we obtain

O(x +iy) < liminf,, o Pp(a + ib) for any = < a,y < b. Taking z + iy —
a + ib, we get

(3.2) B(c) < liminf @y (c).

It follows from (1) and (2) that ®,(c) — ®(c) as n — oo. That is the
complex uncertain sequence {(,} is statistically convergent in distribution
to ¢ = & + in. Hence the result follows.

Remark 3.2. Converse of the above theorem is not necessarily true. i.e.
c(M;s.dis) C ¢(M;s.m) (strict inclusion). Following example illustrate
this.

Example 3.2. Consider the uncertainty space (I', L, M) to be {v1,72}
with M{y1} = M{y2} = 3. We define a complex uncertain variable as

_ e iy =
C”)‘{ ~i, iy =,
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We also define (,, = —( for n = 1,2,.... Then (, and ( have the same
distribution

ifa<0,—00<b< 400
ifa>0,b<—1
ifa>0,-1<b<1

, ifa>0b> 1.

B, (c) = Pp(a+ib) =

—ole O O

Then {(,} Statistical convergence in distribution to (. However, for a given
€ > 0, we have

Jim i< MOl — ¢l 2 2) 2 1}

=l T{{k <n: M (y:[G) — <o) 2 €)= 1 =0,

n—oo

That is the sequence {(,} does not statistically converge in measure
to (. By Theorem 5.2, the real part and imaginary part of {(,} also not
statistically convergent in measure.

In addition, since (, = —( for n = 1,2,...., the sequence {(,} does not
statistically converge a.s to (.

{¢n} € ¢(M; s.a.s) does not imply {(,} € c¢(M;s.m).

Example 3.3. Consider the uncertainty space (I', L, M) to be 1,72, ...
with

SUp,, cA (2nn—+1)’ if sup,, ca ﬁ <05
M{A} =q 1—sup, cxe (2n—rjr1), if sup,, epe (zn—% <0.5
0.5, otherwise,

Then we define a complex uncertain variables by

() = { in, ify =,

0, otherwise

forn =1,2,... and ¢ = 0. Then the sequence {(,} Statistically convergence
a.s to (. However for some small number ¢ > 0, we have

lim |k < M (G~ ¢l > 2) > )

n—o0 N,

= Jim ik < My 1G0) = SO 2 9) = 5]

n—oo
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1 1
= lim —|{k € N: M{m} = 5}/ =0.

as n — oo. That is the sequence {(,} does not statistically converge in
measure to (.

In addition the complex uncertainty distributions of (,, are given by

0, if a <0,—00<b< 400;
. 0, ifa>0,b<0;
Pal@) =0nlat®) =01 o ia>00<b<n
1, a>0,b>n.
for n = 1,2, ..., respectively. The complex uncertainty distribution of ( is

given by

0, ifa<0,—00 <b<+o0;
®(c) =< 0, ifa>0,b<0;
1, a>0,b>0.

Clearly ®,,(c) does not converge to ®(c) at a > 0,b > 0. That is, the
sequence {(,} does not converge to ¢ in distribution.

Remark 3.3. ¢(M;s.m) also does not imply ¢(M; s.a.s).

Example 3.4. Consider the uncertainty space (I', L, M) to be [0, 1] with
Borel algebra and Lebesgue measure. For any positive integer n, there is
an integer m such that n = 2 + k where k is an integer between 0 and
2™ — 1. Then we define a complex uncertain variable by

,if A <y < BED.
Gy = b Bam =7 S T
0, otherwise,

forn =1,2,... and ¢ = 0. For some small number £, > 0 and n > 2, we
have

lim (k< M (I~ Il 2 €) > 6)]

n—~o0

n—oo

= lim (k<0 s M (5 G = G 2 €) 2 8}
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1

as n — 00. So the sequence {(,} statistically converges in measure to (.
In addition for every € > 0 we have

lim (k< n: BIG—Cl] > <} =0

n—o0

as n — 0o. Thus the sequence {(,} also statistically converges in mean to

C.
However, for any v € [0, 1], there is an infinite number of intervals of the
form [;fn , %] containing . Thus (, () does not statistically converge to

0. In other words, the sequence {(,,} does not statistically converge a.s to .

Theorem 3.3. {(,} € ¢(M;s.a.s) does not imply {(,} € c¢(M;s.mean).
Following example illustrate this.

Example 3.5. Consider the uncertainty space (I', L, M) to be 71,72, ...
with )

YnEA

The complex uncertain variables are defined by

) a2t ity =
Cnl(7) = { 0, otherwise,

for n = 1,2,... and ¢ = 0. Then the sequence {(,} is statistically conver-
gence a.s to (. However, the uncertainty distributions of ¢, are given by

0, if x <0;
Pp(z) =Q 1—5, fO<a<2m
1, x> 2"
for n = 1,2, ..., respectively. Then we have

1
Jim =k <n BllGe -l 2 1} =0

So the sequence {(,} does not statistically converge in mean to (.
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From Example 3.4, we can obtain that statistically convergence in mean
does not imply statistically convergence a.s..

Proposition 3.4. Let (,(1,(2,... be complex uncertain variables. Then
{¢n} statistically converges a.s to ¢ if and only if for any ¢,6 > 0, we have

lim ~[{k <n: M Nnu Ilck—C\Isz) > 3} =0.

noeen (lc—l n=~k

Proof. By the definition of statistical convergence a.s., we have that there
exists an event A with M{A} = 1 such that lim,_ %\{k <n:|¢ -l >
e} = 0 for every ¢ > 0. Then for any € > 0, there exists k such that
|¢n — €| < & where n > k and for any v € A, that is equivalent to

lim l\{kﬁnM(ﬂ U HC/C—CH<€> > 1} =0.

nmeen k=1 n—k

It follows from the duality axiom of uncertain measure that

lim ly{kgn:M<ﬂ U Hgk—guzg> > 5} = 0.

nmeen k=1 n—Fk

Proposition 3.5. Let (,(1,(2,... be complex uncertain variables. Then
{¢n} statistically converges uniformly a.s to ¢ if and only if for any €,6 > 0,
we have
o1 >
Jm S|{k < n: M (nL_Jk 16k = ¢Il > a) > 6} = 0.

Proof. If {(,} statistically converges uniformly a.s to (, then for any
d > 0 there exists B such that M{B} < ¢ and {(,} statistically uniformly
converges to ( on I' — B. Thus, for any ¢ > 0, there exists k > 0 such that
|¢n — €|| < & where n > k and v € I' — B. That is

Al — ¢l =<} c B.
n==k

It follows from the subadditivity axiom of uncertain measure that

Jim |k <n: M (U G — ¢ > e)}r < S(M{BY) <.
n=~k
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Then

lim —|{l<:<n lim M(U ”Ck—CH>5> >0} =0.

n—o0 N, %
n

On the contrary, if lim, o L |[{k < n : limy oo M (UpZy |G — ¢l =€) >
0} = 0. for any € > 0, then for given § > 0 and m > 1, there exists mg

such that
° 1 1)
5<M(_U {6 <l zﬁ)) <

Let B = U, U, {ll¢n — ¢l > L.
Then

§(M{B}) < 25<M( G {HCn_CHZl}> i

1 n=myg

9

Furthermore, we have

1
sup [|Gn — (Il < —
~yel'-B m

for any m = 1,2, ... and n > my. The proposition is thus proved.
Theorem 3.6. If{(,} € ¢(M;s.u.a.s), then {(,} € ¢(M;s.a.s).

Proof. It follows from above Proposition that if {(,, } statistically converges
uniformly a.s to ¢, then

lim —|{l<:<n lim M(U 1<k — <l >5> >0} =0.

n—o0 7N, %
n

Since

5 (M @g{ucn e })) <5 (M (n[jk{ncn e })) |

taking the limit as n — oo on both side of above inequality, we obtain

5 (M (ﬁn@k{m e })) -

By Proposition 1, {(,} statistically converges a.s to (.
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Theorem 3.7. If a complex uncertain sequence {(,} € ¢(M; s.u.a.s), then

{Cn} € c(M;s.m).

proof. If {(,} statistically converges uniformly a.s. to {, then from Propo-
sition above we have

1 oo
lim —\{kﬁnrrggrgoM<U G — <l ze) > 5| =0,

n—oo n
n=~k

and

5(M{IGn— ¢l > €}) < (M (fj (e — ¢l > })> |
n==k

On taking n — oo, we can obtain {(,} statistically converges in mea-
sure to (.

As it is seen from Example 3.4, {(,} statistically converges in measure
to (. However, it does not statistically converges a.s. to (. It follows from
above Theorem that {(,} does not statistically converges uniformly a.s. to

C.

Conclusion

In this paper we have discussed the statistical version of five sequence spaces
given by Orlicz function for uncertain variables. This is a very little ap-
proach in this direction. Further all the sequence spaces for real or complex
and their related properties can be extended in this direction.
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