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1. Introduction

In 2006, Jumarie [4] gave an interesting extension of the gamma function
as

Γα(x) = (α!)
−1

∞Z
0

Eα(−tα)t(x−1)α(dt)α, 0 < α < 1,(1.1)

where Eα(u) is the Mittag-Leffler function (1.2)

Eα(u) =
∞X
k=0

uk

(αk)!
, α ∈ C.(1.2)

Here (α!) denotes Γ(α+ 1). We use this notation throughout the paper.

The integral involved in (1.1) is the fractional integral with respect to
(dt)α given by Jumarie (see, for details [3], [4], [5], [7], [8], [9], [10], [11]).
This modified integral has the following connection via fractional calculus,
with the usual integral [5]

xZ
0

f(ξ)(dξ)α = α

xZ
0

(x− ξ)α−1 f(ξ) dξ.(1.3)

We define the extension of Gauss hypergeometric function as follows

α
2F1(a, b; c; z) =

∞X
n=0

(a)n,α (b)n
(c)n

zn

n!
,(1.4)

where 0 < α ≤ 1, a, b, c ∈ C with c is never zero or negative integer.

Here (λ)n,α is the extended Pochhammer symbol defined by

(λ)n,α =
Γα(λ+ v)

Γα(λ)
,(1.5)

where λ ∈ C, n ∈ N ∪ {0}, 0 < α ≤ 1.

In the definition (1.5), Γα(λ) is the extended gamma function given by
(1.1).
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Note on extended hypergeometric function 593

2. Generalized integral transforms

In 2012, Virchenko [16] introduced the following generalizations of classical
integral transforms.

Definition: The generalized Laplace integral transform

Lγ1, γ2{f(x); y} =
∞Z
0

xγ2 e−(xy)
γ1
f(x) dx(2.1)

and

L̃γ1, γ2, γ{f(x); y} =
∞Z
0

xγ2 e−(xy)
γ1

1Φ
τ, β
1 (α; c;−b(xy)γ γ1) f(x) dx,

(2.2)

where x > 0, γ ∈ C, γ1 > 0, γ2 > 0, b ≥ 0, 1Φτ, β
1 is the (τ, β)-generalized

hypergeometric function [15]

1Φ
τ, β
1 (α; c;−b(xy)γ γ1) = 1

B(a, c−a)
1R
0
ta−1 (1− t)c−a−1 1Ψ1

"
(c; τ)
(c;β)

¯̄̄̄
¯ ztτ

#
dt

(2.3)
(Re (c) > Re (a) > 0; { τ, β} ⊂ R; τ > 0; τ − β < 1)

and pΨq is the generalized hypergeometric Wright function

pΨq

"
(a1;α1) ... (ap;αp)
(b1;β1) ... (bq;βq)

¯̄̄̄
¯ z
#
=

∞P
n=0

pQ
i=0

Γ(ai+nαi)

qQ
j=0

Γ(bj+nβj)

zn

n! ,(2.4)

(z ∈ C; ai, bj ∈ C; {αi, βj} ⊂ R; ai, bj 6= 0; 1 +
qP

j=1
βj −

pP
i=1

αi ≥ 0.

Definition: The generalized Stieltjes integral transform
P γ1, γ2, γ3, γ4
1 {f(u);x} = P̃1{f(u);x}

= Γ(c)
Γ(a1)Γ(a2)

∞R
0

uγ2 f(u)
(xγ1+uγ1)γ3 2Ψ1

"
(a1; τ); (a2; γ)
(c; β)

¯̄̄̄
¯− b

³
uγ1

xγ1+uγ1

´γ4#
du

(2.5)

rvidal
Cuadro de texto
587



594 Ranjan K. Jana, Bhumika Maheshwari and Ajay K. Shukla

and

P γ1, γ2, γ3, γ4
2 {f(u);x} = P̃2{f(u);x}

= Γ(c)
Γ(a1)Γ(a2)

∞R
0

uγ2 f(u)
(xγ1+uγ1 )γ3 2Ψ1

"
(a1; τ); (a2; γ)
(c; β)

¯̄̄̄
¯− b

³
xγ1

xγ1+uγ1

´γ4#
du,

(2.6)

where Re(a1) > 0, Re(a2) > 0, Re(c) > 0, γi > 0; {τ, β} ⊂ R; τ >
0; τ − β < 1; b ≥ 0 and 2Ψ1 is defined by (2.3).

Theorem 1. If 0 < x < 1, γ ∈ C, γ1 > 0, γ2 > 0, b ≥ 0; α1, α2, ρ ∈
C; ρ /∈ {0,−1,−2, ...}; 0 < α ≤ 1, then

Lγ1, γ2{α2F1(α1, α2; ρ;x); y} =
1

γ1
y−γ2−1 σ1(y),(2.7)

where

σ1(y) =
∞P
n=0

(α1)n,α (α2)n
(ρ)n

Γ
³
γ2+n+1

γ1

´
y−n

n! .

In particular when γ1 = 1, then

L1,γ2{α2F1(α1, α2; ρ;x); y} = y−γ2−1Γ(γ2+1)
α
2F1

µ
α1, α2, γ2 + 1; ρ;

1

y

¶
.

(2.8)
and

L̃γ1, γ2, γ{α2F1(α1, α2; ρ;x); y} =
1

γ1

Γ(c)

Γ(a)
y−γ2−1 σ2(b, x),(2.9)

where

σ2(b, x) =
∞P
n=0

(α1)n (α2)n
(ρ)n

2Ψ1

"
(a; τ);

³
γ2+n+1

γ1
; γ
´

(c; β)

¯̄̄̄
¯− b

#
y−n

n! .

Proof. From the linearity property of generalized Laplace transform
(2.1) (see, [16]), one can write the following

Lγ1,γ2{α2F1(α1, α2; ρ;x); y} =
∞X
n=0

(α1)n,α (α2)n
(ρ)n

⎡⎣ ∞Z
0

e−(xy)
γ1
xγ2+ndx

⎤⎦ 1
n!
.

(2.10)
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Note on extended hypergeometric function 595

Let us evaluate the integral involved in (2.10). By taking the substitutions
xy = t and tγ1 = u, we can get

∞R
0
e−(xy)

γ1
xγ2+ndx

= y−γ2−k−1
∞R
0
e−t

γ1 tγ2+kdt

= 1
γ1
y−γ2−n−1

∞R
0
e−u u

³
γ2+n+1

γ1
−1
´
du = 1

γ1
y−γ2−n−1 Γ

³
γ2+n+1

γ1

´
,

using this in (2.10), one can get the formula (2.7).

Assertion (2.9) can be derived by using the formula [16]

L̃γ1, γ2, γ{xk; y} =
1

γ1

Γ(c)

Γ(a)
y−γ2−k−12Ψ1

"
(a; τ);

³
γ2+n+1

γ1
; γ
´

(c; β)

¯̄̄̄
¯− b

#
,

(2.11)
and applying similar method leads to the proof of (2.7).
2

Theorem 2. If Re(a1) > 0, Re(a2) > 0, Re(c) > 0, γi > 0; {τ, β} ⊂
R; τ > 0; τ − β < 1; b ≥ 0; α1, α2, ρ ∈ C; ρ /∈ {0,−1,−2, ...}; 0 < α ≤ 1,
then

P γ1, γ2, γ3, γ4
1 {α2F1(α1, α2; ρ;x); y} =

1

γ1

Γ(c)

Γ(a1)Γ(a2)
y−γ1 γ3+γ2+1 σ3(b, x),

(2.12)
where

σ3(b, x)

=
∞P
n=0

(α1)n (α2)n Γ

³
γ3−

γ2+n+1
γ1

´
(ρ)n

3Ψ2

"
(a1; τ); (a2; γ)

³
γ2+n+1

γ1
; γ4

´
(c; β); (γ3; γ4)

¯̄̄̄
¯− b

#
yn

n! ;

and

P γ1, γ2, γ3, γ4
1 {α2F1(α1, α2; ρ;x); y} =

1

γ1

Γ(c)

Γ(a1)Γ(a2)
y−γ1 γ3+γ2+1 σ4(b, x),

(2.13)
where

σ4(b, x)

=
∞P
n=0

(α1)n (α2)n Γ

³
γ2+n+1

γ1

´
(ρ)n

3Ψ2

"
(a1; τ); (a2; γ)

³
γ3 − γ2+n+1

γ1
; γ4

´
(c; β); (γ3; γ4)

¯̄̄̄
¯− b

#
yn

n! .

rvidal
Cuadro de texto
589

Scielo
Rectángulo



596 Ranjan K. Jana, Bhumika Maheshwari and Ajay K. Shukla

Proof. From the definition (2.5), we have

P γ1,γ2,γ3,γ4
1 {α2F1(α1, α2; ρ;x); y} =

Γ(c)
Γ(a1)Γ(a2)

∞P
n=0

(α1)n (α2)n
(ρ)n

×
∞R
0

xγ2+n

(yγ1+xγ1 )γ3 2Ψ1

"
(a1; τ); (a2; γ)

(c; β)

¯̄̄̄
¯− b

³
xγ1

yγ1+xγ1

´γ4#
dx 1

n! .

(2.14)

From (2.3) and changing the variable from x
y = t and then tγ1 = u, the

integral appeared in (2.14) becomes

∞R
0

xγ2+n

(yγ1+xγ1 )γ3 2Ψ1

"
(a1; τ); (a2; γ)

(c; β)

¯̄̄̄
¯− b

³
xγ1

yγ1+xγ1

´γ4#
dx

= y−γ1γ3+γ2+n+1

γ1

∞P
k=0

Γ(a1+τk)Γ(a2+γk)
Γ(c+βk)

∞R
0
u

³
γ2+n+1

γ1
+γ4k−1

´
(1 + u)−γ3−kγ4du (−b)k

k!

= y−γ1γ3+γ2+n+1

γ1

∞P
k=0

Γ(a1+τk)Γ(a2+γk)Γ

³
γ2+n+1

γ1
+γ4k−1

´
Γ

³
γ3−

γ2+n+1
γ1

´
Γ(c+βk)Γ(γ3+γ4k)

(−b)k
k! .

Putting this in (2.14), we can reach the assertion (2.12).

Using the similar method, one can derive formula (2.13). 2

3. Generalized fractional operators and α
pFq(a, b; c; z)

The generalized fractional integral operators involving the Appell’s function
due to Saigo and Maeda [13] are defined by

³
Iδ,δ

0,β,β0,γ
0+ f

´
(x)

= x−δ

Γ(γ)

xR
0
(x− t)γ−1 t−δ

0
F3
¡
δ, δ0, β, β0; γ; 1− t

x , 1−
x
t

¢
f(t) dt

(δ, δ0, β, β0, γ ∈ C and x > 0; Re(γ) > 0)

(3.1)

and

³
Iδ,δ

0,β,β0,γ
0− f

´
(x)

= x−δ

Γ(γ)

∞R
x
(t− x)γ−1 t−δ

0
F3
¡
δ, δ0, β, β0; γ; 1− x

t , 1−
t
x

¢
f(t) dt

(δ, δ0, β, β0, γ ∈ C and x > 0; Re(γ) > 0).

(3.2)
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Note on extended hypergeometric function 597

and fractional derivative operators are defined by³
Dδ,δ0,β,β0,γ
0+ f

´
(x) =

³
I−δ,−δ

0,−β,−β0,γ
0+ f

´
(x)(3.3)

and ³
Dδ,δ0,β,β0,γ
0− f

´
(x) =

³
I−δ,−δ

0,−β,−β0,γ
0− f

´
(x),(3.4)

where F3 is the third Appell function (also known as the Horn function)
[14]

F3
¡
δ, δ0, β, β0; γ;x, y

¢
=

∞X
m,n=0

(δ)m (δ
0)n (β)m (β

0)n
(γ)m+n

xm

m!

yn

n!
, max{|x|, |y|} < 1.

(3.5)
The formula of generalized fractional integrals (3.1) and (3.2), and

derivatives (3.3) and (3.4) of the power function are given below

³
Iδ,δ

0,β,β0,γ
0+ zρ−1

´
(x)

= Γ(ρ)Γ(ρ+γ−δ−δ0−β)Γ(ρ+β0−δ0)
Γ(ρ+β0)Γ(ρ+γ−δ−δ0)Γ(ρ+γ−δ0−β) x

ρ+γ−δ−δ0−1

(Re(γ) > 0, Re(ρ) > max{0, Re(δ + δ0 + β − γ), (δ0 − β0)}, x > 0)

(3.6)

³
Iδ,δ

0,β,β0,γ
0− zρ−1

´
(x)

= Γ(1−ρ−γ+δ+δ0)Γ(1−ρ+δ+β0−γ)Γ(1−ρ+β)
Γ(1−ρ)Γ(1−ρ+δ+δ0+β+β0−γ)Γ(1−ρ+δ−β) x

ρ+γ−δ−δ0−1

(Re(γ) > 0, Re(ρ) < 1 +max{0, Re(−β), Re(δ + δ0 − γ), Re(δ + β0 − γ)}, x > 0)
(3.7)

³
Dδ,δ0,β,β0,γ
0+ zρ−1

´
(x)

= Γ(ρ)Γ(ρ+δ−β)Γ(ρ+δ+δ0+β0−γ)
Γ(ρ−β)Γ(ρ+δ−δ0−γ)Γ(ρ+δ+β0−γ)x

ρ+δ+δ0−γ−1

(Re(γ) > 0, Re(ρ) > max{0, Re(−δ + β), Re(−δ − δ0 − β0 + γ)}, x > 0)
(3.8) ³

Dδ,δ0,β,β0,γ
0− z−ρ

´
(x)

= Γ(−δ−δ0+γ+ρ)Γ(−δ0−β+γ+ρ)Γ(β0+ρ)
Γ(ρ)Γ(−δ−δ0−β+γ+ρ)Γ(−δ0+β0+ρ) xδ+δ

0−γ−ρ(3.9)

(Re(γ) > 0, Re(ρ) > max{Re(−β0), Re(δ0+β−γ)+[Re(γ)]+1}, x > 0)
(3.10)
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598 Ranjan K. Jana, Bhumika Maheshwari and Ajay K. Shukla

Theorem 3. If x > 0, 0 < α ≤ 1, {δ, δ0, β, β0, γ, ai, bj} ⊂ C, i = 1, ..., p, j =
1, ..., q, Re(γ) > 0, 1+min{Re(γ− δ− δ0−β), Re(γ− δ− δ0), Re(β0)} > 0,
then

³
Iδ,δ

0,β,β0,γ
0+

h
α
pFq(z)

i´
(x) = xγ−δ−δ

0 Γ(γ−δ0−β+1)Γ(γ−δ−δ0+1)Γ(β0+1)
Γ(γ−δ−δ0−β+1)Γ(β0−δ0+1)

α
p+3Fq+3

"
1, γ − δ − δ0 − β + 1, β0 − δ0 + 1, a1, ..., ap;

β0 + 1, γ − δ0 − β + 1, γ − δ − δ0 + 1, b1, ..., bq;
x

#
,

(3.11)

and if x > 0, 0 < α ≤ 1, {δ, δ0, β, β0, γ, ai, bj} ⊂ C, i = 1, ..., p, j =
1, ..., q, Re(γ) > 0, 1 + min{Re(δ − δ0 − γ), Re(δ + β0 − γ), Re(−β)} > 0,
then

³
Iδ,δ

0,β,β0,γ
0−

h
1
z
α
pFq

³
1
z

´i´
(x) = Γ(1−γ+δ+δ0)Γ(1+δ+β0−γ)Γ(1−β)

Γ(1+δ+δ0+β+β0−γ)Γ(1+δ−β)

xγ−δ−δ
0−1 α

p+3Fq+3

"
1− γ + δ + δ0, 1 + δ + β0 − γ, 1− β, a1, ..., ap;
1 + δ + δ0 + β + β0 − γ, 1 + δ − β, 1, b1, ..., bq;

1
x

#
.

(3.12)

Proof. The hypergeometric function with p numerator and q denomi-
nator parameters is defined by [1]

pFq

"
a1, ...ap;
b1, ...bq;

z

#
=

∞X
n=0

(a1)n ... (ap)n
(b1)n ... (bq)n

zn

n!
.(3.13)

From (3.13) and (3.6), we can write³
Iδ,δ

0,β,β0,γ
0−

h
α
pFq(z)

i´
(x) =

∞P
n=0

(a1)n,α (a2)n...(ap)n
(b1)n...(bq)n n!

·
³

Γ(γ−δ−δ0−β+n+1)Γ(β0−δ0+n+1)Γ(n+1)
Γ(γ−δ−δ0+n+1)Γ(γ−δ0−β+n+1)Γ(β0+n+1)x

γ−δ−δ0+n
´

= xγ−δ−δ
0 Γ(γ−δ0−β+1)Γ(γ−δ−δ0+1)Γ(β0+1)

Γ(γ−δ−δ0−β+1)Γ(β0−δ0+1)
∞P
n=0

(1)n(γ−δ−δ0−β+1)n(β0−δ0+1)n
(β0+1)n(γ−δ−δ0+1)n(γ−δ0−β+1)n

(a1)n,α (a2)n...(ap)n
(b1)n...(bq)n

xn

n! ,

which in view of definition (3.13), is the right hand side of assertion (3.12).

In the same way, using (3.13) and applying the formula (3.7), we can
derive the assertion (3.12).
2
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Note on extended hypergeometric function 599

Theorem 4. If x > 0, 0 < α ≤ 1, {δ, δ0, β, β0, γ, ai, bj} ⊂ C, i = 1, ..., p, j =
1, ..., q, Re(γ) > 0, 1 +min{Re(δ − β), Re(δ + δ0 + β0 − γ)} > 0, then³

Dδ,δ0,β,β0,γ
0+

h
α
pFq(z)

i´
(x) = xδ+δ

0−γ Γ(1+δ−β)Γ(1+δ+δ0+β0−γ)
Γ(1−β)Γ(1+δ−δ0−γ)Γ(1+δ+β0−γ)

α
p+3Fq+3

"
1, 1 + δ − β, 1 + δ + δ0 + β0 − γ, a1, ..., ap;

1− β, 1 + δ − δ0 − γ, 1 + δ + β0 − γ, b1, ..., bq;
x

#
,

(3.14)

and if x > 0, 0 < α ≤ 1, {δ, δ0, β, β0, γ, ai, bj} ⊂ C, i = 1, ..., p, j =
1, ..., q, Re(γ) > 0, 1+min{Re(−δ− δ0+ γ), Re(−δ0−β+ γ), Re(β0)} > 0,
then ³

Dδ,δ0,β,β0,γ
0−

h
1
z
α
pFq

³
1
z

´i´
(x) = Γ(−δ−δ0+γ+1)Γ(−δ0−β+γ+1)Γ(β0+1)

Γ(−δ−δ0−β+γ+1)Γ(−δ0+β0+1)

xδ+δ
0−γ−1 α

p+3Fq+3

"
−δ − δ0 + γ + 1,−δ0 − β + γ + 1, β0 + 1, a1, ..., ap;
−δ − δ0 − β + γ + 1,−δ0 + β0 + 1, 1 , b1, ..., bq;

1
x

#
.

(3.15)

Proof. From (3.13) and (3.8), we get³
Dδ,δ0,β,β0,γ
0+

h
α
pFq(z)

i´
(x) =

∞P
n=0

(a1)n,α (a2)n...(ap)n
(b1)n...(bq)n n!

·
³

Γ(n+1)Γ(δ−β+n+1)Γ(δ+δ0+β0−γ+n+1)
Γ(−β+n+1)Γ(δ−δ0−γ+n+1)Γ(δ+β0−γ+n+1)x

δ+δ0−γ+n
´

= xδ+δ
0−γ Γ(1+δ−β)Γ(1+δ+δ0+β0−γ)

Γ(1−β)Γ(1+δ−δ0−γ)Γ(1+δ+β0−γ)

∞P
n=0

(1)n(1+δ−β)n(1+δ+δ0+β0−γ)n
(1−β)n(1+δ−δ0−γ)n(1+δ+β0−γ)n

(a1)n,α (a2)n...(ap)n
(b1)n...(bq)n

xn

n! ,

By using (3.13) again, we can reach to (3.14).

Similarly, using formula (3.9), assertion (3.15) can be derived. 2

Remark 1. If we take α = 1 in the above mentioned theorems, we get the
corresponding results for the classical hypergeometric functions 2F1 and

pFq.
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