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Abstract:

Approximation of functions of different classes have been consid-
ered by various researchers under different summability means.
In the present paper, presumably a new theorem has been estab-
lished under (E, 1)(N p ) -product summability mean of conju-
gate Fourier series of a function of Z r (r > 1) -class
(generalized Zygmund class). Moreover, the result obtained here
is a generalization of several known theorems.
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1. Introduction and Preliminaries

Signal analysis is concerned with the reliable estimation, detection and
classification of signals (functions) which are subject to random fluctua-
tions and it has its roots in probability theory, mathematical statistics and,
more recently, approximation theory and communications theory. These
approximation analysis of signals have great importance in the field of sci-
ence and engineering. Moreover, it has given a new dimensions because of
their vast applications in signal analysis, radar system, telecommunications
and image processing system. The error estimation of functions in various
function spaces such as Holder, Lipschitz, Zygmund and Besov spaces etc.
by using different summability techniques of trigonometric Fourier series
has been received a growing interest of several researchers in last decades.
Functions in L, (r > 1)-spaces assumed to be most practicable in signal
analysis. Particularly, L1, Lo and L., spaces are used by engineers for
designing digital filters and matrix summability or matrix transformation
plays a vital role in this context. Also, matrix summability generalizes
different summability methods like Cesaro summability, Norlund summa-
bility, Riesz summability, Banach summability etc. (see [1], [3], [6], [16],
and [18]. Recently, various product summability means under Lipschitz
classes of functions have been considered to prove several approximation
theorems. For more details, see the current works [7], [8], [9], [10] and [17].
Subsequently, the generalized Zygmund class Zy(f”) (r > 1) is an extension
of Z(ay, Z(a)m Z (@)_classes. The generalized Zygmund class Z) (r>1)is
studied by Leindler [11], Moricz [13], Moricz and Nemeth [14]. Recently
Singh et al. [18] used Hausdorff means to established some approximation
results for the functions in generalized Zygmund class. Lal and Shireen [9]
considered matrix-Fuler summability mean of Fourier series for approxima-
tion of functions of generalized Zygmund class. Very recently, some results
on statistical approximation and associated Korovkin-type theorems has
been established by different researchers (see [2], [5], [8], [19], [20], [21] and
[22]). To get best approximation by product summability means (Ordinary
versions), in the proposed paper, we have used (F,1)(N,p,) summability
mean of conjugate Fourier series to estimate the degree of approximation
of a function of Z*) (r > 1) class (generalized Zygmund class).

Let )" uy be an infinite series with its sequence of partial sum {s,}.
Let {pr} for k = 0,1,2,.... be a sequence of non-negative integers such that
po > 0 and
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(1.1) Pn:Zpk—M)oasn—M)o (p—k, P.p =0, k>1).
k=0

Let the sequence to sequence transformation,

1 n
N _ _
(1.2) T = 2 kE:Opksk, n=0,1,2,..

defines (N, p,) mean of {s,} generated by the sequence {p;}. The series

Sy, is known to be summable to s by (N, p,) method, if lim,, oo 7¥ — s
as n — oo. Also, this (N, p,) method is regular (see [4]).

The sequence to sequence transformation,

1 X [k
(1.3) E! = Tl kz <U> Sks
=0

defines the (£, 1) transform of the sequence {s,}. The series Y u, is
summable to s with respect to (F, 1) summability, if E} — s as n — oo,
Also (E,1) method is regular (see [4]).

Now we define here a new composite transform by using the product
(E,1)(N,p,) transform. As (N,p,) and (E,1) summability methods are
regular, the product (E,1)(N,p,) method is also regular.

Let

N 1 & (n 1 &
(1‘4) TEN:_nZ< ){_vasv}7
2 k=0 k Pk v=0

defines the (E,1)(N, p,) transform of the sequence {s,}. We say here that

>y, is summable to s by product (£,1)(N, p,) transform, if 7Y — s as
n — 0.

Let f is 27 periodic function belonging to L"[0,2x], r > 1 with the
partial sum s, (f), then
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(1.5) sn(f) = % + Z(an cosnx + by, sinnz).

n=1
The conjugate series of the Fourier series (1.5) is given by

o0

(1.6) sn(f) = Z(ancosna:—bnsinna:).
k=1

_ Let f be a 27-periodic integrable function belonging to [0, 27] and let
f, conjugate to f be a 2m periodic function to f. We have,

~ 2m
L,[0,24] = {F : [0,27] — R;/O |f(2)["dz < oo}

The L, norm of a function f is defined by

IIer:{ (& JE |F(@)dz)™, 1< v < oo

€8S SUPgp<ar | f(2)|, T =00,
The Zygmund modulus of continuity of f is defined by

w(f,h) = sup |f(z+1)+ flz—1)|.
o<h,zeR
Let Cyr be the Banach space of all 27-periodic functions (continuous)
defined on [0, 27] under the supremum norm. For 0 < « < 1, the function
space
Ziay ={f € Con = |f(z+1) + flz =) = O(t]*)}
is also a Banach space with the norm || - [|(4), given by

z+t)+ flz—1
HfH(a) = sup |f(x)|+ sup f( ) af( )|
0<z<2m 2,40 It|

For f € L,[0,2x],r > 1, the integral Zygmund modulus of continuity is
given by

2 %
arlfih) = sup {5 [T f@+0)+ fo— o)l do)

0<t<h

For f € Co, and r = o0,
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Woo(f, h) = sup mgx\f(x—i—t)—i—f(x—t)\.
0<t<h

Also, it is known that w,(f,h) — 0 as r — 0.

Now define,

Ziar = {f e Lhlo,2nl s ([ 1@ 0) + sz - o) = omm}

and also the space Z(,) 7 > 1,0 < a < 1is a Banach space with the norm
| ll(a),r of the form

1fC+8)+ =Dl
£ ’

[ £ll(),r = I fll7 + sup
40
The class of function Z@) is defined as

ZW) = {f € Cor:|f(z+1t)+ f(z —t)] = O(w(t))},

where w is a Zygmund modulus of continuity, that is, w is positive, non-
decreasing continuous function with the sub linearity property. That is,

(i) w(0) = 0 and
(ii) w(t1 + tg) < w(tl) + w(tg).

Let w : [0,27] — R be an arbitrary function with w(t) > 0 for 0 <t <
27 and let lim; o+ w(t) = w(0) = 0, define

Zr(w):{fELTzlgrgoo,sup A+ + FC =)l <oo},
140 w(t)

where

IfC+D)+f(—1)
w(t)

171 = 1] + sup I 1,
t#40
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Clearly || - ||$«w) is a norm on Z\*). As we know L, (r > 1) is complete,

)

the space Zﬁw) is also complete. Hence we can say Zr(w is a Banach space

under the norm || - H7(«“)).

We use the following notations through out this paper:

P(z,t) = f(z + 1) + flz—1);
~N 1 & 1 & cost —cos(v+ 1)t
KEN(t)IWg%(Z) {FZ% 2 2 }

k =0 5111(5)

2. Main Theorems

Theorem 2.1. Let f be conjugate to 2w periodic function f, Lebesgue
integrable in [0, 2] and belonging to generalized Zygmund class z7) (r>
1). Then the degree of approximation of signal (function) f, using product
(E,1)(N, p,) mean of conjugate Fourier series (1.6) is given by

(2.1) Eulf) = int 7 = fl; = 0 ( L. %) ,

+1

where w(t) and v(t) denotes the Zygmund moduli of continuity such that
% is positive and increasing.

Theorem 2.2. Let f be conjugate to 2w periodic function f, Lebesgue
integrable in [0, 2] and belonging to generalized Zygmund class z7) (r>
1). Then the degree of approximation of signal (function) f, using product
(E,1)(N, pn) mean of conjugate Fourier series (1.6) is given by

(22) Ealf) = ind 7Y = fll; = 0 (

Tn

w(si1)
(n+ 1)21)(%“)

where w(t) and v(t) denotes the Zygmund moduli of continuity such that

% is positive and decreasing.

(m(n+1) - 1)) :

To prove the theorems we need the following lemmas.

Lemma 2.3. |/I€;(t)| =0(n), for 0 <t < HLH
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Proof. For 0 <t < we have sin nt < nsin t.

Ty

— 1 |&(n) [ 1 & cost —cos(v+ L)t
K,t)| = —=— — p—2 2
ol = o |5 (1) (o e
- 1 i n 1 i cos%—cosvt.cos%—i—sinvt.sin%
- ontl = \k kv:opv sin%
1 " (n 1 & cos & (25111 vi)
- — 3 py [ 2 T2 L int
1 | [1 & ¢ t
< 1 N P 1 .
S o ,;(k){ kvgopv (O(Zsvavaz))—i—vsmt}
1 [ & (n\[1 &
< il
< i (1) {7 o o)
1 | (n O(k)i
- Ly ()%,
2" [ k) Py =
= O(n).

Lemma 2.4. |K,(t)| = O(1), for n_+1 <t<m.

Proof. For — < ¢t < 7 and by using Jordans lemma, 5m2 > L and

+1
sinnt < 1.

3

|F6Ktﬂ =

W2n+1

COb——COSU 1
=i

v=0 Sm2

B
I
o

8
-

1 zn: n 1 zk: COS§—cosvt.cos%—ksinvt.sin%
r2ntl o k }ﬁjvzo v SH]%
1 " [n 1 & t .
= o+l kZ:O (k) {Pk ZPU <cos 5(25111 v2) —i—smvt)}'
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50 e}
- oft)

Lemma 2.5. Let f € Zﬁw), then for 0 <t <,

2n+1t

(1) [ (-, t)|lr = O(w(t)) and

(i) [0 +y,8) + (- =y, O)[lr = { O (w(y))-

If w(t) and v(t) defined as in Theorem 1, then
[0C+9, )+ 6=y, D)l = O (v(y) g ), where v(w,t) = f(a+t)+ f(z—t).

Proof. This Lemma can be proved easily by following [15].

3. Proof of Main Results

3.1. Proof of Theorem 3

Let 5,(f;x) denotes the k¥ partial sum of the series (1.6) and following
[23], we have

COS L cos(v+ i)t
31 (fiz) - 27r/ ()2 e 2 g,

Therefore using (1.2), the (N, p,) transform of 5;(f; ) is given by

n 1y
—Zpkskfl') =5 /qﬁxt Z cos 3 COS(U+2)dt.

”k = — Sm(2)

(3.2)
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Now denoting the (E,1)(N,p,) transform of 8;(f;z) by ﬁ‘?ﬁ, we write

~ Peoap(wst) Y 1
~EN _
FEN _ f(2) 7r2”+1 E / 0 t/2 P E cos— — cos(v + 2) )dt.

(3.3)
Let
B4 L) = - [Mv@ R
then
Lulat+9)+ Lnla—9) = [ o+ u3t) +ola -y ) KEV ()t
(3.5)

Using generalized Minkowski’s inequality, we have

1€n(z +5) + La(z =)l

1 2 . 1/p
= {—/ ]En(x+y)+£n(x—y)|pda:}
21 Jo

= {%/0% pdw}l/p
< [ [ o+ + v ol 0asl'}

B A / i 27
- [ <|zf<fN<t>r>”°{27r /

[ e+ vt + vl -y KN @)at

[W(z +yst) + bz — g ) KV (1)

P 1/p
dx} dt
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= [T 10+ 350+l — RN 1)
= [T st + e~ 0l RES ))as
[0 I+ 0+ 6 - g LI REY ))ar

n+1

=0+ 1 (say).

(3.6)

Now, using Lemma 2.3, Lemma 2.5 and monotonicity of (w(t)/v(t))
with respect to t, we have

Bo= [T+ )+ v — ) LIRS ()]s

(3.7)

(VAN
)
N
3
=
s
3
i
‘ €
—~
N
QL
~
~_—

() no
(3.8) _ O(v(y) v(i)> <n+10<1)>‘

Next, using Lemma 2.4 and Lemma 2.5, we get

Bo= [yt v - ) REV @)

n+1
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IA

\
|H B
1

—~

<

~—

@‘E
==
— | —
S
U

~
N——

(3.9) _ 0wy /i ;Z((?)dt>.

From (3.6), (3.8) and (3.9), we have

<

H&«+w+&w—wom—o(mww“?§+0<<)[l;%ﬁ>.

(n+1)

(3.10)

Therefore, we have

ILa(-+ ) + Lal =l wﬁhv (w w(t) )
S @) O(Mﬁﬂ ~o( [ za):

sup

(3.11)

Clearly,
(z;t) = |f(z+1) + flz —1)].
Now applying Minkowski’s inequality, we have

[oC Ol = f@+t)+ flz=1)]:
(3.12) = O(w(t).

Now, using Lemma 2.3 and Lemma 2.4, we obtain

(/ [ )nw O RES (0)de
= O(n/o"+1 w(t)d >+O</;@dt>

n+1

Hzﬁbﬂh

IN
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= 0 (nw(nil)/oﬁ w(t)dt) +0 (/; @dt)
- o{gr gt o[, )
1 w

n+10+0<[;—%ﬁ>

From (3.11) and (3.13), we have

(3.13) = O(uw(

H‘En( + y) + En( — y)”r

1LaOZ = ILa()llr + sup

y#0 v(y)
_ OG&£40+O<A;£?w>+O<ﬁ§3>+0<&%;8ﬁ>
_ 24;7
(3.14) _

Now, we write Ji in terms of J3 and further .Jy, J3 in terms of Jy.

In view of monotonicity of v(t) for 0 < ¢ < 7, we have

= @ v v(m M v(t) = @
olt) = 1 0) < () 000 = 0 (575 )
Therefore, we can write
(3.15) Ji = O(J3)

Again by using monotonicity of v(t),

e [ e - [,

n+1 n+1

I
=
3

(3.16) = O(0y).
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Using the fact that % is positive and non decreasing, we have

T W w _1 T w
(3.17) Ja :/1 tv((?)dt_ v((g)) /L% - v((i))

n+1 n+1

Therefore, we can write

(3.18) J3 = O(Jy).
Now combining (3.14) and (3.18), we have

(3.19) |En()]2 = O(Is) = O ( [ ;’%) |
Hence,
(3.20) Eu(F) = inf £, ()12 = O ( [ t“’%) |

This completes the proof of Theorem 2.1.

3.2. Proof of Theorem 2
Following the proof of Theorem 1, we have

~ : r v T w(t)
B21)  Elf)=iflLC =0 ( [ 2],

1 tw(t)

n+1

In Theorem 2, we assumed ;}((?) is positive and decreasing in t. Thus,

we have

an 7
E(f) =t L0 = 0 (#1%) L. dt>

1
(3.22) = 0 (M”—“L@@ +1) - 1)) .

This completes the proof of Theorem 2.
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4. Derivations

The following corollaries can be obtained as direct consequences of the
main result established in this paper. This indicates the applicability of
our findings.

Corollary 4.1. If we replace (E,1)(N,p,) mean by (E,1)(C,1) mean in

Theorem 2.1, then the degree of approximation of a function f € Zﬁw) by
(E,1)(C,1) mean

GEEPMARSHREE

of conjugate Fourier series (1.6) is given by

(4.1) En(f)=0 ( /i ;’)((?) dt) .

Corollary 4.2. If we replace (E,1)(N, p,) mean by (E,q)(N, pn, q,) mean
in Theorem 2.1, then the degree of approximation of a function f € Z,(,w)
by (E7 Q) (N7pn7 Qn) mean

1 " (n 1 &
EN n—k
BN~ — 3 Phvtusey [12
n (1 q)n Pt <k_>q { Rk vzopk q } [ ]

of conjugate Fourier series (1.6) is given by

(4.2) Enf)=0 ( / Towl) dt) .

L tu(t)

Corollary 4.3. If we replace (E,1)(N, p,) mean by Euler-Hausdérff mean
(w)

in Theorem 2.1, then the degree of approximation of a function f € Zy
by Euler-Hausdorff mean

i = anZ()”’“thsv [10]

of conjugate Fourier series (1.6) is given by

A 1L w(t)
(4.3) En(f)_0<n+1/ = (t)dt>
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Conclusion

In the present study various types of results concerning the degrees of ap-
proximation of periodic functions belonging to the different Lipschitz classes
and Zygmund classes of functions are reviewed. The established theorems
in this paper is an attempt to study the approximation of signals in the
generalized Zygmund class via (F,1)(N,p,) summability means of conju-
gate Fourier series, which generalizes several known theorems. Further the
result can be extended for other functions belonging to Weighted Zygmund
class.
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