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598 A. Lourdusamy and J. Jenifer Steffi

1. Introduction

In this work it is considered undirected simple graphs that are connected.
For some other graph theoretical concepts the reader should refer to [1].
Throughout the text the letter v denotes a specified vertex of the underly-
ing graph.

Pebbling in graph was first suggested by Lagarias and Saks and it was
introduced in the literature by Chung [2]. She studied the pebbling number
of Cartesian product of paths to solve the following number theoretical
conjecture by Klietman and Lemke [3].

Conjecture 1.1. For any given integers a1, as, ..., aq there is a non-empty
subset X C {1,2,...,d} such that d divides Y ;cx a; and y_;cx gcd(a;,d) <
d.

Graph pebbling problems are computationally complex mathematical
problems. Oversimplifying things a bit, computers can only solve graph
pebbling puzzles by using brute force methods, looking at every possible
configuration. Graph pebbling problems belong to a large class of problems
called NP-Complete. Put simply, these are problems whose best known al-
gorithms require an exponential amount of time to solve. Specifically, the
subject has grown into a network optimization model for the transporta-
tion of consumable resources. It analyzes whether it is possible to move
resources from one node to another by using minimum resources in the
transporting process. Thus it is very fluid and adaptable to various situa-
tions. Related pebbling models have found applications in computational
complexity, compiler theory, graph searching, sparse matrix factorization,
and computational geometry. To learn more about graph pebbling and its
applications, readers are directed to refer to [7] and [8].

Moreover, this can be viewed as an adversarial process: You are given a
graph and a set of pebbles to place wherever you wish on the graph. Your
adversary will choose any node on the graph he wishes. You then have to
move a pebble onto that chosen node. You will win if you can place the
pebbles such that it is possible to reach every node.

Formally, the theory of graph pebbling is moving one pebble to a des-
tined, but an arbitrary vertex v, for a given distribution of pebbles on the
vertices of G and also compute how many pebbles are necessary to guar-
antee that, from any configuration of that many pebbles, one can move a
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pebble to (solve) any particular vertex. Let D be a distribution of pebbles
on the vertices of G. Let p(v) denote the number of pebbles distributed
on the vertex v and let p(G) = 3_,cy () p(v). The operation of pebbling
movement is called a pebbling step, defined as removing two pebbles from
a vertex and adding one on an adjacent vertex. The following definitions
will be introduced in order to understand the pebbling concepts.

Definition 1.2. [2, 6] We define the t-pebbling number of v in G is the
smallest number f;(G,v) such that from every placement of f;(G,v) peb-
bles, it is possible to move t pebbles to v. For t = 1, we have the pebbling
number of a vertex v in G denoted by f(G,v) such that, it is possible to
move a pebble to v by a sequence of pebbling moves.

Definition 1.3. [2, 6] The t-pebbling number of G is the smallest number,
ft(@), such that from any placement of f;(G) pebbles, it is possible to move
t pebbles to any specified, but an arbitrary vertex, by a sequence of pebbling
moves. Thus, fi(G) is the maximum value of f;(G,v) over all vertices v.
Fort = 1, we can get the pebbling number of G, denoted by f(G). It is the
maximum value of f(G,v) over all vertices v. Thus we can move a pebble
to any arbitrary vertex by a sequence of pebbling moves.

With regard to pebbling number and ¢{—pebbling number of various
classes of graphs, we invite the readers to refer to [2, 4, 9, 10], and [11]. Mo-
tivated by these works, we compute the pebbling number and the t—pebbling
number of zig-zag chain graph of n copies of odd cycles. This paper is or-
ganized as follows. In Section 2, we define the zig-zag chain graph of n
copies of odd cycles, ZZ,,(Cax+1), and present some important lemmas to
prove the main results. In Section 3, we provide the pebbling number of
ZZn(Coky1), for some odd cycles Copy1, 1 < k < 6 and in Section 4, we
determine the t—pebbling number for the same.

2. Preliminaries

In this section, we provide some important facts and set up notations and
terminologies. Initially, we proceed with the study of zig-zag stucture
which can be found in study of nano tube related concepts in chemistry
for hexagon type. We have noted that hexagon cycle is included in study-
ing zig-zag chain graph of n copies of even cycles [14]. Here, we focus on the
zig-zag chain graph of n copies of odd cycles. In [15], the authors proved
that this graph satisfied the 2t-pebbling property. In this paper, we are
going to compute the t-pebbling number for the same.
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Definition 2.1. [15] The zig-zag chain graph of n copies of odd cycles
denoted by ZZ,(Csr11), is a graph which consists of zig-zag sequence of
n copies of odd cycles, Cop41 with k > 2. We define Z Z,,(Cay.+1) as follows.

Case (i) When n is even.
The vertex set of ZZ,(Cog1) is

V(ZZn(Cok11)) = {ai, b : 1 <i < 3(2k = 1)} U {z,y}.
The edge set of ZZ,(Cay+1) is
E(ZZ(Cotsn)) = {aiaisn, bibigr s 1< i< 2(2k— 1) — 1}U
{za1, zb1, yaz 1), ybz (2k-1)}U

{@i2k—1)— (k—1)Di2k—1)— (k—1)» @2k —1)Dj(2k—1)41 :
1<i<2,1<j< 2]

Case (ii) When n is odd.
The vertex set of Z Z,(Cog1) Is

V(ZZn(Conr)) = {ai,bi - 1 <i < (nk = 251 )} U {z,y, 2},
The edge set of Z Z,(Cop+1) is
E(ZZ,(Cori1)) = {@saisr, bibisr : 1 < i < (nk — 251) — 1)U
{xal,xbl,ya(nk_nTﬂ), Yz, Zb(nk—"T“)}U

{ai2k—1)—(h—1)bi(2k—1)— (k-1 Gj2h-1)bj2b—1)+1 : 1 < 0,5 < 51}
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The Figure 1.1 depicts the zig-zag chain graph of n copies of Cs.

Figure 1.1

The reader can easily view that the above graph ZZ,,(C5) has n copies
of C5, and we label each cycle as Ay, As, ..., and A, in order from left to
right. Let S be any subgraph of ZZ,,(Cox+1) and let (ZZ,(Coxy1) — S) be
the induced subgraph of the graph ZZ,(Car+1), obtained by removing a
vertex set of the subgraph S from the vertex set of the graph ZZ,,(Co1).
We state below some results on graph pebbling which will be used in our
discussion.

Lemma 2.2. [2] The pebbling number of a graph G satisfies,

f(G) > maz{2%™(G) |V (G)|}, where diam(G) is the diameter of the
graph G.

Lemma 2.3. [11] Let P, be the path with n vertices. Then

fo(Py) = t2n~1,

Lemma 2.4. [11] Let C,, denote a simple cycle with n vertices, where
n > 3. Then

2k n=2k

Cp) = e
fi(Cn) PECCOME L (o 1)2k, n=2Kk+1.

Theorem 2.5. [14] In a zig-zag chain graph of n copies of even cycles Coy,
denoted by ZZ,(Csy) with a specified vertex v, the following are true for
k> 3.


Marisol Martínez
figure1-1
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1. Ifon(k=1)+1 pebbles are assigned to the vertices of the graph Z Z,,(Cay),
one pebble can be moved to v.

2. Let q be the number of vertices with at least one pebble. If there are
all together more than 2(2”(k_1)+1) — q pebbles, then two pebbles can
be moved to v.

Lemma 2.6. Let ZZ5(Coi1) be the zig-zag chain graph of two copies of

odd cycles. If more than 2% — (W) pebbles are distributed only
on the vertices of Ay, then we can move at least 28~ pebbles to the vertex

ay.

Proof. Consider the graph Z Z(Cai+1) with at least 22k—(w)+

1 pebbles distributed only on the vertices of A;. We have to move at least
k42 k+2

2F=1 pebbles to the vertex ag. Recall that f;(Copy1) > (%) +

2k(t — 1). We have the following claim to prove Lemma 2.6.

2k+2_(_1)k¢+2 21€+2_(_1)k+2

Claim(1). 22 — (—=—2) + 1 > (=) + 2F(2k 1 —1).
We have,

h+2_(_1)k+2 2k+2_(—1)k+2

22k _ 9( - ) — 2Rkt — 1) 1> 2R 4 1) —2(—)

= 3 [3.2525 1 + 1) — 2022 — (—1)+?)]

v
W=

[3.25(251 4 1) — 2643 — 2]
> 2(2k1 — 1), since k > 2
> 0.

Therefore, we can move 2°~1 pebbles to the vertex ay, which completes the
proof of the lemma.

Lemma 2.7. Let ZZ3(Cyxy1) be the zig-zag chain graph of three copies
of odd cycles. If more than 23*~1 4+ 3k — 2 — (w) pebbles are
distributed on the vertices of A1 U Ag, then we can move at least 281

pebbles to the vertex asg_1.


rvidal
Cuadro de texto
602

Scielo
Rectángulo


Pebbling on zig-zag chain graph of n odd cycles 603

Proof. Consider the graph Z Z3(Cayy1) with more than 23%~1 43k —2 —
(w) pebbles distributed only on the vertices of A; UAs. We have
to move at least 2871 pebbles to the vertex ag,_1. Suppose that more than
22k (w) pebbles are distributed on the vertices of Ay. Then by

Lemma 2.6, we can move at least 2k—1 pebbles to the vertex agy_1. There-

fore, assume that at most 22% — (w&}_—lﬂ) — 1 pebbles are distributed
on As. Then at least 235143k — 2F —1 pebbles are retained on the vertices
of A;. We claim the following;:

Claim(2). 23%=1 + 3k — 22k — 1 > (w{_lﬂ) 1 ok(22k2 _ 1),

We have,

23/@*1 o 22k‘ +3k—1— (2k+2*(3*1)k+2) _ 2k(22/{:72 _ 1)
k2 _(_1)k+2

> 23k=2_9k(9k _1)43k—2k+1_1 since ( 3

) < 2k+1
= 2k=2(22%F _ k2 _4) 4 3k — 1

> 22k _9k+2 1 3k — 5

>3k -5

> 0, since k > 2.
Hence p(A;) > (W) + 2F(226=2 — 1). Therefore, we can move
at least 225=2 pebbles to the vertex a;. Now, we have the path P :
Qfy Qi1 -y Gog—1 Of length k — 1 with at least 22k=2 pebbles. Then by
Lemma 2.3, we can move 2~1 pebbles to the vertex agy_i, which com-
pletes the proof.

Lemma 2.8. Let ZZ,(Car+1) be the zig-zag chain graph of n copies of
odd cycles. Then the following are true.

1. For n = 2m,m > 1, we can move at least 2°~1 pebbles to the ver-
teX Q(m—1)(k—1)-+mk> When p((Z Zam(Caps1) — Agm)) > 2mEE-DHL —
2k+2,(,1)k+2
(/) + 1.

2. Forn = 2m+ 1,m > 1, we can move at least 25~ pebbles to the
vertex G, (2k—1), when p((Z Zam+1(Capy1) — A2mt1)) > 9(@m+1)k—m |
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2k+27(71)k+2

kE@m+1)—(m+1) - (——5—"—) + L

Proof. We proceed by induction on m. For m = 1, the result fol-
lows from Lemma 2.6 and Lemma 2.7. Assume that the result is true for
m/ < m. We have to prove the lemma for m > 1. Consider the graph
ZZp(Coky1) with given number of pebbles according to the choice of n.
We have to move at least 2°~1 pebbles to the vertex A(m—1)(k—1)4+mk> if 7
is even, otherwise to the vertex ap,(a;—1). We consider the following cases:

Case (1). n=2m, m > 1.

Consider the graph Z Zs,, (Co.+1) with more than 2m(2k*1)+1—(w)
pebbles distributed only on the vertices of (Z Zay, (Cogt1) — Aam). Suppose
that the subgraph S = (A2 U A3 U ... U Agpy—1) of ZZop,(Ca41) has at least
2k@m=1)=m+1 | |:(9m —1) —m— (w) +1 pebbles . Then by induc-
tion, we can put at least 2¥~1 pebbles to the vertex A(m—1)(k—1)+mk- NOW,

assume that the subgraph S has at most 2k(m—D=m+1 L k(9m — 1) —m —
(w) pebbles. We claim the following:

Claim(3). p((Z Zom(Capy1) — Asm)) —p(S) > (o= Lok (gm(@h-1)—k_
1).

We have,

2k+27(71)k+2

2m(2k:—1)+1_(Qk(2m—1)—m+1+k(2m_1)_m)_( .

) _om(2k-1) +2k

> 2m@D(1— Sy -2k —2mk + k+m

2%—2k—2mk+k+m
>2k(2m — 1) —2mk + k+m
> oktm=l _omk +k+m

> 0, since 25t~ > om.

Hence p(A;) > (W) + 2k (2m(2k=1)—k _ 1) Therefore, we can

2m(2k=1)=k pebbles to the vertex ay. Then by using the path

2k=1 pebbles to the vertex

move at least
/.
P" i ag, ag11, -5 Gm—1)(k—1)+mks W€ Can move
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@ (m—1)(k—1)+mk- Lhis completes the proof of Case (1).

Case (2). n=2m+1, m>1.

Consider the graph Z Zoy, 11(Car11) with at least 2FCm+D=m 4 p(9m 1) —
m— (w) pebbles distributed only on the vertices of

(Z Zom+1(Cogr1) — Agmy1). Suppose that the subgraph

S' = (A3 U A3 U.... U Agy,) has more than 2mk=D+1 _( ) peb-
bles. Then by induction, we can move at least 25~ pebbles to the vertex
Am(2k—1)- Otherwise, we have the following claim to calculate the number
of pebbles retained on Aj.

2k:+2 7(71)k+2
3

2k+27(71)k+2

C;laim(ll).p((ZngH(Cg/H_l) — Aopi1))—p(S') > (F——52—)+2k(22mh—m-1_
1).

We have,

k _(_1\k
P((Z Zom11(Cap11) — Asmi1)) —p(S') — (F=EUTR) ok (g2mk—m—1 _ 1)
> 22mk—m(ok=1_ 9y ok 4 m(2k —1)+k

> 22mk—m _ 9k L m(2k —1)+k, for k > 3
> 0, since 92mk—m > 2k k> 3.

For k = 2,(2¥1 — 2) = 0 and m(2k — 1) + k > 2¥. Thus the claim is true
for all £ > 2.

Therefore, we can move at least 227%~™~1 pebbles to the vertex ay,
by using the t—pebbling number of the odd cycle on A;. Now, we can
move at least 2°~! pebbles to the vertex Um(2k—1) by using the path P” :
ke, Ak 15 -+ Om(2k—1)- Lhis completes the proof of Case (2).

3. Pebbling number

In this section, we find the pebbling number of the zig-zag chain graph of
n copies of odd cycles.

Theorem 3.1. Let ZZ3(Caxy1) be the zig-zag chain graph of two copies
of odd cycles. Then for k > 2, f(ZZ3(Copy1)) = 2%*.
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Proof. Put 22 — 1 pebbles on the vertex z. Then we can not reach
the vertex y, since the diameter of the graph ZZs(Coy11) is 2k. Consider
the graph ZZ5(Cyy. 1) with a distribution of at least 22% pebbles on its
vertices. Let v be our specified vertex. Without loss of generality, assume
that v € Ay. We consider the following cases:

Case (3). v € V(42) — {y}.
k k

Assume that p(As) < (W) — 1. Then more than

22k _ (W) pebbles are retained on the vertices of the subgraph

(Z Zom(Cog+1) — A2). By Lemma 2.6, we can reach any specified vertex
except the vertex y.

Case (4). v = y is the target vertex.

We have two paths A : a1, as,....,a2,_1,y and A" : by, ba, ..., z,y. If Aor A’
has at least 225=1 pebbles, then we are done. So, we assume that both A
and A’ have at most 22~ — 1 pebbles. Thus, we have the following:

p(A) < 2%-1 1 and
p(A,) < 92k—1 _ 1.

Then the remaining number of pebbles are retained on the vertex .
Now, we apply the pebbling steps and move the pebbles from the vertex z
either to the path A or to the path A’. Then we must have,

@ +p(A) > 22k—=1 op

o) | p(Al) > 2%k,

Otherwise, p(z) + p(A) + p(A’) < 22% which is a contradiction to the total
number of pebbles distributed on the vertices of the graph.

Theorem 3.2. Let ZZ3(Caxy1) be the zig-zag chain graph of three copies
of odd cycles. Then for 1 < k < 6, f(ZZ3(Capy1)) = 2871 + 3k — 2.

Proof. Put 23%=1 — 1 pebbles on the vertex z, and put one pebble on
each b;’s, where 1 <4 < 3k — 2. In this distribution, we cannot reach the
vertex y. Consider the graph ZZ35(Coxy1) with a distribution of at least
23k—1 4 3k — 2 pebbles on its vertices. We have to move a pebble to any
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arbitrary vertex v € Ap,1 < p < 3. We consider the following cases:

Case (5). v € As.

Suppose p(AaUAg) > 22k Then by Theorem 3.1, we can pebble the vertex
v. Assume that at most 22 — 1 pebbles are distributed on the vertices
of the subgraph As U As. Then the number of pebbles distributed on the
vertices of Aj is at least 22%. Clearly, p(A; U A3) > 22¢. Again by Theorem
3.1, we can move a pebble to the vertex v.

Case (6). v € Ay or As.

Without loss of generality, let us assume that v € A3 and

p(As) < (W) — 1. Then the remaining number of pebbles dis-
tributed only on the vertices of the subgraph A; U As is at least 23%~1 +
3k —1— (W) Let v € V(A3) — {y,z}. Then by Lemma 2.7,
we can easily reach the vertex v. Now, assume that v € {y, z}. Without
loss of generality, take v = y. We have two paths B : ak,ap+1, ..., a3x—2,y
and B’ : b1, bk, ..., 2,y each of length 2k — 1. Suppose p(B) > 221 or
p(B') > 22*=1. Then we are done. Therefore, assume that, p(B) < 22¢=1-1
and p(B’) < 22k=1 _ 1. Without loss of generality, assume that all the peb-
bles are distributed on A;. We have the following claim to pebble the vertex

Y.
Claim(5). 23F=1 4+ 3k — 2 > (w) 4ok (2%4 _ 1>‘
We have,
93k—1 4 3k — 2 — (M) gk (221 1)

=3k 428 — (M) _9
For all k£ < 6,

ok 4 3% > <72k+2(31)k+2) 1+ 2.

2k+27( 1)7€+2

Hence p(A;1) > (f> + 2k (22k—1 — 1). Now, we can move

22k=1 pebbles to the vertex ay, and then we move a pebble to the vertex y.
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Theorem 3.3. Let ZZ,(Coxy1) be the zig-zag chain graph of n copies of
odd cycles. Then the following are true.

1. Forn=2m,m>1and 1 < k <6,

f(ZZ2m(CQk+1)) — om(2k—1)+1

2. Forn=2m+1,m>1and 1<k <6,
F(ZZam11(Copyr)) = 2@mHDE=m 1 (2m 4 1)k — (m + 1).

Proof. For n = 2m, m > 1, by placing 27(2k=D+1 _ 1 pebbles on the
vertex x, we cannot reach the vertex y. For n =2m + 1 m > 1, by placing
2@m+1k=—m _ 1 hehhles on the vertex z and one pebble on each b;, we can-
not reach the vertex .

We proceed by induction on m. For m = 1, the result follows from Theo-
rem 3.1 and Theorem 3.2. Assume that the result is true for m’ < m. Let
v e Ay, 1<p<n. We consider the following cases:

Case (7). n is even. ie., n = 2m,m > 2.
Consider the graph ZZs,,(Cax+1) with a distribution of at least om(2k—1)+1
pebbles on its vertices. We consider the following subcases:

Subcase 7(a). pis odd and 1 < p < n.

Let n = 2m, and m > 2. Then the graph ZZs,,(Caxs+1) can be par-
titioned into two subgraphs say M; and My, where My =2 ZZ,(Capt1),
My = ZZ(Cogy1) and 2m = p+s—1. Put p = 2p/+1, and s = 25". Clearly,
v e A, € My N M. Suppose p(My) > 2@ +Dk=p" 1 (9p + 1)k — (p' +1).
Then we are done. Suppose p(My) < 2P +DE=1" L (25 4 1)k — (p/ +1).
Now, we claim the following:

Claim(ﬁ)' p(Zsz(Cgk+1)) — p(Ml) > 25’(2k71)+1'
Now, p(Zng(Cngrl)) — p(Ml) _ 95'(2k—1)+1

_ 22p'k—p’(228/k—8’ _ Qk) ‘l’ 225’]9—8/(22]7/’6_10/ — 2) — (2p/ + 1)k ‘l‘p,
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S 9W'k—p' 4 92s'k—s' _ op'k+1
> 22$’k—s'
> 0.
This implies that p(Ms) > 25'(2k=1)+1  Therefore, we can reach the vertex v.

Subcase 7(b). pis even and 1 < p < n.

Put p = 2p’. Then we get that s = 25’ + 1. Suppose p(M;) > 2 Gk—1)+1,
Then we can pebble the target. Therefore, assume that p(M;) < op' (Zk=1)+1_
1.

Claim(7). p(Z Zom(Copr1)) — p(My) > 225 +Dk=s" L (95/ 4+ 1)k — .
The reader can easily verify that the claim follows from Claim (6).

Subcase 7(c). p=1or p =n.
Without loss of generality, assume that v € A, and p(4,) < (w -

1. Let v € V(A,) — {y}. Then by Lemma 2.8, we can easily pebble the
target. Take v = y. We have two paths C : ay,as, ...,y and C’ : by, ba, ..., y.
If C or C’ has at least 2(*=1) pebbles, then we can reach the target.
Therefore assume that,

p(C) < 2m2k=1) _ 1 and

p(C/) < 2m(2k71) —1.

Then the remaining pebbles are retained on the vertex x. Now, we ap-
ply the pebbling steps and move the pebbles from the vertex x to the path
C or to the path C’. We must have,

Otherwise, p(z) + p(C) + p(C") < 2™2k—1+1 which is a contradiction
to the total number of pebbles distributed on the vertices of the graph.
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Case (8). nis odd. ie., n =2m+1,m > 2.

Let n = 2m + 1. Consider the graph ZZs,,11(Coy1) with a distribu-
tion of at least 22m+Dk=m 4 (9 4 1)k — (m + 1) pebbles on its vertices.
Let v € A,,1 < p < n. We partition the graph ZZsy,41(Cax41) into
two subgraphs, say My = ZZ,(Cakt1), and My = ZZ(Coiqq). Clearly,
My N My = A,. We consider the following subcases to pebble the target.

Subcase 8(a). pis odd and 1 < p < n.
Put 2m+1 = (2p'+1)+(2s'+1)—1. Then we get that m = p’+s’. Here p =
2p'+1 and s = 25'+1. Suppose p(M;) < 2P +Dk=P" L (9 4 1) k—(p/+1)—1.
We claim the following:
Claim(8). p(Z Zam11(Copy1)) — p(My) > 235 +DE=5" L (96 4 1)k — (s' +1).
Now,
9(@m+1)k—m _ 2(2p'+1)k7p’ _ 2(23'+1)kfs' + (2m + 1)]47 _ (2]3/ + l)k _ (28/ + 1)/€
— 2(2p'+25’+1)k7p'73' _ 2(2p’+1)k7p/ _ 2(2s/+1)k75/ —k
— 2k(2p’(2k71)'2s’(2k71) _ 2p’(2k71) _ 23’(2k71)) —k
>2F —k

> 0, since, 2P (26=1) 2'(2k=1) _ 9p'(2k=1) _ 9s'(2k=1) > ¢,

Hence p(Ma) > 225 +Dk=" 4 (95' 4 1)k — (s’ +1). Therefore, we can reach
the vertex v by induction.

Subcase 8(b). pis even and 1 < p < n.

Put 2m +1 = 2p' + 25’ — 1. Here p = 2p' and s = 2s’. Suppose
p(My) > 2¢'Ck=D+1 Then we can reach the vertex v. Therefore assume
that p(M;) < 2¢'k=1D+1 _ 1 We claim the following:

C’laim(9). p(ZZ2m+1(02k+1)) —p(Ml) Z 28/(2k71)+1.

We have,
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920/ +25' = 1)k—(p'+s'=1) _ 9p'(2k—1)+1 _ 9s'(2k—1)+1 | m(2k —1) +k—1
> 22p’kfp’(223’kfs’7k _ 2) + 223’k75’(22p’k7p’7k _ 2)
> 220'k=p' (25 _ 9) 4 92'k—s"(2p" _ 9)
> 0.
Hence, p(Ms) > 25 (2k=1)+1 55 we are done.
Subcase 8(c). ve€ A, and p=1or p = n.
Let us assume that, v € A,. Let v € V(A,) — {y,2z}. Then by Lemma
2.8, we can easily reach the vertex v. Let v € {y,z}. Without loss of
generality, assume that v = y. We have two paths D : ag,ax+1, ...,y and
D' : by, bgya, ..., 2,y each of length (2k — 1)m. Suppose p(D) > 2(2k=1)m
or p(D') > 2k=Dm  Then we can pebble the vertex y. So assume that

p(D) < 2@k=1m _ 1 and p(D’) < 2k=Dm _ 1 Without loss of generality,
assume that all the pebbles are distributed on Aj.

Claim(10). p(Ay) > (%) L ok(gmi@k) _ 1y,

Now we have,

k k+2

o@mDk=m (9 4 1)k — (m+ 1) — (2 LESY > — gk(gm(2k-1) _ 1)
— 25 £ (2m+ 1)k — (W) — (m+1).
We can easily verify that for all k < 6,

2k 1 (2m + 1)k > (M) — (m+1).

Hence, we can move a pebble to the vertex y.

4. t- Pebbling Number

In this section, we determine the t-pebbling number of zig-zag chain graph
of n copies of odd cycles.
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Theorem 4.1. Let ZZ,(Coy1),k > 2 be the zig-zag chain graph of n
copies of odd cycles.

1. For n =2m,m > 1, we have, fi(ZZom(Cort1)) = ¢.2m(Zk—1)+1,

2. Forn =2m+1,m > 1, we have, fi(Z Zam+1(Cok+1)) = ¢.2@m+1k-—m_
2m+ 1)k —(m+1).

Proof. 1. Place t.2"(2k=1)+1 _1 pebbles on the vertex z, we cannot put
t pebbles on the vertex y.

Consider the graph Z Zs,,,(Cay11) with a distribution of at least t.2m(2k—1)+1
pebbles on its vertices. We prove this theorem by induction on ¢t. For ¢t =1,
the result follows from the Theorem 3.3. Assume that the result is true for
t' <t Letve A, 1<p<2m, be any target vertex. We have to move ¢
pebbles to the vertex v. Consider the following cases:

Case (9). p(v) = 0.

We can move one pebble to the vertex v at a cost of at most 2™
pebbles. Then the number of pebbles remaining in Z Za,,,(Ca11) is at least
(t— 1)2m(2k_1)+1. Thus by induction, we can move t — 1 additional pebbles
to v.

2k—1)+1

Case (10). p(v) =1,1<I<t—1landt>2.
We have to move t — [ additional pebbles to the vertex v.

Now, f1(Z Zom(Cops1)) — | = t.2mEk=1+1 _

> (t— 1+ 1)2mE=D+1 _y

= (t— l)2m(2k—1)+1 4 [om(2k=1)+1 _
> (t— l)Qm(Qk—l)—l—l
= fi-i(Z Zom).

By induction, we can move t — [ additional pebbles to the vertex v.

2. Place t.2@m+Dk=m _ 1 pebbles on the vertex 2 and put one pebble on
each b;. We cannot move ¢ pebbles to the vertex y.


rvidal
Cuadro de texto
612


Pebbling on zig-zag chain graph of n odd cycles 613

Consider the graph Z Zs,,11(Coax1) with a distribution of at least ¢.2@mADk—m_
(2m + 1)k — (m + 1) pebbles on its vertices. We prove this theorem by in-
duction on t. Let v € A,,1 < p < 2m + 1. We have the following cases:

Case (11). p(v) = 0.

The graph ZZs;,4+1(Caxy1) can be partitioned into two subgraphs say,
My = ZZp(Cgk+1) and My = ZZS(02k+1), where My N My = Ap.
Subcase 11(a). v € A, piseven and 1 < p < 2m + 1.

Put 2m +1 = 2p' + 2 — 1, where p = 2p’ and s = 2s'. Suppose
p(My) > £.27'(2k=1)+1 Then we are done. Therefore assume that p(My) <
£.20' k=141 _ 1 We claim the following:

Claim(11). p(Z Zam11(Car1)) — p(My) > ¢.25 Gk=DFs"+HL

We have,

£.2@mTDE=m 4 (9m 4 1)k — (m 4 1) — (£.27@F7DF 1) — .25’k H
> .22k (92" Dh=s" _ 9) 44 92k (92 ~Dk=p" _ 9)
> 0, since s’ > 1 and p’ > 1.

Hence, P(ZZs(Copy1)) > t.28k—D+s"+1 " Therefore, we can pebble the
vertex v.

Subcase 11(b). v € Ay, pisodd, and 1 <p <2m+1,m > 1.

Put 2m+1=(2p'+1)+ (2 +1) — 1, where p=2p' + 1 and s = 2¢' + 1.
Suppose P(My) > t.2@P"+Dk=p" (25 4 1)k — (p' +1). Then we are done.
Now, assume that P(M;) < t.2@P+Dk=2" L (9p/ 4 1)k — (p' + 1) — 1. We
claim the following:

Claim(12). p(Z Zom41(Capr1)) —p(My) > .2@5 k=" L (9 L 1)k —(s'+1).
We have,

P(Z Zomi1(Capy1)) — p(My) — .22 +Dk=s" _ (98" 4 1)k + (s 4 1)

> t'2(2p'+25’+1)k7p'73' _ t'2(2p’+1)k7p/ _ t.2(2s’+1)kfs’
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