Proyecciones (Antofagasta. On line) | vol. 39, n. 5 (2019) | pp. 1071-1080

doi:10.22199/issn.0717-6279-2019-05-0069

Journal of Mathematics

ISSN 0717-6279 (On line)

On star coloring of degree
splitting of join graphs

S. Ulagammal®
Vernold Vivin J.” (5 orcic.org/0000-0002-3027-2010

“University College of Engineering, (Anna U. Constitutent College), Nagercoil, TN, India.
ulagammal2877@gmail.com

“University College of Engineering, (Anna U. Constitutent College), Nagercoil, TN, India.
vernoldvivin@yahoo.in

Received: October 2018 | Accepted: April 2019

Abstract:

A star coloring of a graph G is a proper vertex coloring in which
every path on four vertices in G is not bicolored. The star chro-
matic number x_(G) of G is the least number of colors needed to
star color G. In this paper, we have generalized the star chromat-
ic number of degree splitting of join of any two graph G and H de-
noted by G + H, where G is a path graph and H is any simple
graph. Also, we determine the star chromatic number for degree
splitting of join of path graph G of order m with path P_, com-
plete graph K_and cyclevgraph C .
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1. Introduction

All graphs in this paper are finite, simple, connected and undirected graph
in [2, 3, 7]. The concept of star chromatic number was introduced by
Branko Grunbaum in 1973. A star coloring [1, 5, 6] of a graph G is a
proper vertex coloring in which every path on four vertices uses at least
three distinct colors. Equivalently, in a star coloring, the induced subgraph
formed by the vertices of any two colors has connected components that
are star graph. The star chromatic number ;s (G) of G is the least number
of colors needed to star color G.

Guillaume Fertin et al. [5] determined the star chromatic number
of trees, cycles, complete bipartite graphs, outer planar graphs and 2-
dimensional grids. They also investigated and gave bounds for the star
chromatic number of other families of graphs, such as planar graphs, hy-
percubes, graphs with bounded treewidth and cubic graphs and planar
graphs with high - girth.

Albertson et al. [1] showed that it is NP-complete to determine whether
Xs (G) < 3, even when G is a graph that is both planar and bipartite.
Coleman et al. [4] proved that star coloring remains NP-hard problem
even on bipartite graphs.

For a given graph G = (V (G),E(G)) with V(G) = S; U S2 U S3 U
...5: UT where each S; is a set of all vertices of the same degree with at
least two elements and 7' = V(G) — J._; S;. The degree splitting graph
[8, 9] of G, denoted by DS(G), is obtained by adding vertices wy, wa, ... wt
and joining w; to each vertex of S; for 1 <14 <t.

Let G1 and G4 be two graphs having disjoint point sets V4, and Va5 and
line sets Fy and Es respectively. Then their join [7] is denoted by G1 4+ G2
consists of G; U G and all lines joining Vi with V5.

2. Main Results

In the following section, we generalize the star chromatic number of degree
splitting of join of any two graph G and H denoted by G + H, where G is
a path graph and H is any simple graph. Also, we find the star chromatic
number for degree splitting of join of path graph G of order m with path
P,,, complete graph K, and cycle graph C,.
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2.1. Generalization of star coloring for degree splitting of join of
path graph with any simple graph

Theorem 2.1. Let G be a path graph of order m > 4, and H be any
simple graph of order n > 3 then

Xs (DS (G + H)) = n + 4.

Proof. LetV (G) = {ui,uz,us,...,un}andV (H) = {vi,v2,v3,...,0,}.
By definition of join graph, G 4+ H consists of G U H and all lines join-
ing V(G) with V(H). Thus we have V(G + H) = {u;: 1 <i<m} U
{v;:1<j<n}=85USU...US; where S; ={u; : 1 <i<m} ...5 =
{vj:1<j<n}. To obtain DS(G + H) from G + H, we add vertices
w1, Wa, . . ., wy corresponding to S, Sa, 53, . . ., Sy respectively. Thus V(DS(G+
H))=V(G+ H)U{wi,wz,ws ..., w}

We define a function o : V' — {1,2,...}. Now, we assign n + 4 coloring
o of degree splitting for join graph (G + H) is defined as follows:

For every 1 <+¢ < m, we now distinguish m as three cases:

Case(i): When m = 3(mod 3).

o (uzp—2) =1, for 1<k <

o (ugp—1) =2, for 1<k< %
o(usg) =3, for 1<k< %
and for every 1 < j < n, assign
o(vj)=j+3
and also assign
o(wy)) =0 (wg) =---=0(w) =n+4.

Case(ii): When m = 1(mod 3).

o (uzp—2) =1, for 1<k < {%W
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o (ugh 1) =2, for 1<k < H

o(usg) =3, for 1<k< {%J
and for every 1 < j < n, assign
o(vj)=j+3
and also assign

o(w) =0 (wg) =+ =0 (w) =n—+4.

Case(iii): When m = 2(mod 3).

o (ugk—2) =1, for 1<k <

|
|

|3 |3

w

|
o (ugk—1) =2, for 1<k < {
m

o (uz) =3, for 1<k < {3

|

and for every 1 < j < n, assign
o(vj)=j+3
and also assign
o(wy) =0 (wg) =---=0(w) =n+4.

Therefore x5 (DS (G + H)) <n+4.

Now, we prove that xs (DS (G + H)) > n+ 4. For this, we must prove
that any coloring with n 4 3 colors will give us at least one bicolored cycle
of length 4. Let Sy, be the set colors used to color the vertices of V(G)
and let S, be the set of colors used to color the vertices of V(H) then
Sm N Sp = ¢. Since all possible edges exist between vertices of V(G) and
the vertices of V(H). Suppose that we use n + 3 colors for the vertices of
DS(G+ H) then there exists at least one bicolored cycle of length 4. Which
is a contradiction for proper star coloring. Thus no coloring that uses n+3
colors can be a star coloring. Thus star coloring of DS(G + H) > n + 4.
Therefore x (DS (G + H)) = n + 4. This completes the proof.
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Corollary 2.2. Let G be a path graph of order m > 4 and P, be a path
graph of order n > 4 and m > n then

Xs (DS (G + P,)) =n+4.

Proof. @ We have V(G+ P,) = {u; : 1 <i<m}U{v;:1<j<n} =
S1 U Sy U Ss where S1 = {ug,un,} and So = {u;:2<i<m—1;v1,v,}
S3 ={v; : 2 <j <n—1}. To obtain DS(G + P,) from (G + P,), we add
three vertices wi, we and ws corresponding to S7, S2 and S3 respectively.
Thus we get V (DS (G + PB,)) = V(G + P,) U {wy, wa, w3}.

Now, we assign n + 4 coloring o of degree splitting for join graph
(G + P,) is defined as follows:

For every 1 <4 < m, we now distinguish m as three cases:

Case(i): When m = 3(mod 3).

o (ugg—2) =1, for 1<k <

o (ugk—1) =2, for 1Sk§%

o(usg) =3, for 1<k< %
and for every 1 < j < n, assign
o(vj)=4+3

and also assign
o(wi) =0 (w2) =0 (w3) =n+4.

Case(ii): When m = 1(mod 3).

o (usk—2) =1, for 1<k<

- 1
wl|3
—_

O'(ng_l)ZQ,fOT’ ]-Skg

,_
w3
| I

o (usg) = 3, for 1§k§{

w3
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and for every 1 < j < n, assign
o(vj)=4+3

and also assign

o(wy) =0 (we) =0 (w3) =n-+4.

Case(iii): When m = 2(mod 3).

o (ugg—2) =1, for 1<k <

w|3

|
|

|
o (ugk—1) =2, for 1<k< {

wl|3

o (usg) =3, for 1<k< {%

|

and for every 1 < j < n, assign
o(vj)=4+3
and also assign

a(wl):o(wg):a(wg):n+4.

Therefore x, (DS (G + P,)) < n+4.

Now, we prove that x5 (DS (G + P,)) > n + 4. Suppose that we use
n + 3 colors for the vertices of DS(G + P,) then there exist a cycle of
length 4 which is bicolored, a contradiction for proper star coloring. Thus
no coloring that uses n+ 3 colors can be a star coloring. Thus star coloring
of DS(G+P,) > n+4. Therefore x5 (DS (G + P,)) = n+4. This completes

the proof.

Corollary 2.3. Let G be a path graph of order m > 4 and K, be a

complete graph of order n > 3 then,

Xs (DS (G+ Ky)) =n+4.
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Proof. = We have V(G + K;) = {u;: 1 <i<m}U{v;:1<j<n} =
S1 U S U S3 where S1 = {uj,up}t and Sy = {u;:2<i<m—1} and
Sz = {v; : 1 <j<n}. To obtain DS(G + K,,) from (G + K,), we add
three vertices wi, we and ws corresponding to S7, S2 and S3 respectively.
Thus we get V (DS (G + K,,)) = V(G + K,,) U{wi, wa, w3}.

Now, we assign n + 4 coloring o of degree splitting for join graph
(G + K,,) is defined as follows:

For every 1 <1¢ < m, we now distinguish m as three cases:

Case(i): When m = 3(mod 3).

o (ugh-s) =1, for 1<k <
o (uzgp—1) = 2, for 1Sk‘§%
o (ugk) = 3, for 1§k§%

and for every 1 < j < n, assign
g (Uj) = j +3

and also assign
a(wl) :a(wg) :O'('w3) =n+4.

Case(ii): When m = 1(mod 3).

o(ugk—2) =1, for 1<k <

- 1
w3
—_

o (ugg—1) =2, for 1<k<

,_
w|3
| I

o (uge) = 3, for 1<k < {

wl|3

and for every 1 < j < n, assign

o(vj)=4+3

and also assign
a(wl) :a(wg) :O'('w3) =n+4.
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Case(iii): When m = 2(mod 3).

o (ugg—2) =1, for 1<k <

- 1
wl|3
_

O'(ng_l)ZQ,fOT’ ]-Skg

- 1
wl|3
—_

o (usgk) = 3, for 1§k‘§{

w|3

and for every 1 < j < n, assign

U(Uj):j+3

and also assign
o(wy) =0 (we) =0 (wg) =n+4.

Therefore xs (DS (G + Ky)) <n+4.

Now, we prove that xs (DS (G + K,,)) > n+4. For this, we must prove
that any coloring with n+3 colors will give us at least one bicolored cycle of
length 4. Suppose that we use n+ 3 colors for the vertices of (DS(G+ K,,))
then there exists at least two adjacent vetices which receive the same color,
a contradiction for proper coloring. Thus no coloring that uses n 4+ 3 colors
can be a star coloring. Thus star coloring of DS(G+K,,) > n+4. Therefore
Xs (DS (G + Ky,)) = n + 4. This completes the proof.

Corollary 2.4. Let G be a path graph of order m > 4 and C,, be a cycle
graph of order n > 3 and m > n then,

Xs (DS (G +Cy)) =n+ 4.

Proof.  We have V(G+C,) = {u;: 1 <i<m}U{v;:1<j<n} =
S1 U S3 U S3 where S = {ug,upm}, So = {v;:2<j<m—1}, and S5 =
{vj :1<j<n}. To obtain DS(G + Cy,) from (G + C,,), we add three
vertices w1 wa, and ws corresponding to S7, So and S3 respectively. Thus
we get V(DS (G + Cy)) = V(G + Cp) U {wi, w2, ws}.

Now, we assign n + 4 coloring o of degree splitting for join graph
(G + C,,) is defined as follows:

For every 1 <1¢ < m, we now distinguish m as three cases:

Case(i): When m = 3(mod 3).
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o (uzp—2) = 1, for 1Sk‘§%
o (ugio1) =2 for 1< k<%
o (usg) = 3, for 1§k§%

and for every 1 < j < n, assign
o(wj)=4+3

and also assign
o(wy) =0 (we) =0 (w3) =n-+4.

Case(ii): When m = 1(mod 3).

w3

o (ugh_2) =1, for 1<k < [

|
|

o (ugp-1) =2, for 1<k<

w3

m

o(usg) =3, for 1<k< {3

| I

and for every 1 < j < n, assign
g (Uj) = ] +3

and also assign
o(wy) =0 (we) =0 (wg) =n+4.

Case(iii): When m = 2(mod 3).

o (uzp—2) =1, for 1<k < {

w|3

|
|

o (uzp—1) =2, for 1<k< {

wl|3

o (usg) =3, for 1<k< {%

| I
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and for every 1 < j < n, assign
o(vj)=j+3
and also assign
o(wy) =0 (we) =0 (wg) =n+4.

Therefore x5 (DS (G + Cyp)) =n+ 4.

Conclusion

In this paper, we have generalized the star chromatic number of degree
splitting of join of two graph G and H denoted by G+ H, is n+ 4 where G
is a path graph and H is any simple graph. Also we gave the exact values
of the star chromatic number for degree splitting of join of path graph G
of order m with path P,, complete graph K, and cycle C), repectively.
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