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On approximation of signals in the generalized Zygmund class ...1017

Pn =
nX

k=0

pk →∞ as n→∞ (p−k, P−k = 0, k ≥ 1).(1.1)

Let the sequence to sequence transformation,

τNn =
1

Pn

nX
k=0

pksk, n = 0, 1, 2, ...(1.2)

defines (N, pn) mean of {sn} generated by the sequence {pk}. The seriesP
un is known to be summable to s by (N, pn) method, if limn→∞ τNn → s

as n→∞. Also, this (N, pn) method is regular (see [4]).

The sequence to sequence transformation,

E1n =
1

2n

nX
k=0

Ã
k

v

!
sk,(1.3)

defines the (E, 1) transform of the sequence {sn}. The series
P

un is
summable to s with respect to (E, 1) summability, if E1n → s as n → ∞.
Also (E, 1) method is regular (see [4]).

Now we define here a new composite transform by using the product
(E, 1)(N, pn) transform. As (N, pn) and (E, 1) summability methods are
regular, the product (E, 1)(N, pn) method is also regular.

Let

τENn =
1

2n

nX
k=0

Ã
n

k

!(
1

Pk

kX
v=0

pvsv

)
,(1.4)

defines the (E, 1)(N, pn) transform of the sequence {sn}. We say here thatP
un is summable to s by product (E, 1)(N, pn) transform, if τ

EN
n → s as

n→∞.

Let f is 2π periodic function belonging to Lr[0, 2π], r ≥ 1 with the
partial sum sn(f), then
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1018 T. Pradhan, S. K. Paikray, A. A. Das and H. Dutta

sn(f) =
a0
2
+

∞X
n=1

(an cosnx+ bn sinnx).(1.5)

The conjugate series of the Fourier series (1.5) is given by

fsn(f) = ∞X
k=1

(an cosnx− bn sinnx).(1.6)

Let f be a 2π-periodic integrable function belonging to [0, 2π] and letef , conjugate to f be a 2π periodic function to f. We have,
Lr[0, 2π] = { ef : [0, 2π]→ R;

Z 2π

0
|f(x)|rdx <∞}.

The Lr norm of a function f is defined by

kfkr=

⎧⎨⎩
³
1
2π

R 2π
0 |f(x)|rdx

´ 1
r , 1 ≤ r <∞

ess sup0<x≤2π |f(x)|, r =∞.
The Zygmund modulus of continuity of f is defined by

ω(f, h) = sup
o≤h,x∈R

|f(x+ t) + f(x− t)|.

Let C2π be the Banach space of all 2π-periodic functions (continuous)
defined on [0, 2π] under the supremum norm. For 0 < α ≤ 1, the function
space

Z(α) = {f ∈ C2π : |f(x+ t) + f(x− t)| = O(|t|α)}

is also a Banach space with the norm k · k(α), given by

kfk(α) = sup
0≤x≤2π

|f(x)|+ sup
x,t6=0

|f(x+ t) + f(x− t)|
|t|α .

For f ∈ Lr[0, 2π], r ≥ 1, the integral Zygmund modulus of continuity is
given by

ωr(f, h) = sup
0<t≤h

½
1

2π

Z 2π

0
|f(x+ t) + f(x− t)|rdx

¾ 1
r

.

For f ∈ C2π and r =∞,
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On approximation of signals in the generalized Zygmund class ...1019

ω∞(f, h) = sup
0<t≤h

max
x
|f(x+ t) + f(x− t)|.

Also, it is known that ωr(f, h)→ 0 as r → 0.

Now define,

Z(α),r =

⎧⎨⎩f ∈ Lr[0, 2π] :

µZ 2π

0
|f(x+ t) + f(x− t)|rdx

¶ 1
r

= O(|t|α)

⎫⎬⎭
and also the space Z(α),r, r ≥ 1, 0 < α ≤ 1 is a Banach space with the norm
k · k(α),r of the form

kfk(α),r = kfkr + sup
t6=0

kf(·+ t) + f(·− t)kr
|t|α .

The class of function Z(ω) is defined as

Z(ω) = {f ∈ C2π : |f(x+ t) + f(x− t)| = O(ω(t))},

where ω is a Zygmund modulus of continuity, that is, ω is positive, non-
decreasing continuous function with the sub linearity property. That is,

(i) ω(0) = 0 and

(ii) ω(t1 + t2) ≤ ω(t1) + ω(t2).

Let ω : [0, 2π]→ R be an arbitrary function with ω(t) > 0 for 0 ≤ t <
2π and let limt→0+ ω(t) = ω(0) = 0, define

Z(ω)r =

( ef ∈ Lr : 1 ≤ r ≤ ∞, sup
t6=0

kf(·+ t) + f(·− t)kr
ω(t)

<∞
)
,

where

k efk(ω)r = kfkr + sup
t6=0

kf(·+ t) + f(·− t)kr
ω(t)

, r ≥ 1.
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1020 T. Pradhan, S. K. Paikray, A. A. Das and H. Dutta

Clearly k · k(ω)r is a norm on Z
(ω)
r . As we know Lr (r ≥ 1) is complete,

the space Z
(ω)
r is also complete. Hence we can say Z

(ω)
r is a Banach space

under the norm k · k(ω)r .

We use the following notations through out this paper:

ψ(x, t) = f(x+ t) + f(x− t);

fKEN
n (t) =

1

π2n+1

nX
k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv
cos t

2 − cos(v +
1
2)t

sin( t2)

)
.

2. Main Theorems

Theorem 2.1. Let ef be conjugate to 2π periodic function f , Lebesgue

integrable in [0, 2π] and belonging to generalized Zygmund class Z
(ω)
r (r ≥

1). Then the degree of approximation of signal (function) ef, using product
(E, 1)(N, pn) mean of conjugate Fourier series (1.6) is given by

En( ef) = infeτENn

keτENn − efkvr = O

ÃZ π

1
n+1

ω(t)

t v(t)

!
,(2.1)

where ω(t) and v(t) denotes the Zygmund moduli of continuity such that
ω(t)
v(t) is positive and increasing.

Theorem 2.2. Let ef be conjugate to 2π periodic function f , Lebesgue

integrable in [0, 2π] and belonging to generalized Zygmund class Z
(ω)
r (r ≥

1). Then the degree of approximation of signal (function) ef, using product
(E, 1)(N, pn) mean of conjugate Fourier series (1.6) is given by

En( ef) = infeτENn

keτENn − efkvr = O

Ã
ω( 1

n+1)

(n+ 1)2v( 1
n+1)

(π(n+ 1)− 1)
!
,(2.2)

where ω(t) and v(t) denotes the Zygmund moduli of continuity such that
ω(t)
tv(t) is positive and decreasing.

To prove the theorems we need the following lemmas.

Lemma 2.3. |gKn(t)| = O(n), for 0 ≤ t ≤ 1
n+1 .
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Proof. For 0 ≤ t ≤ 1
n+1 , we have sin nt ≤ n sin t.

|gKn(t)| =
1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv
cos t

2 − cos(v +
1
2)t

sin t
2

)¯̄̄̄
¯

=
1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv

Ã
cos t

2 − cos vt. cos
t
2 + sin vt. sin

t
2

sin t
2

!)¯̄̄̄
¯

=
1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv

Ã
cos t

2(2 sin
2 v t

2)

sin t
2

+ sin vt

!)¯̄̄̄
¯

≤ 1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv

µ
O(2 sin v

t

2
sin v

t

2
)

¶
+ v sin t

)¯̄̄̄
¯

≤ 1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv (O(v) +O(v))

)¯̄̄̄
¯

=
1

π2n

¯̄̄̄
¯
nX

k=0

Ã
n

k

!
O(k)

Pk

kX
v=0

pv

¯̄̄̄
¯

= O(n).

2

Lemma 2.4. |gKn(t)| = O(1t ), for
1

n+1 < t ≤ π.

Proof. For 1
n+1 < t ≤ π and by using Jordans lemma, sin t

2 ≥
t
π and

sinnt ≤ 1.

|gKn(t)| =
1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv
cos t

2 − cos(v +
1
2)t

sin t
2

)¯̄̄̄
¯

=
1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv

Ã
cos t

2 − cos vt. cos
t
2 + sin vt. sin

t
2

sin t
2

!)¯̄̄̄
¯

≤ 1

π2n+1

¯̄̄̄
¯
nX

k=0

Ã
n

k

!(
1

Pk

kX
v=0

pv

µ
cos

t

2
(2 sin2 v

t

2
) + sin vt

¶)¯̄̄̄
¯
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On approximation of signals in the generalized Zygmund class ...1023

Now denoting the (E, 1)(N, pn) transform of esk(f ;x) by eτENn , we write

eτENn − ef(x) = 1

π2n+1

nX
k=0

Z pi

0

ψ(x; t)

sin(t/2)

1

Pk

vX
k=0

pv(cos
t

2
− cos(v + 1

2
)t)dt.

(3.3)

Let

eLn(x) = eτENn − ef(x) = Z π

0
ψ(x; t)fKEN

n (t)dt,(3.4)

then

eLn(x+ y) + eLn(x− y) =

Z π

0
[ψ(x+ y; t) + ψ(x− y; t)]fKEN

n (t)dt.

(3.5)

Using generalized Minkowski’s inequality, we have

k eLn(x+ y) + eLn(x− y)kp

=

½
1

2π

Z 2π

0
| eLn(x+ y) + eLn(x− y)|pdx

¾1/p
=

½
1

2π

Z 2π

0

¯̄̄̄Z π

0
[ψ(x+ y; t) + ψ(x− y; t)]fKEN

n (t)dt

¯̄̄̄p
dx

¾1/p
≤
Z π

0

½
1

2π

Z 2π

0

¯̄̄
[ψ(x+ y; t) + ψ(x− y; t)]fKEN

n (t)dx
¯̄̄p¾1/p

dt

=

Z π

0
(|fKEN

n (t)|)1/p
⎧⎨⎩ 1

2π

Z 2π

0

¯̄̄̄
¯̄[ψ(x+ y; t) + ψ(x− y; t)]fKEN

n (t)

¯̄̄̄
¯̄
p

dx

⎫⎬⎭
1/p

dt
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1024 T. Pradhan, S. K. Paikray, A. A. Das and H. Dutta

=

Z π

0
kψ(·+ y; t) + ψ(·− y; t)kp|fKEN

n (t)|dt

=

Z 1
n+1

0
kψ(·+ y; t) + ψ(·− y; t)kp|fKEN

n (t)|dt

+

Z π

1
n+1

kψ(·+ y; t) + ψ(·− y; t)kp|fKEN
n (t)|dt

= I1 + I2 (say).

(3.6)

Now, using Lemma 2.3, Lemma 2.5 and monotonicity of (ω(t)/v(t))
with respect to t, we have

I1 =

Z 1
n+1

0
kψ(·+ y; t) + ψ(·− y; t)kp|fKEN

n (t)|dt

=

Z 1
n+1

0
O

µ
v(y)

ω(t)

v(t)

¶
O(n)dt

≤ O

Ã
n v(y)

Z 1
n+1

0

ω(t)

v(t)
dt

!
.(3.7)

Next, by using 2nd mean value theorem of integral, we have

I1 ≤ O

Ã
nv(y)

ω( 1
n+1)

v( 1
n+1)

Z 1
n+1

0
dt

!

= O

Ã
n

n+ 1
v(y)

ω( 1
n+1)

v( 1
n+1)

!

= O

Ã
v(y)

ω( 1
n+1)

v( 1
n+1)

! µ
n

n+ 1
= O(1)

¶
.(3.8)

Next, using Lemma 2.4 and Lemma 2.5, we get

I2 =

Z π

1
n+1

kψ(·+ y; t) + ψ(·− y; t)kp|fKEN
n (t)|dt
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On approximation of signals in the generalized Zygmund class ...1025

≤
ÃZ π

1
n+1

v(y)
ω(t)

v(t)

1

t
dt

!

= O

Ã
v(y)

Z π

1
n+1

ω(t)

tv(t)
dt

!
.(3.9)

From (3.6), (3.8) and (3.9), we have

k eLn(·+ y) + eLn(·− y)(·)kr = O

Ã
v(y)

ω( 1
n+1)

v( 1
n+1)

!
+O

Ã
v(y)

Z π

1
n+1

ω(t)

tv(t)
dt

!
.

(3.10)

Therefore, we have

sup
y 6=0

k eLn(·+ y) + eLn(·− y)kr
v(y)

= O

Ã
ω( 1

n+1)

v( 1
n+1)

!
+O

ÃZ π

1
n+1

ω(t)

tv(t)
dt

!
.

(3.11)

Clearly,

ψ(x; t) = |f(x+ t) + f(x− t)|.

Now applying Minkowski’s inequality, we have

kψ(·, t)kr = kf(x+ t) + f(x− t)kr
= O(ω(t)).(3.12)

Now, using Lemma 2.3 and Lemma 2.4, we obtain

k eLn(·)kr ≤
ÃZ 1

n+1

0
+

Z π

1
n+1

!
kψ(·, t)kr|fKEN

n (t)|dt

= O

Ã
n

Z 1
n+1

0
ω(t)dt

!
+O

ÃZ π

1
n+1

ω(t)

t
dt

!
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= O

Ã
nω(

1

n+ 1
)

Z 1
n+1

0
ω(t)dt

!
+O

ÃZ π

1
n+1

w(t)

t
dt

!

= O

µ
n

n+ 1
w(

1

n+ 1
)

¶
+O

ÃZ π

1
n+1

ω(t)

t
dt

!

= O

µ
ω(

1

n+ 1
)

¶
+O

ÃZ π

1
n+1

ω(t)

t
dt

!
.(3.13)

From (3.11) and (3.13), we have

k eLn(·)kvr = k eLn(·)kr + sup
y 6=0

k eLn(·+ y) + eLn(·− y)kr
v(y)

= O

µ
ω(

1

n+ 1
)

¶
+O

ÃZ π

1
n+1

ω(t)

t
dt

!
+O

Ã
ω( 1

n+1)

v( 1
n+1)

!
+O

ÃZ π

1
n+1

ω(t)

tv(t)
dt

!

=
4X

i=1

Ji.

(3.14)

Now, we write J1 in terms of J3 and further J2, J3 in terms of J4.

In view of monotonicity of v(t) for 0 < t ≤ π, we have

ω(t) =
ω(t)

v(t)
.v(t) ≤ v(π)

ω(t)

v(t)
.v(t) = O

µ
ω(t)

v(t)

¶
.

Therefore, we can write

J1 = O(J3)(3.15)

Again by using monotonicity of v(t),

J2 =

Z π

1
n+1

ω(t)

t
dt =

Z π

1
n+1

ω(t)

tv(t)
v(t)dt

≤ v(π)

Z π

1
n+1

ω(t)

tv(t)
dt

= O(J4).(3.16)
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Using the fact that ω(t)
v(t) is positive and non decreasing, we have

J4 =

Z π

1
n+1

ω(t)

tv(t)
dt =

ω( 1
n+1)

v( 1
n+1)

Z π

1
n+1

dt

t
≥

ω( 1
n+1)

v( 1
n+1)

.(3.17)

Therefore, we can write

J3 = O(J4).(3.18)

Now combining (3.14) and (3.18), we have

k eLn(·)kvr = O(J4) = O

ÃZ π

1
n+1

ω(t)

tv(t)

!
.(3.19)

Hence,

En( ef) = inf
n
k eLn(·)kvr = O

ÃZ π

1
n+1

ω(t)

tv(t)

!
.(3.20)

This completes the proof of Theorem 2.1.

3.2. Proof of Theorem 2

Following the proof of Theorem 1, we have

En( ef) = inf
n
k eLn(·)kvr = O

ÃZ π

1
n+1

ω(t)

tv(t)
dt

!
.(3.21)

In Theorem 2, we assumed ω(t)
tv(t) is positive and decreasing in t. Thus,

we have

En( ef) = inf
n
k eLn(·)kvr = O

Ã
ω( 1

n+1)

(n+ 1)v( 1
n+1)

Z π

1
n+1

dt

!

= O

Ã
ω( 1

n+1)

(n+ 1)v( 1
n+1)

[t]π 1
n+1

!

= O

Ã
ω( 1

n+1)

(n+ 1)2v( 1
n+1)

(π(n+ 1)− 1)
!
.(3.22)

This completes the proof of Theorem 2.
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