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1. Introducction

We consider a particular inverse eigenvalue problem for a real arrowhead
matrix of the form:

A =

⎛⎜⎜⎜⎜⎜⎜⎝
a1 b1

a2 b2
. . .

...
an−1 bn−1

c1 c2 · · · cn−1 an

⎞⎟⎟⎟⎟⎟⎟⎠ ; bici > 0, i = 1, 2, ..., n− 1.(1.1)

This type of matrices appear in various problems of applications in
science and engineering such as wireless communications systems [12], ra-
diationless transitions in isolated molecules [1] and eigenvalues problems
[3], and it is well studied especially in the symmetrical case, that is, when
bi = ci, i = 1, 2, ..., n − 1. The downwards arrowhead matrices and the
upwards arrowhead matrices, appear indistinctly in the literature, this is
because the classical inverse eigenvalue problem for these is equivalent,
since they are similar. We understand that the classical inverse eigenvalue
problem, generally only considers spectral information of the entire matrix
(see [2]).

In this paper we present new constructions of a downward arrowhead
matrix, in the symmetrical and nonsymmetrical cases, from a particular
spectral information being used recently ([4] - [8]). In the symmetric case:

let λ
(j)
j be the maximal eigenvalues of all leading submatrices of the matrix

and λ
(n)
1 the minimal eigenvalue of the matrix. A very important fact is

that by considering this spectral information the inverse eigenvalue prob-
lem for the downwards arrowhead matrices is not equivalent to the inverse
eigenvalue problem for the arrowhead matrices upwards, since the eigen-
values of the leading principal submatrices are not invariant under some
process of similarity between these matrices.

However, an interesting fact that relates the symmetrical case with the
nonsymmetric case is that a arrowhead matrix of the form (1.1) is diago-
nally similar to an irreducible arrowhead matrix
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On the inverse eigenproblem for symmetric and nonsymmetric ... 843

B =

⎛⎜⎜⎜⎜⎜⎜⎝
a1 d1

a2 d2
. . .

...
an−1 dn−1

d1 d2 · · · dn−1 an

⎞⎟⎟⎟⎟⎟⎟⎠ ,(1.2)

where di =
√
bici; 1, 2, . . . , n − 1. Indeed, if we consider the matrix D =

diag (µ1, µ2, . . . , µn) , with µi =
r
ci
bi
, i = 1, 2, . . . , n − 1 and µn = 1, we

obtain that DAD−1 = B. As a consequence the spectral properties of a
symmetric arrowhead matrix of the form (1.2) are transferred to a non-
symmetric arrowhead matrix of the form (1.1).

In the nonsymmetric case there are also some advances ([6], [11], [13])
and recently in [10] a construction of a nonsymmetric upwards arrowhead
matrix is presented. In this paper, the authors consider an eigenvector
x(n) = (x1, x2, . . . , xn), associated with the maximal eigenvalue of the ma-
trix, as spectral information additional to that one considered in the sym-
metric case [9]. As far as we know, the cases of constructing an arrowhead
matrix of the form (1.2) or (1.1), from the spectral information that we
use, has not been considered in the literature. Motivated by everything
mentioned above we consider the following problems.:

Problem 1. Given the list of real numbers {λ(n)1 }∪ {λ(j)j }nj=1, construct a
matrix B of the form (1.2), such that λ

(n)
1 is the minimal eigenvalue of B,

and λ
(j)
j are the maximal eigenvalues of the leading principal submatrix Bj ,

j = 1, 2, . . . , n of B.

Problem 2. Given the list of real numbers {λ(n)1 }∪{λ(j)j }nj=1 and the vec-
tor x(n) = (x1, x2, . . . , xn), construct a matrix A of the form (1.1), such that

λ
(n)
1 is the minimal eigenvalue of A, and λ

(j)
j are the maximal eigenvalue

of the leading principal submatrix Aj , j = 1, 2, . . . , n of A, and (x
(n), λ

(n)
n )

is an eigenpair of A.

2. Solution to Problem 1

We start this section by recalling the following lemmas:

rvidal
Cuadro de texto
813



844 H. Pickmann, S. Arela, J. Egaña and D. Carrasco

Lemma 1. [9] Let P (λ) be a monic polynomial of degree n with all zeroes
being real. If λ1 and λn are, respectively, the minimal and maximal zero
of P (λ), then

1. If µ < λ1, we have (−1)n P (µ) > 0,

2. If µ > λn, we have P (µ) > 0.

Lemma 2. Let B be an n × n symmetric arrowhead matrix of the form
(1.2) with di > 0, i = 1, 2, ..., n−1, and let Bj be the j×j leading principal
submatrix of B, with characteristic polynomial Pj (λ) = det (λIj −Bj) ,
j = 1, 2, . . . , n. Then the sequence {Pj (λ)}nj=1 satisfies the recurrence
relation

Pj(λ) =
j−1Y
i=1

(λ− ai) ; j = 1, 2, . . . , n− 1.

Pj(λ) = (λ− aj)Pj−1(λ)−
j−1X
k=1

d2k

j−1Y
i=1,i6=k

(λ− ai) ; j = n.(2.1)

Observe that from the Cauchy interlacing property, the minimal and

the maximal eigenvalue, λ
(j)
1 and λ

(j)
j respectively, of each leading principal

submatrix Bj , j = 1, 2, ..., n, of irreducible matrix B in (1.2) satisfy the
relations:

λ
(n)
1 < λ

(n−1)
1 ≤ · · · ≤ λ

(2)
1 ≤ λ

(1)
1 ≤ λ

(2)
2 ≤ · · · ≤ λ

(n−1)
n−1 < λ(n)n(2.2)

and

λ
(n)
1 < ai < λ(n)n ; i = 1, 2, . . . , n.(2.3)

Theorem 1. Let {λ(n)1 } ∪ {λ(j)j }nj=1 be the real numbers satisfying

λ
(n)
1 < λ

(1)
1 < λ

(2)
2 < λ

(3)
3 · · · < λ

(n−1)
n−1 < λ(n)n .(2.4)

Then, there exists an arrowhead symmetric matrix B, of the form (1.2),

of order n, such that λ
(n)
1 is the minimal eigenvalue of de matrix B and

λ
(j)
j is the maximal eigenvalue of the leading principal submatrix Bj , j =
1, 2, . . . , n of the matrix B.

rvidal
Cuadro de texto
814



On the inverse eigenproblem for symmetric and nonsymmetric ... 845

Proof. Suppose that {λ(n)1 } ∪ {λ(j)j }nj=1 satisfies (2.4). To show the
existence of a symmetric arrowhead matrix B with the required properties
is equivalent to show that the system of equations

Pn(λ
(n)
1 ) = 0,

Pj(λ
(j)
j ) = 0; j = 1, 2, . . . , n

where Pj (λ) = det (λIj −Bj) , j = 1, 2, . . . , n satisfies Lemma 2, has real
solutions aj , j = 1, 2, ..., n and di > 0, i = 1,. . . ,n− 1.

The previous system can be written as:

Pn(λ
(n)
1 ) =

³
λ
(n)
1 − an

´
Pn−1(λ

(n)
1 )−

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ
(n)
1 − ai

´
= 0

Pj(λ
(j)
j ) =

jY
i=1

³
λ
(j)
j − ai

´
= 0; j = 1, 2, . . . , n− 1.(2.5)

Pn(λ
(n)
n ) =

³
λ(n)n − an

´
Pn−1(λ

(n)
n )−

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ(n)n − ai

´
= 0.

From (2.5) for j = 1, 2, . . . , n− 1 it follows that

aj = λjj ; j = 1, 2, . . . , n− 1.

Now, from Lemma (1) and condition (2.4) we have that Pn−1(λ
(n)
1 ) 6= 0

and Pn−1(λ
(n)
n ) 6= 0, so

an = λ
(n)
1 −

1

Pn−1(λ
(n)
1 )

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ
(n)
1 − ai

´

an = λ(n)n −
1

Pn−1(λ
(n)
n )

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ(n)n − ai

´
.(2.6)

Then,

1

Pn−1(λ
(n)
n )

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ(n)n − ai

´
− 1

Pn−1(λ
(n)
1 )
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846 H. Pickmann, S. Arela, J. Egaña and D. Carrasco

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ
(n)
1 − ai

´
= λ(n)n − λ

(n)
1 .

Now, as λ
(n)
n − λ

(n)
1 6= 0, it follows that

n−1X
k=1

d2k

⎡⎣ 1³
λ
(n)
n − λ

(n)
1

´
⎛⎝ 1

Pn−1(λ
(n)
n )

n−1Y
i=1,i6=k

³
λ(n)n − ai

´

− 1

Pn−1(λ
(n)
1 )

n−1Y
i=1,i 6=k

³
λ
(n)
1 − ai

´⎞⎠⎤⎦ = 1,
This last equation can be written in the form:

n−1X
k=1

Dk = 1,(2.7)

where

Dk = d2k

⎡⎣ 1³
λ
(n)
n − λ

(n)
1

´
⎛⎝ 1

Pn−1(λ
(n)
n )

n−1Y
i=1,i6=k

³
λ(n)n − ai

´

− 1

Pn−1(λ
(n)
1 )

n−1Y
i=1,i6=k

³
λ
(n)
1 − ai

´⎞⎠⎤⎦ .
From (2.3) and the condition (2.4) we set the expression

1

Pn−1(λ
(n)
n )

n−1Y
i=1,i6=k

³
λ(n)n − ai

´
− 1

Pn−1(λ
(n)
1 )

n−1Y
i=1,i6=k

³
λ
(n)
1 − ai

´
> 0,

for each k = 1, 2, ..., n− 1.
Now, considering the particular solution of (2.7)

D1 = D2 = · · · = Dn−1 =
1

n− 1 ,

we obtain that
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On the inverse eigenproblem for symmetric and nonsymmetric ... 847

dk =

vuuuut
³
λ
(n)
n −λ(n)1

´
(n−1)

µ
1

Pn−1(λ
(n)
n )

n−1Q
i=1,i6=k

³
λ
(n)
n −ai

´
− 1

Pn−1(λ
(n)
1

)

n−1Q
i=1,i 6=k

³
λ
(n)
1 −ai

´¶

for k = 1, 2, ..., n − 1. Finally, by replacing the values of dk in (2.7), we
obtain the value of an.

2

An immediate consequence of this result is that the matrix B with the
required spectral properties is not unique. In the proof of the previous
theorem we guarantee its existence and only provide a particular solution.

An interesting situation of the similarity indicated above, is that the
eigenvalues of all the leading submatrices are invariant. In this sense, from
the data considered in the previous theorem we can construct a nonsym-
metric arrowhead matrix A of the form (1.1). That is, we first construct a
symmetric arrowhead matrix B of the form (1.2), then we use the similar-
ity process indicated above to determine the entries bi and ci through the
solutions of the equations di =

√
bici; 1, 2, . . . , n− 1.

3. Solution to Problem 2

In this section we construct a nonsymmetric arrowhead matrix A of the
form (1.1) without going through the similarity process mentioned above.
It should be noted that the construction in the following theorem gives us
uniqueness in the entries ai and bi for i = 1, 2, . . . , n − 1, and a particular
solution can by choose for ci. In contrast, the construction via similarity
gives us only uniqueness for the diagonal entries ai.

Lemma 3. [7] Let x1,x2, . . . ,xn be a set of orthonormal eigenvectors as-
sociated to the eigenvalues λ1, λ2, . . . , λn of an n× n matrix B of the form
(1.2), with all its diagonal entries aj distinct, j = 2, 3, . . . , n, and all its
entries bi positive, i = 1, 2, . . . , n − 1. Then xµj 6= 0 for µ, j = 1, 2, . . . , n,
where xµj denotes the µ− th entry of the vector xj .

Lemma 4. Let A be an n×n nonsymmetric arrow matrix of the form (1.1),
and let Aj be the j×j leading principal submatrix of A, with characteristic
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848 H. Pickmann, S. Arela, J. Egaña and D. Carrasco

polynomial Pj (λ) = det (λIj −Aj) , j = 1, 2, . . . , n. Then the sequence
{Pj (λ)}nj=1 satisfies the recurrence relation

Pj (λ) =
jY

i=1

(λ− ai) j = 1, 2, ..., n− 1.

Pj (λ) = (λ− aj)Pj−1 (λ)−
j−1X
k=1

bkck

j−1Y
i=1
i6=k

(λ− ai; j = n.(3.1)

To give a solution to Problem (2), that is, to build an n × n nonsym-
metric arrowhead matrix of the form (1.1) we present the following result:

Theorem 1. Let the real numbers {λ(n)1 }∪{λ(j)j , }nj=1 and the vector x(n) =
(x1, x2, . . . , xn)that

λ
(n)
1 < λ

(1)
1 < λ

(2)
2 < λ

(3)
3 · · · < λ

(n−1)
n−1 < λ(n)n(3.2)

and

xi xi+1 > 0, i = 1, 2, ..., n− 1.(3.3)

Then, there exists an n×n nonsymmetric downward arrowhead matrix

A of the form (1.1), such that λ
(n)
1 is the minimal eigenvalue of the matrix

A, λ
(j)
j , j = 1, 2, . . . , n the maximal eigenvalues of all leading principal

submatrices of the matrix A and (x(n), λ
(n)
n ) an eigenpair of A.

Proof. To show the existence of a nonsymmetric arrowhead-down ma-
trix A with the required properties is equivalent to show that the system
of equations

Pj
³
λ
(j)
j

´
= 0, j = 1, 2, ..., n− 1

Pn
³
λ
(n)
j

´
= 0, j = 1, n

Ax(n) = λ(n)n x(n),(3.4)

where Pj (λ) = det (λIj −Aj) , j = 1, 2, . . . , n satisfies Lemma 4, has real
solutions aj , j = 1, 2, ..., n and bi, ci, i = 1, 2, ..., n− 1, with cibi > 0.

From Lemma 4 the system (2.11) can be written as
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On the inverse eigenproblem for symmetric and nonsymmetric ... 849

Pj
³
λjj

´
=

jY
i=1

³
λj1 − ai

´
= 0, j = 1, 2, ..., n− 1;

Pn (λ
n
1 ) = (λ

n
1 − an)Pn−1 (λ

n
1 )−

n−1X
k=1

bkck

j−1Y
i=1
i6=k

(λn1 − ai) = 0,(3.5)

Pn (λ
n
n) = (λ

n
n − an)Pn−1 (λ

n
n)−

n−1X
k=1

bkck

j−1Y
i=1
i6=k

(λn1 − ai) = 0,

ajxj + bjxn = λ(n)n xj , j = 1, 2, 3, . . . , n− 1(3.6)

n−1P
k=1

ckxk + anxn = λ(n)n xn.(3.7)

From (2.12) it follows that

aj = λjj ; j = 1, 2, . . . , n− 1.(3.8)

Then from (2.13) and condition (3.3) we have

bj =
³
λ(n)n − aj

´ xj
xn
; j = 1, 2, . . . , n− 1.(3.9)

From (2.12), condition (3.2) and Lemma 1, for j = n we have

an = λ
(n)
1 −

1

Pn−1
³
λ
(n)
1

´ n−1X
k=1

bkck

i6=kY
i=1

bkck

j−1Y
i=1
i6=k

(λn1 − ai)

an = λ(n)n −
1

Pn−1
³
λ
(n)
n

´ j−1Y
k=1

bkck

j−1Y
i=1
i6=k

n−1
i=1

³
λ(n)n − ai

´
.(3.10)

Then

n−1X
k=1

bkck

⎡⎢⎢⎣ 1

Pn−1
³
λ
(n)
1

´ j−1Y
k=1

bkck

j−1Y
i=1
i6=k

(λn1 − ai)

− 1

Pn−1
³
λ(n)n

´ j−1Y
k=1

bkck

j−1Y
i=1
i6=k

³
λ(n)n − ai

´⎤⎥⎥⎦ = λ
(n)
1 − λ(n)n(3.11)
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850 H. Pickmann, S. Arela, J. Egaña and D. Carrasco

Since (λ
(n)
n − λ

(n)
1 ) 6= 0, then if we set

Bk = bkck

⎡⎢⎢⎣ 1

(λ
(n)
n −λ(n)1 )

⎛⎜⎜⎝ 1

Pn−1(λ
(n)
n )

j−1Y
k=1

bkck

j−1Y
i=1
i6=k

(λ(n)n − ai)

− 1

Pn−1(λ
(n)
1 )

j−1Y
k=1

bkck

j−1Y
i=1
i6=k

(λ
(n)
1 − ai)

(2.11) can be written as
n−1X
k=1

Bk = 1.

Now, by considering the particular solution

B1 = B2 = B3 · · · = Bn−1 =
1

n− 1

it follows that

ck =
(λ
(n)
n −λ(n)1 )

(n−1)bk

⎛⎜⎝ 1

Pn−1(λ
(n)
n )

n−1Q
i=1
i6=k

(λ
(n)
n −ai)−

1

Pn−1(λ
(n)
1 )

n−1Q
i=1
i 6=k

(λ
(n)
1 −ai)

⎞⎟⎠
,

(3.12)

for k = 1, 2, . . . , n− 1. Besides, from Lemma 1 and condition (3.2) we have

(λ
(n)
n − λ

(n)
1 ) > 0, 1

Pj−1(λ
(j)
j )

j−1Q
i=1
i6=k

(λ
(j)
j − ai) > 0

and

− 1

Pn−1(λ
(n)
1 )

n−1Y
i=1
i6=k

(λ
(n)
1 − ai) = −

(−1)
(−1)n−1Pj−1(λ(j)1 )

n−1Y
i=1
i6=k

(ai − λ
(j)
1 ) > 0.

Then bkck > 0, k = 1, 2, . . . , n− 1. Finally, by setting (3.12) and (3.10)
in (3) we obtain the value of an. 2
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On the inverse eigenproblem for symmetric and nonsymmetric ... 851

An important fact to note is that by following the proof of the previous
theorem, we can construct a symmetric arrow matrix B of the form (1.2),
the most outstanding is that this construction is that it is unique and the
entries of the matrix can be obtained by formulas similar to those obtained
in the Theorem 1 as shown in the following corollary:

Corollary 1. Let the real numbers {λ(j)j }nj=1 be and let the vector x(n) =
(x1, x2, . . . , xn) such that

λ
(1)
1 < λ

(2)
2 < · · · < λ

(n−1)
n−1 < λ(n)n(3.13)

and

xi xi+1 > 0, i = 1, 2, ..., n− 1.(3.14)

Then, there exists an unique n × n symmetric arrowhead matrix B

of the form (1.2), such that λ
(j)
j is the maximal eigenvalue of the leading

principal submatrix Bj , j = 1, 2, . . . , n of the matrix A and (x(n), λ
(n)
n ) is

an eigenpair of A.

Proof. Assuming that bi = ci = di, the expressions (3.7), (3.8), (3.9)
and (3.10) in the proof of Theorem 1 become:

aj = λ
(j)
j ; j = 1, ..., n− 1.

dj =
³
λ(n)n − aj

´ xj
xn
; j = 1, ..., n− 1.

an = λ(n)n −
n−1X
k=1

dk
xk
xn

or

an = λ(n)n −
1

Pn−1(λ
(n)
n )

n−1X
k=1

d2k

n−1Y
i=1,i6=k

³
λ(n)n − ai

´
.

2

Another very particular, but interesting case, is when ai = a, bi = b and
ci = c. In this case, an additional necessary condition for the eigenvector
x(n) = (x1, x2, . . . , xn) is that x1 = xi,∀i = 1, 2, . . . , n − 1. Besides, the
entries of the matrix can be computed by:

a = λ
(1)
1 ,
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b =
³
λ(n)n − a

´ x1
xn

and

c =
(λ
(n)
n − a)xn
(n− 1)x1

.

4. Numerical examples

Although our results are mainly theoretical, our numerical experiments
indicate some stability in the algorithms that are derived from these, when
the matrix is small to medium in size. This is evidenced through the
following examples.

Example 1. Given that the real numbers

λ
(7)
1 λ

(1)
1 λ

(2)
2 λ

(3)
3 λ

(4)
4 λ

(5)
5 λ

(6)
6 λ

(7)
7

−10.2464 −3.4412 −2.3618 −0.9103 0.8816 2.1807 2.6652 8.2581

satisfy the condition of Theorem 1, we may construct a symmetric arrow-
head matrix

B=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−3.4412 3.6427
−2.3618 3.7357

−0.9103 3.7771
0.8816 3.6988

2.1807 3.5479
2.6652 3.4692

3.6427 3.7357 3.7771 3.6988 3.5479 3.4692 −1.8239

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

with the required spectral properties, where

σ (B1) =
n
−3.4412

o
,

σ (B2) =
n
−3.4412 −2.3618

o
,

σ (B3) =
n
−3.4412 −2.3618 −0.9103

o
,

σ (B4) =
n
−3.4412 −2.3618 −0.9103 0.8816

o
,

σ (B5) =
n
−3.4412 −2.3618 −0.9103 0.8816 2.1807

o
,
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On the inverse eigenproblem for symmetric and nonsymmetric ... 853

σ (B6) =
n
−3.4412 −2.3618 −0.9103 0.8816 2.1807 2.6652

o
,

σ (B7) =
n
−10.2464 −3.0483 −1.7123 0.0501 1.5287 2.4604 8.2581

o
,

Example 2. Given that the real numbers

λ
(1)
1 λ

(2)
2 λ

(3)
3 λ

(4)
4 λ

(5)
5 λ

(6)
6

−3.2672 −0.6768 0.0977 1.6576 3.3521 14.2928
and the vector

x=
h
0.3285 0.0214 −0.3925 −0.2194 −0.3624 0.7470

iT
,

satisfy the conditions of Corollary 1, we construct the symmetric arrowhead
matrix

B=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

−3.2672 7.7211
−0.6768 0.4297

0.0977 −7.4580
1.6576 −3.7115

3.3521 −5.3079
7.7211 0.4297 −7.4580 −3.7115 −5.3079 3.3018

⎞⎟⎟⎟⎟⎟⎟⎟⎠ ,

with the required spectral properties, where

σ (B1) =
n
−3.2672

o
,

σ (B2) =
n
−3.2672 −0.6768

o
,

σ (B3) =
n
−3.2672 −0.6768 0.0977

o
,

σ (B4) =
n
−3.2672 −0.6768 0.0977 1.6576

o
,

σ (B5) =
n
−3.2672 −0.6768 0.0977 1.6576 3.3521

o
,

σ (B6) =
n
−11.5788 −1.6499 −0.6736 1.3526 2.7221 14.2928

o
,

and Bx = (14.2928)x.

Example 3. The real numbers

λ
(7)
1 λ

(1)
1 λ

(2)
2 λ

(3)
3 λ

(4)
4 λ

(5)
5 λ

(6)
6 λ

(7)
7

−14.2560 −9.0875 −1.5235 −1.3710 −0.9617 0.0374 3.7273 4.1478

and the real vector x=
h
0.1493 0.1307 0.0111 −0.0756 −0.8058 0.4255 0.3527

iT
,

satisfy the conditions of Theorem 1. We construct a nonsymmetric arrow-
head matrix
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A=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−9.0875 5.6024
−1.5235 2.1019

−1.3710 0.1740
−0.9617 −1.0947

0.0374 −9.3903
3.7273 0.5072

2.0350 5.7257 68.0999 −10.3418 −1.0428 2.4846 −8.5783

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

with the required spectral properties, where

σ (A1) =
n
−9.0875

o
,

σ (A2) =
n
−9.0875 −1.5235

o
,

σ (A3) =
n
−9.0875 −1.5235 −1.3710

o
,

σ (A4) =
n
−9.0875 −1.5235 −1.3710 −0.9617

o
,

σ (A5) =
n
−9.0875 −1.5235 −1.3710 −0.9617 0.0374

o
,

σ (A6) =
n
−9.0875 −1.5235 −1.3710 −0.9617 0.0374 3.7273

o
,

σ (A7) =
n
−14.2560 −7.6402 −1.4552 −1.1332 −0.2874 2.8668 4.1478

o
,

and Ax = (4.1478)x.

Example 4. We compute, for different values of n, a symmetric arrowhead
matrix eB from the (n + 1)−dimensional vector λ, whose entries are real
numbers chosen randomly and satisfying condition (2.4) of the Theorem 1.

Figure 1 shows the plot of eλ = log

µ°°λ−eλ°°
kλk

¶
, where eλ corresponds to the

logarithm of the relative error in computing eλ, with the entries eλ(n)1 , the

minimal eigenvalue of de matrix eB, and eλ(j)j the maximal eigenvalues of the

j × j leading principal submatrix fBj of eB, j = 1, 2, . . . , n.
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Example 5. Consider the (n)-dimensional vector λ, whose entries are real
numbers chosen randomly in nondecreasing order and an n-dimensional
vector x, satisfying the conditions (3.13) and (3.14) of Corollary 1, re-
spectively. From λ and x, we construct a symmetric arrowhead matrixeB of order n × n, such that eλ(j)j is the maximal eigenvalue of the j × j

leading principal submatrix fBj of eB, j = 1, 2, . . . , n, and (ex, λ(n)n ) is an
eigenpair of eB. Figure 2 shows the plot of eλ, defined in example 4, and
ex = log

⎛⎝
°°°eBx−eλ(n)n x

°°°°°°λ(n)n x

°°°
⎞⎠ which is related to the relative error in the calcu-

lation of ex, with n = 200 and 100 constructions of the matrix eB.
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Example 6. Consider the (n + 1)−dimensional vector λ, whose entries
are real numbers chosen randomly in nondecreasing order, and an n -
dimensional vector x, satisfying the conditions (3.2) and (3.3) of Theorem
1 , respectively. Figure 2 show the plots of eλ and ex, defined similarly
as in Examples 4 and 5, where we construct 50 nonsymmetric arrowhead
matrices eA of order n = 200.
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