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1124 Ali Ahmad

1. Introduction

Let G(V (G), E(G)) be a simple connected undirected graph with vertex set
V (G) and edge set E(G). Two vertices u and v in an undirected graph G
are called adjacent (or neighbors) in G if u and v are endpoints of an edge
e of G. The degree of a vertex u in an undirected simple graph, denoted
as du is the number of edges incident with it. The separation (distance)
between vertices u and v; d(u, v) is the quantity of edges in a most limited
way associating them. The biggest separation between any two vertices of
a graph G is known as the diameter of G, denoted as d(G). largest distance
between any two vertices of a graph G is called the diameter of G, denoted
as d(G).

While working on structural determination of the paraffin boiling points,
Wiener [22] characterized a descriptor that is known as Wiener index. A
great deal of topological indices have been presented, Wiener index is one of
the topological indices that connect with a portion of the physico-chemical
properties of the compound [1, 12]. Harry Shultz [19] presented another
distance based topological index known as Shultz index with some of the
physicochemical properties of the compound [1, 12]. Harry Shultz [19] in-
troduced another distance based topological index known as Shultz index

Sc(G) =
X

{u,v}⊆V (G)
(du + dv) d(u, v)

In [16] showed the close relation between the Schultz index and the Wiener
index. The modified Schultz index defined by Klavzar and Gutman [15] as:

Sc∗(G) =
X

{u,v}⊆V (G)
(dudv) d(u, v)

The modified Schultz index is closely related to the Wiener index as shown
in [11]. Sc∗(G) = 4W (G)− n(2n− 1). Hosoya [14] acquainted a distance-
based polynomial to generate distance distributions for graphs, called the
Wiener polynomial

H(G,x) =
X

{u,v}⊆V (G)
xd(u,v)

The first derivative of H(G,x) at x = 1 is equal to Wiener index of G.
Gutman [11] introduced new polynomials called the Schultz polynomial
and the modified Schultz polynomial as

Sc(G,x) =
X

{u,v}⊆V (G)
(du + dv)x

d(u,v)
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Sc∗(G,x) =
X

{u,v}⊆V (G)
(dudv)x

d(u,v)

Such that their derivative at x = 1 are equal to the Schultz and modi-
fied Schultz indices. He likewise acquired a few association between these
polynomials and Wiener polynomial of trees. For further details we refer
[2, 3, 4, 5, 6, 7, 8, 9, 10, 13, 20].

The Schultz and modified Schultz polynomials and their correspond-
ing indices were set up in engineered outline speculation in light of vertex
degrees. In this paper, the Schultz and modified Schultz polynomials and
their corresponding indices for Mongolian tent graph, diamond graph and
double fan are computed.

2. Results and Discussion

The ladder graph, denoted by Ln, is the graph with vertex set

V (Ln) = {ui, vi : 1 ≤ i ≤ n}

and edge set

E(Ln) = {uiui+1, vivi+1 : 1 ≤ i ≤ n− 1} ∪ {uivi : 1 ≤ i ≤ n}.

Ln is isomorphic to the grid P2 × Pn.
Mongolian tent, denoted byMtn, is the graph obtained from the ladder

graph Ln by adding a new vertex z and joining each vertex vi, 1 ≤ i ≤ n
with z. This graph is shown in Figure 1.

In the next theorem, the Schultz and modified Schultz polynomials and
their corresponding indices of Mongolian tent graph are studied.

Theorem 1. LetMtn be a Mongolian tent graph with order n ≥ 3. Then,

Marisol Martínez
fig-1
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• The Schultz polynomial and index of Mtn are:
Sc(Mtn, x) = (n

2+25n−24)x+(5n2+35n−60)x2+(72n−188)x3+
(3n2 − 17n+ 18)x4
Sc(Mtn) = 23n

2 + 243n− 636.

• The Modified Schultz polynomial and index of Mtn are:
Sc∗(Mtn, x) = (4n

2 + 35n− 51)x+ (11n2 + 47n− 115)x2 + (115n−
321)x3 + (9n

2−57n+74
2 )x4

Sc∗(Mtn) = 44n
2 + 360n− 996.

Proof. Consider the graph of Mongolian tent Mtn with n ≥ 3. The
order of Mtn is equal to 2n+ 1, in which 2 vertices of Mtn have degree 2,
n vertices of Mtn have degree 3, n − 2 vertices of Mtn have degree 4 and
only one vertex has degree n.

Thus, we divide the vertex set V (Mtn) in four partitions:

V2 = {v ∈ V (Mtn) : dv = 2}
V3 = {v ∈ V (Mtn) : dv = 3}
V4 = {v ∈ V (Mtn) : dv = 4}
Vn = {v ∈ V (Mtn) : dv = n}
From Figure 1, the size of these four subsets are |V2| = 2, |V3| = 3, |V4| =

n−2 and |Vn| = 1. By using the hand shaking lemma the size of Mongolian
tent graph Mtn is equal to

|E(Mtn)| = 1
2 [2× |V2|+3× |V3|+4× |V4|+n× |Vn|] = 4+3n+4n−8+n

2 =
4n− 2.

From Figure 1, it is easy to see that for every vertices u, v ∈ V (Mtn), ∃ d(u, v) ∈
{1, 2, 3, 4}.

Now, from the structure of the Mongolain tent graphMtn, we compute
all terms of the Schultz polynomial, modified Schultz polynomial of Mtn,
based on the number of d(u, v) ∀ u, v ∈ V (Mtn).

Here, consider d(u, v) = 1 (∀ u, v ∈ V (Mtn)), so from edge set E(Mtn),
we can see that there are 4 paths with length one or 4 edges uv ∈ E(Mtn)
for vertex u ∈ V2 ⊂ V (Mtn) and a vertex v ∈ V3 ⊂ V (Mtn) such that
du+dv = 5 and du×dv = 6. For a vertex u ∈ V3 ⊂ V (Mtn), there are n−3
paths with length one until to a vertex v ∈ V3 such that du+dv = 3+3 = 6
and du × dv = 3 × 3 = 9; there are n 1-edges paths between the vertices
u ∈ V3 ⊂ V (Mtn) and v ∈ V4 ⊂ V (Mtn) such that du + dv = 3 + 4 = 7,
du × dv = 3 × 4 = 12, there are 2 1-edges paths between the vertices
u ∈ V3 ⊂ V (Mtn) and v ∈ Vn ⊂ V (Mtn) such that du+dv = 3+n = n+3,
du × dv = 3 × n = 3n; there are n − 3 1-edges paths between the vertices
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u, v ∈ V4 ⊂ V (Mtn) such that du + dv = 4 + 4 = 8, du × dv = 4× 4 = 16;
there are n − 2 1-edges paths between the vertices u ∈ V4 ⊂ V (Mtn) and
v ∈ Vn ⊂ V (Mtn) such that du+ dv = 4+n = n+4, du× dv = 4×n = 4n.
Therefore the first term of Schultz and modified Schultz polynomial ofMtn
will be 5(4)x+6(n−3)x+7(n)x+(n+3)2x+8(n−3)x+(n+4)(n−2)x =
(n2 + 25n− 24)x and 6(4)x+ 9(n− 3)x+ 12(n)x+ (3n)2x+ 16(n− 3)x+
(4n)(n− 2)x = (4n2 + 35n− 51)x, respectively.

In case d(u, v) = 2, u, v ∈ V (Mtn) : there are 2 2-edges paths between
the vertices u ∈ V2 and v ∈ V3 ⊂ V (Mtn) such that du+ dv = 5, du× dv =
2× 3 = 6; there are 4 2-edges paths between the vertices u ∈ V2 ⊂ V (Mtn)
and v ∈ V4 ⊂ V (Mtn) such that du + dv = 2 + 4 = 6, du × dv = 2× 4 = 8;
there are 2 2-edges paths between the vertices u ∈ V2 ⊂ V (Mtn) and
v ∈ Vn ⊂ V (Mtn) such that du + dv = 2 + n, du × dv = 2 × n = 2n,
there are n + 1 2-edges paths between the vertices u, v ∈ V3 ⊂ V (Mtn)
such that du + dv = 3 + 3 = 6, du × dv = 3 × 3 = 9; there are 6n − 14
2-edges paths between the vertices u ∈ V3 ⊂ V (Mtn) and v ∈ V4 ⊂ V (Mtn)
such that du + dv = 3 + 4 = 7, du × dv = 3 × 4 = 12; there are n − 2 2-
edges paths between the vertices u ∈ V3 ⊂ V (Mtn) and v ∈ Vn ⊂ V (Mtn)
such that du + dv = 3 + n = n + 3, du × dv = 3 × n = 3n. Finally,
there are n− 4 + (n−2)(n−4)

2 2-edges paths between all vertices u, v ∈ V4 ⊂
V (Mtn) such that du + dv = 4 + 4 = 8, du × dv = 4 × 4 = 16. Then the
second term of Schultz and modified Schultz polynomial of Mtn is equal toh
10+24+2n+4+6n+6+7(6n−14)+(n+3)(n−2)+8(n−4+ (n−2)(n−4)

2 )
i
x2 =

(5n2+35n− 60)x2 and
h
12+ 32+4n+9n+9+12(6n− 14)+ 3n(n− 2)+

16(n− 4 + (n−2)(n−4)
2 )

i
x2 = (11n2 + 47n− 115)x2, respectively.

In case d(u, v) = 3, u, v ∈ V (Mtn) : there are 2 3-edges paths between
the vertices u ∈ V2 and v ∈ V3 ⊂ V (Mtn) such that du+ dv = 5, du× dv =
2×3 = 6; there are 2n 3-edges paths between the vertices u ∈ V2 ⊂ V (Mtn)
and v ∈ V4 ⊂ V (Mtn) such that du + dv = 2 + 4 = 6, du × dv = 2× 4 = 8;
there are 3n − 5 3-edges paths between the vertices u, v ∈ V3 ⊂ V (Mtn)
such that du + dv = 3 + 3 = 6, du × dv = 3 × 3 = 9. Finally, there
are 6n − 24 3-edges paths between the vertices u ∈ V3 ⊂ V (Mtn) and
u ∈ V4 ⊂ V (Mtn) such that du + dv = 3 + 4 = 7, du × dv = 3 × 4 = 12.
Then the third term of Schultz and modified Schultz polynomial of Mtn
is equal to

h
10 + 12n + 6(3n − 5) + 7(6n − 24)

i
x3 = (72n − 188)x3 andh

12 + 16n+ 9(3n− 5) + 12(6n− 24)
i
x3 = (115n− 321)x3, respectively.

In case d(u, v) = 4, u, v ∈ V (Mtn) : there are 1 4-edges paths between
all vertices u, v ∈ V2 ⊂ V (Mtn) such that du + dv = 2 + 2 = 4, du × dv =
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2 × 2 = 4; there are 2n − 8 4-edges paths between the vertices u ∈ V2 ⊂
V (Mtn) and v ∈ V3 ⊂ V (Mtn) such that du + dv = 2 + 3 = 5, du × dv =

2 × 3 = 6. Finally, there are n2−9n+18
2 4-edges paths between all vertices

u, v ∈ V3 ⊂ V (Mtn) such that du + dv = 3 + 3 = 6, du × dv = 3 × 3 = 9.
Then the fourth term of Schultz and modified Schultz polynomial of Mtn
is equal to

h
4 + 5(2n − 8) + 6(n2−9n+182 )

i
x4 = (3n2 − 17n + 18)x4 andh

4 + 6(2n− 8) + 9(n2−9n+182 )
i
x4 = (9n

2−57n+74
2 )x4, respectively.

Hence, Schultz and modified Schultz polynomials of Mtn are:
Sc(Mtn, x) =

P
u,v∈V (Mtn)

(du + dv)x
d(u,v)

= (n2+25n−24)x+(5n2+35n−60)x2+(72n−188)x3+(3n2−17n+18)x4
Sc∗(Mtn, x) =

P
u,v∈V (Mtn)

(du × dv)x
d(u,v)

= (4n2+35n−51)x+(11n2+47n−115)x2+(115n−321)x3+(9n2−57n+742 )x4

By definitions of the Schultz and modified Schultz indices, we have
Sc(Mtn) =

∂Sc(Mtn,x)
∂x |x=1

= ∂
∂x

µ
(n2+25n−24)x+(5n2+35n−60)x2+(72n−188)x3+(3n2−17n+

18)x4
¶
|x=1

= 23n2 + 243n− 636.
Sc∗(Mtn) =

∂Sc∗(Mtn,x)
∂x |x=1

= ∂
∂x

µ
(4n2 + 35n − 51)x + (11n2 + 47n − 115)x2 + (115n − 321)x3 +

(9n
2−57n+74

2 )x4
¶
|x=1

= 44n2 + 360n− 996. Which completes the proof.
2 Diamond graph, denoted by Dn, is the graph obtained from the

Mongolian tent graph Mtn by adding a new vertex z1 and joining each
vertex xi, 1 ≤ i ≤ n with z1. This graph is shown in Figure 2. The
Schultz and modified Schultz polynomials and their corresponding indices
of Diamond are determined in the following theorem.
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Theorem 2. Let Dn be a Diamond graph with order n ≥ 3. Then,

• The Schultz polynomial and index of Dn are:
Sc(Dn, x) = (2n

2+32n−28)x+(10n2+28n−42)x2+(18n2−24n−
24)x3

Sc(Dn) = 76n
2 + 16n− 184.

• The Modified Schultz polynomial and index of Dn are:
Sc∗(Dn, x) = (8n

2+44n− 62)x+(24n2+28n− 86)x2+(n3+32n2−
64n− 28)x3
Sc∗(Dn) = 3n

3 + 152n2 − 92n− 318.

Proof. Consider the graph of Diamond Dn with n ≥ 3. The order of Dn

is equal to 2n+ 2, in which 4 vertices of Dn have degree 3, 2n− 4 vertices
of Dn have degree 4 and two vertices have degree n.

Thus, we divide the vertex set V (Dn) in three partitions:
V3 = {v ∈ V (Dn) : dv = 3}
V4 = {v ∈ V (Dn) : dv = 4}
Vn = {v ∈ V (Dn) : dv = n}
From Figure 2, the size of these three subsets are |V3| = 4, |V4| = 2n−4

and |Vn| = 2. By using the hand shaking lemma the size of Diamond graph
Dn is equal to

|E(Dn)| = 1
2 [3× |V3|+ 4× |V4|+ n× |Vn|] = 12+8n−8+2n

2 = 5n− 2.
From Figure 2, we can see that there are distance between vertices of

graph Dn are up to three and the diameter equal to 3.
Now, from the structure of the Diamond graph Dn, we compute all

terms of the Schultz polynomial, modified Schultz polynomial of Dn, based
on the number of d(u, v) ∀ u, v ∈ V (Dn).

Marisol Martínez
fig-2
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Table 2.1: All cases of d(u, v)-edge-paths d(u, v) = 1, 2, 3 of the Diamond
graph Dn.
distance degrees of Number of Term of Schultz Term of Modified
d(u, v) = i du & dv i-edges paths polynomial Schultz polynomial

1 (3, 3) 2 12 18
(3, 4) 4 28 48
(3, n) 4 4n+ 12 12n
(4, 4) 3n− 8 24n− 64 48n− 128
(4, n) 2n− 4 2n2 + 4n− 16 8n2 − 16n

2 (3, 3) 2 12 18
(3, 4) 4n+ 2 28n+ 14 48n+ 24
(3, n) 4 4n+ 12 12n
(4, 4) n2 − n− 8 8n2 − 8n− 64 16n2 − 16n− 128
(4, n) 2n− 4 2n2 + 4n− 16 8n2 − 16n

3 (3, 3) 4 24 36
(3, 4) 8n− 16 56n− 112 96n− 192
(4, 4) 2n2 − 10n+ 8 16n2 − 80n+ 64 32n2 − 160n+ 128
(n, n) n 2n2 n3

By using the Table 1, we obtain the followings:

• coefficient first term of the Schultz polynomial: 2n2 + 32n− 28

• coefficient second term of the Schultz polynomial: 10n2 + 28n− 42

• coefficient third term of the Schultz polynomial: 18n2 − 24n− 24

• coefficient first term of the modified Schultz polynomial: 8n2+44n−62

• coefficient second term of the modified Schultz polynomial: 24n2 +
28n− 86

• coefficient third term of the modified Schultz polynomial: n3+32n2−
64n− 28

Hence, Schultz and modified Schultz polynomials of Dn are:
Sc(Dn, x) =

P
u,v∈V (Dn)

(du + dv)x
d(u,v)

= (2n2 + 32n− 28)x+ (10n2 + 28n− 42)x2 + (18n2 − 24n− 24)x3
Sc∗(Dn, x) =

P
u,v∈V (Dn)

(du × dv)x
d(u,v)
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= (8n2 + 44n− 62)x+ (24n2 + 28n− 86)x2 + (n3 + 32n2 − 64n− 28)x3

By definitions of the Schultz and modified Schultz indices, we have
Sc(Dn) =

∂Sc(Dn,x)
∂x |x=1

= ∂
∂x

µ
(2n2+32n− 28)x+(10n2+28n− 42)x2+(18n2− 24n− 24)x3

¶
|x=1

= 76n2 + 16n− 184.
Sc∗(Dn) =

∂Sc∗(Dn,x)
∂x |x=1

= ∂
∂x

µ
(8n2+44n−62)x+(24n2+28n−86)x2+(n3+32n2−64n−28)x3

¶
|x=1

= 3n3 + 152n2 − 92n− 318. Which completes the proof. 2
Fan graph, denoted by fn, is the graph obtained from the path with n

vertices Pn, where V (Pn) = {v1, v2, . . . , vn} and E(Pn) = {vivi+1 : 1 ≤ i ≤
n− 1} by adding a new vertex z and joining each vi, 1 ≤ i ≤ n with z.

Double fan graph, denoted by dfn, is the graph obtained from the fan
fn by adding a new vertex z1 joining each vi, 1 ≤ i ≤ n with z1.

Theorem 3. Let dfn be a double fan graph with order n ≥ 5. Then,

• The Schultz polynomial and index of dfn are:
Sc(dfn, x) = (2n

2 + 16n− 14)x+ (18n2 − 76n− 218)x2
Sc(dfn) = 38n

2 − 136n− 450.

• The Modified Schultz polynomial and index of dfn are:
Sc∗(dfn, x) = (8n2 + 12n− 24)x+ (n3 + 32n2 − 160n− 422)x2
Sc∗(dfn) = 2n3 + 72n2 − 308n− 868.

Proof. Consider the graph of double fan dfn with n ≥ 5. The order of
dfn is equal to n+2, in which 2 vertices of dfn have degree 3, n−2 vertices
of dfn have degree 4 and two vertices have degree n.

Thus, we divide the vertex set V (dfn) in three partitions:
V3 = {v ∈ V (dfn) : dv = 3}
V4 = {v ∈ V (dfn) : dv = 4}
Vn = {v ∈ V (dfn) : dv = n}
The size of these three subsets are |V3| = 2, |V4| = n− 2 and |Vn| = 2.

By using the hand shaking lemma the size of double fan dfn is equal to
|E(dfn)| = 1

2 [3× |V3|+ 4× |V4|+ n× |Vn|] = 6+4n−8+2n
2 = 3n− 2.

The diameter of double fan dfn equal to 2.
Now, from the structure of the double fan dfn, we compute all terms of

the Schultz polynomial, modified Schultz polynomial of dfn, based on the
number of d(u, v) ∀ u, v ∈ V (dfn).
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Table 2.2: All cases of d(u, v)-edge-paths d(u, v) = 1, 2 of the double fan
dfn.
distance degrees of Number of Term of Schultz Term of Modified
d(u, v) = i du & dv i-edges paths polynomial Schultz polynomial

1 (3, 4) 2 14 24
(3, n) 4 4n+ 12 12n
(4, 4) n− 3 8n− 24 16n− 48
(4, n) 2n− 4 2n2 + 4n− 16 8n2 − 16n

2 (3, 3) 2 12 18
(3, 4) 4n− 10 28n− 70 48n− 120
(4, 4) 2n2 − 13n+ 20 16n2 − 104n− 160 32n2 − 208n− 320
(n, n) n 2n2 n3

By using the Table 2, we obtain the followings:

• coefficient first term of the Schultz polynomial: 2n2 + 16n− 14

• coefficient second term of the Schultz polynomial: 18n2 − 76n− 218

• coefficient first term of the modified Schultz polynomial: 8n2+12n−24

• coefficient second term of the modified Schultz polynomial:n3+32n2−
160n− 422

Hence, Schultz and modified Schultz polynomials of dfn are:
Sc(dfn, x) =

P
u,v∈V (dfn)

(du + dv)x
d(u,v)

= (2n2 + 16n− 14)x+ (18n2 − 76n− 218)x2
Sc∗(dfn, x) =

P
u,v∈V (dfn)

(du × dv)x
d(u,v)

= (8n2 + 12n− 24)x+ (n3 + 32n2 − 160n− 422)x2
By definitions of the Schultz and modified Schultz indices, we have

Sc(dfn) =
∂Sc(dfn,x)

∂x |x=1
= ∂

∂x

µ
(2n2 + 16n− 14)x+ (18n2 − 76n− 218)x2

¶
|x=1

= 38n2 − 136n− 450.
Sc∗(dfn) =

∂Sc∗(dfn,x)
∂x |x=1

= ∂
∂x

µ
(8n2 + 12n− 24)x+ (n3 + 32n2 − 160n− 422)x2

¶
|x=1

= 2n3 + 72n2 − 308n− 868. Which completes the proof. 2
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