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Abstract

A mapping f : V(G) — {0, 1,2} is called 3-product cordial labeling
i 1070) — vy ()] < 1 and leg(3) — s ()] < 1 for any i,j € {0.1,2),
where vy (i) denotes the number of vertices labeled with i, e (i) denotes
the number of edges xy with f(x)f(y) = i(mod 3). A graph with 3-
product cordial labeing is called 3-product cordial graph. In this paper
we establish that switching of an apex vertex in closed helm, double
fan, book graph Ki, x Ko and permutation graph P(Ks + mKi,I)
are 3-product cordial graphs.
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1. Introduction

All graphs considered here are simple, finite, connected and undirected.
For basic notations and terminology, we follow [3]. A graph labeling is an
assignment of integers to the vertices or edges or both, subject to certain
conditions. There are several types of labeling and a complete survey of
graph labeling is available in [2]. Cordial labeling is a weaker version of
graceful labeling and harmonious labeling introduced by Cahit in [1]. Let
f be a function from the vertices of G to {0, 1} and for each edge xy assign
the label |f(z) — f(y)|. f is called a cordial labeling of G if the number of
vertices labeled 0 and the number of vertices labeled 1 differ by at most 1,
and the number of edges labeled 0 and the number of edges labeled 1 differ
at most by 1. Sundaram et al. introduced the concept of product cordial
labeling in [10]. Let f be a function from V(G) to {0,1}. For each edge
uv, assign the label f(u)f(v). Then f is called product cordial labeling
if [vp(0) —vp(1)] < 1 and |ef(0) — ep(1)| < 1 where vy(i) and ef(i) de-
notes the number of vertices and edges respectively labeled with i(¢ = 0, 1).
The same authors have introduced the concept of FP-cordial labeling in
[11]. A vertex labeling f : V(G) — {—1,0,1} is said to be an EP-cordial
labeling if it induces the edge labeling f* defined by f*(uwv) = f(u)f(v)
for each wv € E(G) and if |vp(i) — vs(j)| < 1 and |ef(i) —ef(5)] < 1
for any i # j i,j € {-1,0,1}, where vf(x) and es(x) denotes the num-
ber of vertices and edges of G having the label z € {—1,0,1}. In [11] it
is remarked that any EP-cordial labeling is a 3-product cordial labeling.
A mapping f : V(G) — {0,1,2} is called 3-product cordial labeling if
lvp(i) —vp(f)| < 1 and |ef(i) —ef(5)] < 1 for any 4,5 € {0,1,2}, where
vf(i) denotes the number of edges xy with f(x)f(y) = i(mod 3). A graph
with 3-product cordial labeling is called a 3-product cordial graph. Jeyanthi
and Maheswari [4]-[8] proved that the graphs (B, : w),Cp U P, Cpo K,
if m >3 and n > 1, P, o K, if m,n > 1, duplicating arbitrary vertex
in cycle Cy,, duplicating arbitrary edge in cycle C,,, duplicating arbitrary
vertex in wheel W,,, middle graph of P,, the splitting graph of P,, the
total graph of P, P,[P2], p2, Ka ., vertex switching of C,,, ladder L,,, trian-

gular ladder T'L,,, the graph <w£1) : wﬁf) T w%k)>, the splitting graphs

S'(K1n),S'(Bpy), the shadow graph Dy(By,,), the square graph B2 . tri-
angular snake, double alternate triangular snake and alternate triangular
snake graphs are 3-product cordial graphs. Also they proved that a com-
plete graph K, is a 3-product cordial graph if and only if n < 2.

In addition, they proved that if G(p,q) is a 3-product cordial graph (i)
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p2—2p+7 p2—p+4

p = 1(mod 3) then g < . (ii) p = 2(mod 3) then ¢ <

2
(iii) p = 0(mod 3) then g < P =3p+0
graph with 3m vertices and 3n edges and Gs is any 3-product cordial graph
then G71 U G2 is also 3-product cordial graph. In this paper we establish
that switching of an apex vertex in closed helm, double fan, K7, x K> and
permutation graph P(Ky + mKi,I) are 3-product cordial graphs. We use
the following definitions in the subsequent section.

and if Gy is a 3-product cordial

Definition 1.1. The vertex switching G, of a graph G is the graph ob-
tained by taking a vertex v of G, by removing all the edges incident with v
and joining the vertex v to every vertex which is not adjacent to v in G.

Definition 1.2. The helm H, is the graph obtained from a wheel W), by
attaching a pendant edge to each rim vertex.

Definition 1.3. The closed helm C'H,, is the graph obtained from a helm
H,, by joining each pendant vertex to from a cycle.

Definition 1.4. The graph P,, 4+ 2K is called a double fan DF,.

Definition 1.5. For any permutation f on1,2,3, ..., n, the f-permutation
graph on a graph G, P(G, f) consists of two disjoint copies of G, say G and
G, each of which has vertices labeled vy, va, ..., v, with n edges obtained
by joining each v; in Gy to vy in Ga. We denote the identity permutation
by I.

For any real number n, [n] denotes the smallest integer > n and |n|
denotes the greatest integer < n.

2. Main Results

Theorem 2.1. The graph obtained by switching of an apex vertex in
closed helm CH, admits 3-product cordial labeling if and only if n =
2(mod 3).

Proof. Let v be the apex vertex vy, v, vs3, ..., U, be the vertices of inner
cycle and wuy,uo,us,...,u, be the vertices of outer cycle CH,. Let G,
denotes graph obtained by switching of an apex vertex v of G = CH,,.
Then |V(G,)| =2n+1 and |E(G,)| = 4n. We define f: V(G,) — {0,1,2}
as follows:
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2 1
f(v)=2,For1§z’4”3+ J

f(vi) =0.

|

_J1 for i = 1,2(mod 4)
! (ULZn—;lJJFZ) N { 2 fori=0,3(mod 4)

For n=0,2,3(mod 4),1 <i < {

wl| 3

For n = 1(mod 4),n > 5,1 < i < EW _2,
1 fori=1,2(mod 4)

! (vtzn_flJ“> 1 2 fori=0,3(mod 4)

f(vn—l) =1 and f(vn) =2.

For n =5, f(v4) =1 and f(vs) = 2.

For n =0,1,3(mod 4),1 < i <n, f(u;) :{ ; izié’gggzz jg
. 1 if i =1,2(mod 4
FornE2(mod4),1§z§n—2,f(u¢):{2 ifiEO?)EmodéL;

f(unfl) =1 and f(un) =2.
In view of the above labeling pattern we have vy(0) +1 = vy(1) =

vs(2) = V?H 1} cep(0) = ef(1) = ep(2) +1 = [%ﬂ if n = 0,1(mod 4)

and ef(0) =er(1) +1=1¢€5(2) = r%n-‘ if n = 2,3(mod 4).

Thus we have |vy(i) —vy(5)| < 1 and |ef(i) —ep(j)] < 1 for all i,j =
0,1,2. Hence f is a 3-product cordial labeling of G, if n = 2(mod 3).

Conversely, we assume that n = 0(mod 3) and take n = 3k. Then
[V(Gy)| = 6k + 1 and |E(G,)| = 12k.

Let f be a 3-product cordial labeling of G,. Hence we have v¢(0) =
vp(l) =1 = vp(2) = 2k or vp(0) = vy(1) = v4(2) — 1 = 2k and ef(0) =
er(1) = ep(2) = k. If f(u;) = 0if 1 < i < 2k, then e;(0) = 6k + 1. If
flv)) =0if 1 <@ < 2k, then ef(0) =4k + 1. If f(u;)) =0if 1 <3 <2k -1
and f(v) = 0, then ef(0) = 7Tk — 1. If f(v;) = 0if 1 <49 < 2k —1 and
f(v) = 0, then ef(0) = 7k — 1. Thus, none of f(u;), f(v;) and f(v) is
0. From the above argument, we get a contradiction to, f is a 3-product
cordial labeling. Hence G, is not a 3-product cordial graph if n = 0(mod 3).

We assume that n = 1(mod 3) and take n = 3k + 1. Then |V (G,)| =
6k + 3 and |E(Gy)| = 12k + 4.

Let f be a 3-product cordial labeling of G,. Hence we have v;(0) =
vf(l) =vp(2) =2k + 1 and ef(0) = 4k + 1 or 4k + 2. If vf(0) = 2k + 1, we
assign 0 to 2k 4 1 vertices of degree 3. We get ef(0) = 4k + 3. we assign
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0 to 2k + 1 vertices of degree 4. We get ef(0) = 6k + 4. If f(u;) = 0 if
1 <i<2kand f(v) =0, then ef(0) =Tk + 2. If f(v;)) =0if 1 <14 <2k
and f(v) =0, then ef(0) = 7k + 2. Thus, none of f(u;), f(v;) and f(v) is
0. From the above argument, we get a contradiction to, f is a 3-product
cordial labeling. Hence G, is not a 3-product cordial graph if n = 1(mod 3).
O An example for the 3-product cordial labeling of a closed helm C Hg by
switching of an apex vertex is shown in Figure 1.

Figure 1

Theorem 2.2. The double fan graph DF,, is a 3-product cordial graph if
and only if n = 0(mod 3).

Proof. Let DF, be the double fan with apex vertices u, v and v1, vs, ..., Uy
be the vertices of common path. Then |V(DF,)| =n+ 2 and |E(DF,)| =
3n — 1. To define f : V(DF,) — {0, 1,2} as follows:

Let f(u) =1, f(v) =2, f(v;) =0if 1 <i < %

. .oon . _2n 1 ifj=1,2(mod 4)
= — <j< = ) =

For n is even, i 3—1—],1_]_ 3,f(vz) {2 i j = 0,3(mod 4)

) .oon . 2n 1 ifj=1,2(mod 4)
: == <j< i N =
For nis odd, 4 3+j,1_j_ 3 2, f(v;) { 9 if 7 = 0, 3(mod 4)
f(Unfl) =1, f(vn) =2.

In view of the above labeling pattern we have vy(0) +1 = vy(1) =
vp(2) = g + 1 and ef(0) = ef(1) = ef(2) + 1 = n if n is even, ef(0) =
ef(1)+1=-ep(2) =nif nif nis odd.

Hence, we have |vs(i) —vg(j)] < 1 and |ef(i) —er(j)| < 1 forall 4,5 =
0,1,2. Thus, f is a 3-product cordial labeling. Therefore, DF,, is a 3-
product cordial graph if n = 0(mod 3).

Conversely, we assume that n = 2(mod 3) and take n = 3k + 2. Then
|V(DF,)| =3k +4 and |E(DF,)| = 9k + 5.


Marisol Martínez
fig-1


196 P. Jeyanthi, A. Maheswari and M. Vijayalakshmi

Let f be a 3-product cordial labeling of DF),. Hence we have v;(0) =
ve(l) =1 =vp(2) = k+1or ve(0) = v(1) = v4(2) =1 = k+ 1 and
ef(0) =3k + 1 or 3k +2. If f(u) =0, f(v) = 0 and the remaining k — 1
vertices are f(v;) = 0 then we get, ef(0) > 7k + 3. If f(u) =0or f(v) =0
and the remaining k vertices are f(v;) = 0 for 1 < i < k then we get,
ef(0) =5k + 2. If f(v;) =0 for 1 < i < k+ 1 then we get ef(0) = 3k + 3.
From the above argument, we get a contradiction to, f is a 3-product cordial
labeling. Hence DF,, is not a 3-product cordial graph if n = 2(mod 3).

We assume that n = 1(mod 3) and take n = 3k 4+ 1. Then |V(DF,)| =
3k + 3 and |E(DF,)| = 9k + 2.

Let f be a 3-product cordial labeling of DF;,. Hence we have v¢(0) =
vf(l) =vf(2) =k + 1 and ef(0) = 3k or 3k + 1. If f(u) =0, f(v) =0 and
the remaining k& — 1 vertices are f(v;) = 0 then we get, ef(0) > 7k + 1.
If f(u) =0 or f(v) = 0 and the remaining k vertices are f(v;) = 0 for
1 < <k then we get, ef(0) =5k + 1. If f(v;) =0 for 1 <i < k+1 then
we get ef(0) = 3k + 3. From the above argument, we get a contradiction
to, f is a 3-product cordial labeling. Hence DF,, is not a 3-product cordial
graph if n = 1(mod 3). O

An example for the 3-product cordial labeling for the graph DFg is
shown in Figure 2.

Figure 2.

Theorem 2.3. The book graph K1, x K3 is a 3-product cordial graph.

Proof. Let the vertices of K1, x K3 be {u,v,u1, u,...,un,v1,v2,...,0n}
and the edges are {uv} U {u;v;/1 < i < n} U {uu;/1 < i < n}. Clearly
K x Ko has 2n+ 2 vertices and 3n+1 edges. Define f: V(K7 , X K3) —
{0,1,2} by the following cases.

Fu) =1, f(v) = 2.


Marisol Martínez
fig-2



Further results on 8-product cordial labeling 197

Case (i): n =0(mod 3),n =3k, k > 1.
0 ifl1<i<k

. .3k
For k is even, f(u;)={ 2 1fk+1§1§7

1 if%—i—lﬁigi%k

0 if1<:<k

. .3k
and f(v;) = 1 1fk+1§2§7

2 if%—i—lgigi’)k

0 if1<i<k

' I3k
For k is odd, f(u) = 2 fE+1<i< [7—‘
1 EF?WSiSSk
0 if1<:<k
3k
. < oK
and f(v)) = 1 1fk’+1_2<[2—‘

2 if[%W§z‘§3k

2
For k=1, f(u1) = f(v1) =0, f(uz) = f(uz) =1, f(v2) = f(v3) = 2.
From the above labeling we have, Uf(0)+1 = Uf(l) = Uf(Q) = 6k; : ’

e%(]g)) :2€f(1) =ep(2)—1=3kif kiseven and vs(0)+1 =vs(1) = vy(2) =
[—g;w&ﬂmzeﬂn—lzeﬂm:3kﬁkmmm

Case (ii): n=1(mod 3),n =3k + 1,k > 1.
0 ifl1<i<k+1

2 ﬁk+2§i§[

3k+1
For k is even, f(u;) =

1 if{3k+1-‘+1§z’§3k+l
0 if1<i<k
. . 3k +1
<1<
and f(v;) = 1 itk+2<i< 2
3k +1

2 ifz':k:—kland[ W+1§z‘§3k+1



198 P. Jeyanthi, A. Maheswari and M. Vijayalakshmi

0 f1<i<k+1
. T3kl
For k is odd, f(u;) = 2 lfk—i_QSZS{ 2 -‘

1 ika;l-‘—i-lgiSSk—i—l

0 ifl1<i<k
1 ﬂk+1§i§[

2 if skt +1<e<3k+1

For k =1, f(u1) = fluz2) = f(v1) = 0, f(v2) = flua) =1, flus) =
fvs) = f(va) =2.
From the above labeling we have, vf(0) + 1 = v(1) = vf(2) +1 =

k+4
{6 + -‘,ef(O)—l =ef(1) =ef(2) =3k +1if k is odd and v¢(0) + 1 =

3
vﬂn+1—uﬂm—{MQAWmAm—1—eﬂn—eﬂm—3k+1ﬁkm

even and k£ = 1.

3k+1
and f(v;) = 2

Case (iii): n =2(mod 3),n = 3k + 2 and k is even.
0 if1<i<k+1
. . _3k+2
f(u;) = 2 fk+2<i<

1 if3k+2+1§i§3k+2

0 if1<i<k+1
3k +2

and f(v;) = 1 ifk+2<i<

2 if3k+2+1§i§3k+2.

From the above labeling we have, v¢(0) = v¢(1) = v(2) = 2k+2,e5(0)—
1 = ef(1) = ef(2) = 3k + 2. Hence, we have |vf(i) —ve(j)] < 1 and
lef(i) —ep(y)] < 1 for all i,j = 0,1,2. Thus, f is a 3-product cordial
labeling. Therefore, K1, X K3 is a 3-product cordial graph. O

An example for the 3-product cordial labeling for the book graph K 7 x
K5 is shown in Figure 3.
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Figure 3.

Theorem 2.4. The graph P(Ks +mK;,I) is a 3-product cordial graph if
and only if m = 2(mod 3).

Proof. Let V(P(Ky+ mKi,I)) = {u,v/,v,v",u;,v;/1 < i < m} and
E(P(Ky + mKy, 1)) = {uu, v'u;, vvg, v'vp, w00 u'v, un’ v /1 < 0 <
m}. Then |V (P(Kas+mKi,1I))| = 2m+4 and |[E(P(Ka+mKy,1))| = bm+4.

Define a vertex labeling f : V(P(K2 + mKi,1I)) — {0,1,2} by f(u) =
Lfu)=2f(v) =2 f() =1

0 forlgig{ml
3
+ 7 if j = 1(mod 2)

+ j if 5 = 0(mod 2)

and f(v;)) =% 1 for i = % + 7 if 7 =0,3(mod 4)
2 fori= % +jif j = 1,2(mod 4).
In view of the above labeling pattern, we have v(0) + 1 = vf(1) =
[2m + 4 om+47 . .
vp(2) = 3 cer(0) = ep(1) +1 =ef(2) = if m is even

2m+4

and vy(0) + 1 = 0y(1) = vy (2) = |
dm + 47

3
ef(4)] <1 forall 4,5 = 0,1,2. Hence, f is a 3-product cordial labeling of

P(Ky +mKy,I)if m = 2(mod 3).

[er = es) = err+1-

if m is odd. Thus, we have |vf(i) — vp(j)] < 1 and |ef(i) —
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Conversely, we assume that m = 0(mod 3) and take m = 3k. Then
|[V(P(K2 +mKi,I))| = 6k + 4 and |E(P(K2 + mKi,I))| = 15k + 4. Let
f be a vertex 3-product cordial labeling of P(K2 +mKy,I). Then vs(0) —
vp(l) =1 =v4(2) = 2k + 1 or vp(0) = vy(1) = v¢(2) =1 = 2k + 1 and
ef(0) = 5k+1 or 5k+2.If f(u), f(u'), f(v), f(v") are zero and the remaining
2k — 3 vertices are either f(u;) =0for 1 <i<k—2k >2and f(v;) =0
for1<i<k—1,k>2or f(u;)) =0for 1 <i<k—1,k>2and f(v;) =0
for 1 <i < k—2,k> 2 then ef(0) = 13k + 3. If one of f(u) or f(u’) and
f(v) or f(v') is zero and the remaining 2k — 1 vertices are either f(u;) =0
for1<i<k—1,k>1and f(v;) =0for 1 <i<k,k>1or f(u;) =0 for
1<i<kk>1land f(v;) =0for 1 <i<k—1,k>1thener0)="7k+3
or 7k 4+ 4. If all the 2k + 1 vertices are either f(u;) =0for 1 <i<k+1
and f(v;)) =0for 1 <i < kor f(uj)) =0for 1 <i <k and f(v;) =0
for 1 <i < k41 then ef(0) = 5k + 3. Hence none of f(u), f('), f(v) and
f(v') is zero. From the above arguments, we get a contradiction to, f is
a 3-product cordial labeling. Hence, P(Ks + mKi,I) is not a 3-product
cordial graph if m = 0(mod 3).

We assume that m = 1(mod 3) and take m = 3k + 1. Then |V (P (K3 +
mKi,I))| = 6k+6 and |E(P(Ko+mKi,I))| = 15k+9. Let f be a vertex 3-
product cordial labeling of P(K>+mK7, I). Hence we have v¢(0) = vg(1) =
vf(2) =2k+2and ef(0) = ef(1) = ef(2) = 5k+3. If f(u), f(u), f(v), f(V))
are zero and the remaining 2k — 2 vertices are f(u;) = f(vi) = 0 for
1 <i<k—1,k>1 then ef(0) = 13k + 7. If one of f(u) or f(u’) and
f(v) or f(v') is zero and the remaining 2k vertices are f(u;) = f(v;) =0
for 1 < i < k then ef(0) = 9k + 6 or 9k + 5. If all the 2k 4 2 vertices
are f(u;) = f(v;)) =0 for 1 <4 < k+1 then ef(0) = 5k + 5. Hence none
of f(u), f(u'), f(v) and f(v') is zero. From the above arguments, we get a
contradiction to, f is a 3-product cordial labeling. Hence, P(Ky+mKj,I)
is not a 3-product cordial graph if m = 1(mod 3). O

An example for the 3-product cordial labeling for the graph P(Kj +
5K, 1) is shown in Figure 4.
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Figure 4.
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