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Abstract

A new class of functions, called strongly faint e-continuous func-
tion, has been defined and studied.

Relationships among strongly faint e-continuous functions and e-
connected spaces, e-normal spaces and e-compact spaces are investi-
gated. Furthermore, the relationships between strongly faint e-continuous
functions and graphs are also investigated.
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1. Introduction

Recent progress in the study of characterizations and generalizations of
continuity, compactness, connectedness, separation axioms etc. has been
done by means of several generalized closed sets. The first step of general-
izing closed set was done by Levine in 1970 [13]. The notion of generalized
closed sets has been studied extensively in recent years by many topolo-
gists. As a generalization of closed sets, e-closed sets and the related sets
were introduced and studied by E. Ekici ([4], [5], [6], [7], [8], [9])-

Nasef and Noiri [18] introduce three classes of strong forms of faintly
continuity namely: strongly faint semicontinuity, strongly faint preconti-
nuity and strongly faint [-continuity. Recently Nasef [16] defined strong
forms of faint continuity under the terminologies strongly faint a-continuity
and strongly faint ~-continuity. In this paper using e-open sets, strongly
faint e-continuity is introduced and studied. Moreover, basic properties
and preservation theorems of strongly faint e- continuous functions are in-
vestigated and relationships between strongly faint e-continuous functions
and graphs are investigated.

2. Preliminaries

Throughout the paper (X,7) and (Y,0) (or simply X and Y') represent
topological spaces on which no separation axioms are assumed unless oth-
erwise mentioned. For a subset A of a space (X, 7), cl(A), int(A) and X\ A
denote the closure of A, the interior of A and the complement of A in X,
respectively. A point x € X is called a 6-cluster [23] (resp. d-cluster [23])
point of A if cl(V) N A # 0 (resp. int(cl(V)) N A # () for every open set
V of X containing x. The set of all f-cluster (resp. d-cluster) points of
A is called the #-closure (resp. d-closure) of A and is denoted by clg(A)
(resp. dcl(A)). If A = clg(A) (resp. A = dcl(A)), then A is said to be
O-closed (resp. o-closed). The complement of a @-closed (resp. d-closed)
set is said to be f-open [23](resp. d-open [23]). The union of all #-open
sets contained in a subset A is called the #-interior of A and is denoted by
intg(A). It follows from [23] that the collection of #-open sets in a topolog-
ical space (X, 7) forms a topology 79 on X [14]. The family of all §-open
(resp. B-closed) subsets of X is denoted by 0O(X) (resp. 0C(X)).

We recall the following definitions, which are well-known and are useful
in the sequel.
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Definition 1. A subset A of a space (X, 7) is called semi-open [12] (resp.
a-open [19], preopen [15], B-open [1], ~v-open [10], d-preopen [21]) if A C
cl(Int(A)) (resp. A Cint(cl(int(A))), A C int(cl(A)), A C cl(int(cl(A))),
A Ccd(int(A)) Uint(cl(A)), A C int(dcl(A))).

A subset A of a topological space X is said to be e-open [4] if A C
int(dcl(A)) Ucl(dint(A)). The complement of an e-open set is said to be e-
closed [4]. The intersection (union) of all e-closed (e-open) sets containing
(contained in) A in X is called the e-closure [4] (the e-interior [4]) of A
and is denoted by e-cl(A) (resp. e-int(A)). By eO(X) or eO(X,T) (resp.
eC(X)), we denote the collection of all e-open (resp. e-closed) sets of X. We
set eO(X,z) = {U : x € U € eO(X)}. Similarly, we denote the collection
of all y-open, semiopen, preopen and S-open sets by YO(X, 1), SO(X, 1),
PO(X,7) and BO(X, T), respectively.

Lemma 2.1. ([4], [5], [6], [8]). The following properties holds for the e-
closure of a set in a space X :

(1) Arbitrary union (intersection) of e-open (e-closed) sets in X is e-open
(resp. e-closed).

(2) A is e-closed in X if and only if A = e-cl(A).

(3) e-cl(A) C e-cl(B) whenever A C B(C X).

(4) e-cl(A) is e-closed in X.

(5) e-cl(e-cl(A)) = e-cl(A).

(6) e-cl(A) ={x € X |UNA# for every e-open set U containing z}.

We have the following diagram in which the converses of implications
need not be true, as is showed in [4].

open — a-open — preopen  — b-open — [3-open
/
regular open T i}
N\
d-open d-preopen
N\ /
d-semiopen — e-open

Definition 2. A function f : (X,7) — (Y,0) is said to be strongly faint
semicontinuous [18] (resp. strongly faint precontinuous [17], strongly faint
B-continuous [18], strongly faint a-continuous [16], strongly faint ~y-continuous
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[16]) if for each x € X and each semiopen (resp. preopen, -open, a-open,
~v-open) set V of Y containing f(x), there exists a 6-open set U of X con-
taining x such that f(U) C V.

Definition 3. A function f: (X,7) — (Y, 0) is said to be:

(i) quasi O-continuous [11], if f~1(V) is f-open in X for every 0-open set V
of Y.

(ii) e-irresolute [6, 8], if f~1(V') is e-open in X for every e-open set V of Y.
(iii) e-continuous [4], if f~1(V) is e-open in X for every open set V of Y.
(iv) strongly 6-continuous [20], if =1 (V') is 6-open in X for every open set
VofY.

3. strongly faint e-continuous functions

Definition 4. A function f: (X,7) — (Y, 0) is said to be

(1) strongly faint e-continuous if for each x € X and each e-open set V' of
Y containing f(x), there exists a 6-open set U of X containing z such that
fo)cv.

(ii) strongly e-continuous if f~1(V') is open in X for every e-open set V of
Y.

Theorem 3.1. For a function f : (X,7) — (Y, 0), the following statements
are equivalent:

(i) f is strongly faint e-continuous;

(ii) f : (X, 19) — (Y, 0) is strongly e-continuous;

(iii) f~1(V) is f-open in X for every e-open set V of Y;

(iv) f~1(F) is O-closed in X for every e-closed subset I of Y.

Proof. (i)=>(iii): Let V be an e-open set of Y and z € f~1(V). Since
f(x) € V and f is strongly faint e-continuous, there exists a #-open set U
of X containing = such that f(U) C V. It follows that z € U C f~Y(V).
Hence f~1(V) is 6-open in X.

(iii)=-(i): Let # € X and V be an e-open set of Y containing f(x). By (iii),
f~Y(V) is a B-open set containing . Take U = f~(V). Then f(U) C V.
This shows that f is strongly faint e-continuous.

(iii)=-(iv): Let V be any e-closed set of Y. Since Y \ V is an e-open set,
by (iii), it follows that f~1(Y\V) = X\ f~1(V) is f-open. This shows that
f~HV) is O-closed in X.

(iv)=-(iii): Let V be an e-open set of Y. Then Y\V is e-closed in Y. By
(iv), f7HY\V) = X\f~H(V) is O-closed and thus f~1(V) is f-open.
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(i)e(ii): Clear.

The relationships between this new class of functions and other corre-
sponding types of functions are shown in the following diagram.

s. O-continuous — 8. faintly e-continuous
AN |
s. faintly a-continuous
/ AN
s. faintly precontinuous s. faintly semicontinuous
AN /

s. faintly ~-continuous
T
s. faintly B-continuous
However, none of these implications is reversible as shown by the fol-
lowing examples and well-known facts.

Example 3.2. (i) In ([18], Examples 3.2), it is shown that a strong faint
semicontinuity which is not a strong faint precontinuity.

(ii) In ([16], Examples 4.3, (resp. Examples: 4.4 and 4.5)), it is shown a
strong faint semicontinuity which is not a strong faint ~y-continuity (resp.
a strong faint precontinuity which is not a strong faint ~y-continuity and a
strong faint ~y-continuity which is not a strong faint $-continuity).

(iii) Using Example 3.2 of [18], this is easily observed that a strongly faint
a-continuity need not be strongly faint e-continuity.

Theorem 3.3. Ifafunction f : (X,7) — (Y, 0) is strongly faint e-continuous
function, then it is strongly e-continuous.

If (X, 7) is a regular space, we have 7 = 7y and the next theorem follows
immediately.

Theorem 3.4. Let (X,7) be a regular space. Then for a function f :
(X,7) — (Y, 0) the following properties are equivalent:

(i) f is strongly e-continuous.

(ii) f is strongly faint e-continuous.

Recall that, a topological space (Y, o) is said to be a Te-space [2] if every
e-open subset of (Y, o) is open.
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A space X is said to be submaximal if each dense subset of X is open
in X and extremaly disconnected (briefly ED) if the closure of each open
set of X is open in X.

Theorem 3.5. Let (Y,0) be a submaximal ED, T.-space. Then the fol-
lowing are equivalent for a function f : (X,7) — (Y, 0):

(i) f is strongly faint a-continuous,

(ii) f is strongly faint -y-continuous,

(iii) f is strongly faint semicontinuous.

(iv) f is strongly faint precontinuous.

(v) f is strongly faint -continuous.

(vi) f is strongly 6-continuous.

(vii) f is strongly faint e-continuous.

Proof. From [18], we have (i) = (i1) = (iii) = (iv) = (v) = (vi) = (i)
(since X is submaximal and DE, then o = 0¢ = vO(Y,0) = SO(Y,0) =
PO(Y,0) = BO(Y, 0)).

(vi) < (vii): This follows from the fact that if (Y,0) is T.-space, then
o=e0(Y,0).

Theorem 3.6. If f: X — Y is strongly faint e-continuous and g : Y — Z
is e-irresolute, then go f : X — Z is strongly faint e-continuous.

Proof. Let G € eO(Z). Then g~1(G) € eO(Y) and hence (go f)~1(G) =
(g7 (@)) is B-open in X. Therefore go f is strongly faint e-continuous.

Theorem 3.7. The following statements hold for functions f : X — Y
and g:Y — Z:

(i) If both f and g are strongly faint e-continuous, then the composition
go f: X — Z is strongly faint e-continuous.

(ii) If f strongly faint e-continuous and g is an e-irresolute, then g o f is
strongly e-continuous.

(iii) If f strongly faint e-continuous and g is a e-continuous, then g o f is
strongly 6-continuous.

(iv) If f is quasi @-continuous and g is strongly faint e-continuous, then
g o f is strongly faint e-continuous.

(v) If f is strongly 6-continuous and g is strongly faint e-continuous, then
g o f is strongly faint e-continuous.

Definition 5. A O-frontier [11] of a subset A of (X, 1) is0Fr(A) = clg(A)N
clg(X\A).
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Theorem 3.8. Let (X, 7) be a regular space. Then the set of all points
x € X in which a function f : (X,7) — (Y,0) is not strongly faint e-
continuous at x is identical with the union of the @-frontier of the inverse
images of e-open subsets of Y containing f(z).

Proof. Necessity. Suppose that f is not strongly faint e-continuous
at x € X. Then there exists a e-open set V' of Y containing f(z) such
that f(U) is not a subset of V for each U € 7y containing x. Hence we
have U N (X\f~1(V)) # 0 for each U € 7y containing x. Since X is
regular, it follows that = € clg(X\f~'(V)). On the other hand we have
that, z € f~1(V) C clp(f~1(V)). This means that = € 0Fr(f~1(V)).
Sufficiency. Suppose that x € 0Fr(f~1(V)) for some V € eO(Y, f(z)).
Now, we assume that f is strongly faint e-continuous at x € X. Then
there exists U € 1y containing = such that f(U) C V. Therefore, we have
U C f~4V) and hence = € intg(f~1(V)) c X\OFr(f~*(V)). This is a
contradiction. This means that f is not strongly faint e-continuous.

Definition 6. (i) A space (X,7) is said to be e-connected [6, 8] (resp.
0-connected [11]) if X cannot be written as the union of two nonempty
disjoint e-open (resp. 0-open) sets.

(ii)) A subset K of a (X, T) space is said to be, e-compact [6, 8] (resp. 6-
compact [11]) relative to (X, 1), if for every cover of K by e-open (resp.
0-open) sets has a finite subcover. A topological space (X, T) is e-compact
[6, 8] (resp. 6-compact) if the set X is e-compact (resp. 0-compact) relative
to (X, 7).

It should be mentioned that 6-connected is equivalent with connected
(see [11]).

Theorem 3.9. If f : (X,7) — (Y,0) is a strongly faint e-continuous sur-
jection function and (X, T) is a 8-connected space, then Y is an e-connected
space.

Proof. Assume that (Y, o) is not e-connected. Then there exist nonempty
e-open sets V1 and V5 of Y such that V3 N Vo = 0 and V3 U V5 = Y. Hence
we have f~1(Vi) N f~1(Va) = 0 and f~1(V4) U f~1(V) = X. Since f
is surjective, f~!(V1) and f~!(V4) are nonempty subsets of X. Since f
is strongly faint e-continuous, f~*(V1) and f~!(V4) are f-open sets of X.
Therefore (X, 7) is not #-connected. This is a contradiction and hence
(Y, 0) is e-connected.
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Theorem 3.10. If f : (X,7) — (Y,0) is a strongly faint e-continuous,
then f(K) is e-compact relative to (Y,o) for each subset K which is 0-
compact relative to (X, ).

Proof. Let {V; : i € I} be any cover of cover of f(K) by e-open sets.
For each z € K, there exists i, € I, such that f(z) € V;,. Since f is
strongly faint e-continuous, there exists U, € 7y containing x such that
f(Uz) C Vi,. The family {U,) : © € K} is a cover of K by 6-open sets
of (X,7). Since K is #-compact relative to (X, 7), there exists a finite
subset K¢y of K such that K C |J{U, : = € Ky}. Therefore, we obtain
fIK) € U{f(Uy) : = € Ko} € U{Vi, : ® € Ko}. Therefore, f(K) is
e-compact relative to (Y, o).

Theorem 3.11. The surjective strongly faint e-continuous image of a 0-
compact space is e-compact.

Proof. Let f:(X,7) — (Y,0) be a strongly faint e-continuous function
from a 6-compact space X onto a space Y. Let {G,: « € I'} be any e-open
cover of Y. Since f is strongly faint e-continuous, {f~1(G.): «a € I} is
a f-open cover of X. Since X is f-compact, there exists a finite subcover
{f74G;):i=1,2, ... n} of X. Then it follows that {G;: i = 1, 2, .... n}
is a finite subfamily which cover Y. Hence Y is e-compact.

4. Separation Axioms

Recall that a topological space (X, 7) is said to be:

(i) e-T1 [6, 8] (resp. 60-T1) if for each pair of distinct points z and y of
X, there exists e-open (resp. 6-open) sets U and V containing = and y,
respectively such that y ¢ U and = ¢ V.

(ii) e-T5 [6, 8] (resp. 0-T5 [22]) if for each pair of distinct points x and y
in X, there exists disjoint e-eopen (resp. #-open) sets U and V in X such
that z € U and y € V.

Remark 4.1. [3] Hausdorff < 0-T.

Theorem 4.2. If f : (X,7) — (Y,0) is strongly faint e-continuous injec-
tion and Y is an e-T} space, then X is a 0-T1 (or Hausdorff) space.

Proof. Suppose that Y is e-T;. For any distinct points x and y in X,
then there exist VW € eO(Y) such that f(x) € V, f(y) ¢ V, f(x) ¢ W
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and f(y) € W. Since f is strongly faint e-continuous, f~1(V') and f~1(W)
are f-open subsets of (X, 7) such that z € f~Y(V),y & f~1(V),z & f~1(W)
and y € f~1(W). This shows that X is 6-T} (equivalently Hausdorff by
Remark 4.1).

Theorem 4.3. If f : (X,7) — (Y,0) is strongly faint e-continuous injec-
tion and Y is an e-T5 space, then X is a 0-T5 space.

Proof. Suppose that Y is e-T>. For any pair of distinct points z and y
in X, there exist disjoint e-open sets U and V in Y such that f(z) € U and
f(y) € V. Since f is strongly faint e-continuous, f~*(U) and f~1(V) are
f-open in X containing = and y, respectively. Therefore, f~*(U) N f~1(V)
= () because U NV = (. This shows that X is 0-T5.

Theorem 4.4. If f,g : X — Y are strongly faint e-continuous functions
and Y is eI, then E = {x € X: f(z) = g(x)} is closed in X.

Proof. Suppose that © ¢ E. Then f(z) # g(z). Since Y is e-Ts, there
exist V € eO(Y, f(z)) and W € eO(Y, g(x)) such that VN W = (). Since
f and g are strongly faint e-continuous, there exist a #-open set U of X
containing = and a #-open set G of X containing x such that f(U) C V and
g(G) C W. Set D =UNG. then D N E = () with D a 6-open subset and
hence open such that x € D. Then z ¢ cl(E) and thus E is closed in X.

Definition 7. A space (X, ) is said to be: (i) 0-regular (resp. e-regular
[5]) if for each 6-closed (resp. e-closed) set F' and each point x ¢ F, there
exist disjoint §-open (resp. e-open) sets U and V such that F C U and
reV.

(ii) @-normal (resp. e-normal [5]) if for any pair of disjoint §-closed (resp.
e-closed) subsets Fy and Fy of X, there exist disjoint 0-open (resp. e-open)
sets U and V such that F1 C U and F, C V.

Recall that a function f : (X,7) — (Y,0) is called fe-open if f(V) €
eO(Y) for each V € y.

Theorem 4.5. If f is strongly faint e-continuous fe-open injection from a
O-regular space (X, T) onto a space (Y, o), then (Y, o) is e-regular.

Proof. Let F be an e-closed subset of Y and y ¢ F. Take y = f(z).
Since f is strongly faint e-continuous, f~!(F) is f-closed in X such that
Y y) =2 ¢ f71(F). Take G = f~Y(F). We have z ¢ G. Since X is



38 Miguel Caldas and Saeid Jafari

f-regular, then there exist disjoint #-open sets U and V in X such that
G C U and z € V. We obtain that F' = f(G) C f(U) and y = f(z) € f(U)
such that f(U) and f(V) are disjoint e-open sets. This shows that Y is
e-regular.

Theorem 4.6. If f is strongly faint e-continuous fe-open injection from a
0-normal space (X, T) onto a space (Y, o), then Y is e-normal.

Proof. Let Fy and Fy be disjoint e-closed subsets of Y. Since f is
strongly faint e-continuous, f~!(F}) and f~1(F,) are 6-closed sets. Take U
= fY(F) and V = f~}(F,). We have U NV = (). Since X is #-normal,
there exist disjoint #-open sets A and B such that U C A and V C B. We
obtain that Fy = f(U) C f(A) and Fy = f(V) C f(B) such that f(A) and
f(B) are disjoint e-open sets. Thus, Y is e-normal.

Recall that for a function f : (X,7) — (Y, 0), the subset {(z, f(z)) :
x € X} C X XY is called the graph of f and is denoted by G(f).

Definition 8. A graph G(f) of a function f : (X,7) — (Y, 0) is said to be
(e,0)-closed if for each (x,y) € (X xY)\G(f), there exist a #-open U set of
X containing x and an e-open set V' of Y containing y such that (U x V)

NG(f) = 0.

Lemma 4.7. A graph G(f) of a function f : (X,7) — (Y,0) is (e, 0)-
closed in X x Y if and only if for each (z,y) € (X xY) \ G(f), there exist

a B-open set U of X containing x and an e-open set V of Y containing y
such that f(U)NV = 0.

Proof. 1t is an immediate consequence of Definition 8.

Theorem 4.8. If f : (X,7) — (Y,0) is strongly faint e-continuous func-
tion and (Y, o) is e-T», then G(f) is (e, 0)-closed.

Proof. Let (z,y) € (X xY)\G(f), then f(x) # y. Since Y is e-T5, there
exist disjoint e-open sets V and W in Y such that f(z) € V and y € W.
Since f is strongly faint e-continuous, f~1(V) is f-open in X containing
. Take U = f~1(V). We have f(U) C V. Therefore, we obtain f(U) N W
= (). This shows that G(f) is (e, 8)-closed.

Theorem 4.9. Let f: (X,7) — (Y,0) has an (e, 0)-closed graph G(f). If
f is a strongly faint e-continuous injection, then (X, ) is 0-T5.
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Proof. Let z and y be any two distinct points of X. Then since f is
injective, we have f(x) # f(y). Then, we have (z, f(y)) € (X x Y)\G(f).
By Lemma 4.7, there exist a #-open set U of X and an e-open set V of Y
such that (z, f(y)) € Ux V and f(U)NV = (). Hence UN f~%(V) = () and
y ¢ U. Since f is strongly faint e-continuous, there exists a #-open set W
of X containing y such that f(W) C V. Therefore, we have f(U) N f(W)
= (). Since f is injective, we obtain U N W = (). This implies that (X, )
is Q—TQ.

Definition 9. A topological space X is said to be e-Alexandroff if every
finite intersection of e-open sets is e-open.

Theorem 4.10. Let (Y,0) be e-Alexandroff. If f : (X,7) — (Y,0) has
the (e,0)-closed graph, then f(K) is e-closed in (Y, o) for each subset K
which is 6-compact relative to X.

Proof. Suppose that y ¢ f(K). Then (z,y) ¢ G(f) for each z € K.
Since G(f) is (e, #)-closed, there exist a f-open U, set of X containing x
and e-open V set of Y containing y such that f(U,) NV, = (. by Lemma
4.7. The family {U, : x € K} is a cover of K by 6-open sets. Since K
is f-compact relative to (X, 7), there exists a finite subset Ky of K such
that K C U{U, : x € Ko}. Set V.= {V,: 2z € Ko}. Then V is a e-open
set in Y containing y. Therefore, we have f(K)NV C [Uzek, f(Uz)] NV
C User, [f(Uz)NV] = 0. Tt follows that y ¢ e —cl(f(K)). Therefore, f(K)
is e-closed in (Y, 0).

Corollary 4.11. Let (Y,0) be e-Alexandroff. If f : (X,7) — (Y,0) is
strongly faint e-continuous and (Y, o) is e-T, then f(K) is e-closed in
(Y, o) for each subset K which is -compact relative to (X, 7).

Proof. The proof follows from Theorems 4.8 and 4.10.
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