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Abstract

We define and study the generalized centroid of a semiprime Γ-
semiring. We show that the generalized centroid CΓ is a multiplica-
tively reguler Γ-semiring and so Γ-semifield and give some properties
of the generalized centroid of a semiprime Γ-semiring.
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1. Introduction

Γ-semirings were first studied by M. Murali Krishna Rao [3] as a general-
ization of Γ-ring as well as of semiring. All definitions and fundamental
concepts concerning Γ-semirings can be found in [3], [4], [1], [2],[5]. and
[6]. Öztürk and Jun studied the extended centroid of a prime Γ-ring in [9]
and [10]. They also introduced some properties of the generalized centroid
of semiprime Γ-ring in [11]. Recently, Yazarlı and Öztürk [7] considered
the extended centroid of a prime semiring. After, Öztürk introduced the
extended centroid of the prime Γ-semirings [8]. Let S be right multiplica-
tively cancellable semiprime Γ-semiring. In this paper we consider the
main results as follows: (1) The generalized centroid of S is multiplica-
tively reguler Γ-semiring. (2) CΓ is a Γ-semifield. (3) SΓ = SΓCΓ is a right
multiplicatively cancellable semiprime Γ-semiring. (4) Let S be multiplica-
tively cancellable semiprime Γ-semiring. If a and b are nonzero elements
in SΓ such that aγxβb = bβxγa for all x ∈ S and for all γ, β ∈ Γ then
there exists q ∈ CΓ and γ ∈ Γ such that qγa = b. (5) Let f : S → SΓ be an
additive map satisfying f(xβy) = f(x)βy for all x, y ∈ S and β ∈ Γ. Then
there exists q ∈ Qr(SΓ) such that f(x) = qβx for all x ∈ S.

2. Preliminaries

Let S and Γ be two additive commutative semigroups. Then S is called
Γ-semiring if there exists a mapping S × Γ× S → S ( image to be denoted
by aαb for a, b ∈ S and α ∈ Γ ) satisfying the following conditions for all
a, b, c ∈ S and for all α, β ∈ Γ:

i) aα(b+ c) = aαb+ aαc

ii) (a+ b)αc = aαc+ bαc

iii) a(α+ β)b = aαb+ aβb

iv) aα(bβc) = (aαb)βc.

A Γ-semiring S is said to have a zero element if there exists an element
0S ∈ S such that 0S + x = x = x+0S and 0Sγx = 0S = xγ0S for all x ∈ S
and γ ∈ Γ. Also, a Γ-semiring S is said to be commutative if xγy = yγx,
for all x, y ∈ S and γ ∈ Γ. Let S be a Γ-semiring with zero. If there
exists an element 0Γ ∈ Γsuch that a0Γb = b0Γa = 0S for all a, b ∈ S and
0Γ+ β = β for all β ∈ Γ, then 0Γ is called the zero of Γ. When the context
is clear we simply write 0 instead of 0Γ. Throughout this paper we consider
Γ-semiring with zero.

Let S be a Γ-semiring. An element a ∈ S is called a left identity (resp.



Generalized centroid of Γ-semirings 807

right identity ) of S if x = aγx ( resp. x = xγa ) for all x ∈ S and γ ∈ Γ. If
a is both a left and right identity, then a is called an identity of S. In this
case we say that S is a Γ-semiring with identity . If A and B are subsets of
a Γ-semiring S and ∆ ⊂ Γ, we denote by A∆B, the subset of S consisting
of all finite sums of the form

X
aiαibi where ai ∈ A, bi ∈ B and αi ∈ ∆.

For the singleton subset {x} of S we write x∆A instead of {x}∆A.
A nonempty subset I of a Γ-semiring S is called a subΓ-semiring of S

if I is a subsemigroup of (S,+) and aγb ∈ I for all a, b ∈ I and γ ∈ Γ. A
right (left) ideal I of a Γ-semiring S is an additive subsemigroup of S such
that I ΓS ⊂ I (SΓI ⊂ I ). If I is both a right and a left ideal of S, then
we say that I is a two-sided ideal or simply an ideal of S.

Let S be a Γ- semiring. A proper ideal P of S is said to be semiprime
if for any ideal A of S, AΓA ⊆ P implies that A ⊆ P . A Γ-semiring S is
called a semiprime Γ-semiring if < 0S > is a semiprime ideal of S.

Theorem 1. [1, Theorem 3.6.] If P is an ideal of a Γ-semiring S then the
following conditions are equivalent:

i) P is semiprime.
ii) If a ∈ S such that aΓSΓa ⊆ P then a ∈ P .
iii) For a ∈ S if < a > Γ < a >⊆ P then a ∈ P .
iv) If U is a right ideal of S such that UΓU ⊆ P then U ⊆ P .
v) If V is a left ideal of S such that V ΓV ⊆ P then V ⊆ P .

A commutative Γ-semiring S is said to be Γ-semifield if for any a(6=
0) ∈ S and for any α ∈ Γ there exists b ∈ S, β ∈ Γ such that aαbβd = d
for all d ∈ S.

An element a of Γ-semiring S is regular if there exists x ∈ S and α, β ∈ Γ
such that a = aαxβa. A Γ-semiring S is regular if every element in S is
regular.

Let S be a Γ-semiring. A commutative monoid (M,+) with additive
identity 0M is said to be a right Γ-semiring S-semimodule or simply a
ΓS-semimodule, if there exists a mapping M × Γ× S → M (images to be
denoted by aαS for a ∈M,α ∈ Γ, s ∈ S) satisfying the following conditions
for all a, b ∈M , for all s, t ∈ S and for all α, β ∈ Γ:

i) (a+ b)αs = aαs+ bαs,

ii) aα(s+ t) = aαs+ aαt,

iii)a(α+ β)s = aαs+ aβs,

iv) aα(sβt) = (aαs)βt,

v) 0Mαs = 0M = aα0S .
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One defines a left Γ-semiring S-semimodule in an analogous fashion.
Let R and S both be Γ-semirings and f a map of R into S. Then f is a Γ-
homomorphism if and only if f (r1 + r2) = f (r1) + f (r2) and f (r1γr2) =
f (r1) γf (r2) for all r1,r2 ∈ R and for all γ ∈ Γ. A Γ-homomorphism of
semirings which is both injective and surjective is called isomorphism. If
there exists isomorphism between Γ-semirings R and S we write R ∼= S. If
f : R → S is Γ-homomorphism of semirings, then Im (f) = {f (r)| r ∈ R}
is Γ-subsemiring of S.

Let S be Γ-semiring, M and N be ΓS-semimodule. Then a function f
from M to N is a right ΓS-semimodule homomorphism if and only if the
following conditions are satisfied:

i) f (m1 +m2) = f(m1) + f(m2) for all m1,m2 ∈M,
ii) f(mαs) = f (m)αs for all m ∈M , for all s ∈ S and for all α ∈ Γ.

3. Generalized centroid

Definition 1. Let S be Γ-semiring. For a subset U of S,

AnnlU = {a ∈ S| aΓU = h0Si}

is called the left annihilator of U . A right annihilator AnnrU can be defined
similarly.

Lemma 1. Let S be a semiprime Γ-semiring and U a non-zero ideal of S.
Then AnnlU = AnnrU and in this case we will write AnnlU = AnnrU =
AnnU . Also AnnU ∩ U = h0Si.

Proof. It is clear that AnnlU and AnnrU are ideals of S. Since
AnnlUΓU = h0Si, UΓAnnlUΓUΓAnnlU = h0Si. Since S is semiprime
Γ-semiring, we get UΓAnnlU = h0Si. That is, AnnlU ⊆ AnnrU . On
the other hand, since UΓAnnrU = h0Si, we have AnnrUΓUΓAnnrUΓU =
h0Si . Then, AnnrUΓU = h0Si. Hence AnnrU ⊆ AnnlU , and so, AnnlU =
AnnrU .

Since AnnU ∩ U is an ideal of S and (AnnU ∩ U)Γ (AnnU ∩ U) ⊆
UΓAnnU = h0Si, we have AnnU ∩ U = h0Si, since S is semiprime Γ-
semiring. 2

Lemma 2. Let S be a semiprime Γ-semiring. Let us denote by F a set of
all ideals of S which have zero annihilator in S. In this case, the set F is
closed under multiplication.
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Proof. Let U and V be in F . The equality UΓV βx = h0Si for x ∈ S
and all β ∈ Γ yields V βx ⊆ AnnrU = h0Si, i. e., V βx = h0Si and so
x ∈ AnnrV = h0Si which implies x = 0S. Then we get UΓV ∈ F . 2

Lemma 3. Let S be a semiprime Γ-semiring and U a nonzero ideal of S.
Then U ∈ F if and only if U has nonzero intersection with any nonzero
ideal of S.

Proof. Let U ∈ F . Then h0Si 6= UΓV ⊆ U ∩ V where V is nonzero
ideal of S.

Conversely, since U ∩AnnU = h0Si, then AnnU = h0Si and so U ∈ F .
2

Remark 1. If U , V ∈ F , then U ∩ V ∈ F .

Let S be a semiprime Γ-semiring such that SΓS 6= S. The ideals U of
S and S regard as right ΓS-semimodules. Denote

M : = {f : U → S | < 0S >6= U is ideal of S,
f is right ΓS-semimodule homomorphism }.

Define a relation ∼ on M by f ∼ g ⇔ ∃ K(∈ F ) ⊆ U ∩ V such that
f = g on K where Uand V are domains of f and g respectively. Since the
set F is closed under multiplication, it is possible to find a nonzero K and
so ” ∼ ” is an equivalence relation.

This gives a chance for us to get a partition of M . Then we denote
the equivalence class by bf = [U, f ], where bf := {g : V → S | f ∼ g} and
denote by Qr set of all equivalence classes. That is,

Qr = {cf | f : U → S is right ΓS-semimodule homomorphism and
< 0S >6= U is ideal of S }.

Now we define an addition ” + ” on Qr as follows:

bf + bg = df + g

for all bf, bg ∈ Qr. Let bf, bg ∈ Qr where U and V are domains of f and
g respectively. Therefore f + g : U ∩ V → S is a right ΓS-semimodule
homomorphism. Assume that f1 ∼ f2 and g1 ∼ g2 where U1, U2, V1 and
V2 are domains of f1, f2, g1 and g2 respectively. Then ∃K1(∈ F ) ⊆ U1 ∩U2
such that f1 = f2 on K1 and ∃K2(∈ F ) ⊆ V1 ∩V2 such that g1 = g2 on K2.
Taking K = K1 ∩K2. Then K ∈ F and
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K = K1 ∩K2 ⊆ (U1 ∩ U2) ∩ (V1 ∩ V2)
= (U1 ∩ V1) ∩ (U2 ∩ V2) .

For any x ∈ K, we have (f1 + g1) (x) = f1 (x)+g1 (x) = f2 (x)+g2 (x) =
(f2 + g2) (x), and so f1+g1 = f2+g2 onK. Therefore f1+g1 ∼ f2+g2 where
f1 + g1 : U1 ∩ V1 → S and f2 + g2 : U2 ∩ V2 → S are right ΓS-semimodule
homomorphisms. That is, addition ”+” is well-defined. Now we prove

that Qr is a commutative monoid. It is shown easly that bf + ³bg + bh´ =³ bf + bg´+ bh and bf + bg = bg + bf for all bf, bg, bh ∈ Qr.

Taking bθ ∈ Qr where θ : S → S, x 7→ 0S for all x ∈ S. Let bf ∈ Qr,
where U is domain of f . Since U ⊆ U ∩ S, we get for all x ∈ U ,

(f + θ) (x) = f (x) + θ (x) = f (x) + 0S = f (x)

and

(θ + f) (x) = θ (x) + f (x) = 0S + f (x) = f (x) .

Thus, bf + bθ = bθ + bf = bf. Hence bθ is the additive identity in Qr.
Since SΓS 6= S and S is a semiprime Γ-semiring, SΓS(6=< 0S >) is

an ideal of S. Therefore SβS ∈ F for every β (6= 0) ∈ Γ. We can take the
homomorphism 1SΓ : SΓS → S as a unit ΓS-semimodule homomorphism.
Note that SβS 6=< 0 > for all < 0 >6= β ∈ Γ so that 1Sβ : SβS → S is
nonzero ΓS-semimodule homomorphism. Denote

N : = {1Sβ : SβS → S | 0 6= β ∈ Γ },

and define a relation ” ≈ ” on N by 1Sβ ≈ 1Sγ ⇔ ∃W := SαS(6=< 0 >) ⊆
SβS ∩SγS such that 1Sβ = 1Sγ on W where SβS and SγS are domains of
1Sβ and 1Sγ respectively. We can easily check that ” ≈ ” is an equivalence
relation on N . Denote by bβ = [SβS, 1Sβ ], the equivalence class containing
1Sβ and by bΓ the set of all equivalence classes of N with respect to ” ≈ ”,
that is, bβ: = {1Sγ : SγS → S | 1Sβ ≈ 1Sγ}

and bΓ := {bβ | 0 6= β ∈ Γ}. Define an addition + on bΓ as follows:
bβ + bγ = dβ + γ

for all β(6= 0), γ(6= 0) ∈ Γ. Then it is routine to check that (bΓ,+) is com-
mutative monoid.
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Now we define a map (−,−,−) : Qr× bΓ×Qr → Qr, ( bf, bβ , bg ) 7→ bf bβ bg,
as follows: bf bβ bg = dfβg
where U,V and SβS are domains of f , g and 1Sβ respectively. Therefore
f1Sβg : V ΓSβSΓU → S is a right ΓS-semimodule homomorphism where

V ΓSβSΓU = {
X
finite

viγisiβriαiui | vi ∈ V, ui ∈ U, si, ri ∈ S and γi, αiΓ },

an ideal of S. Assume that f1 ∼ f2, g1 ∼ g2 and 1Sβ ≈ 1Sβ0 where

U1, U2, V1, V2, SβS and Sβ
0
S are domains of f1, f2, g1, g2, 1Sβ and 1Sβ0 re-

spectively. Then ∃K1 ⊆ U1 ∩ U2 such that f1 = f2 on K1, ∃K2 ⊆ V1 ∩ V2
such that g1 = g2 onK2 and ∃W ⊆ SβS∩ Sβ0S such that 1Sβ = 1Sβ0 onW.

Also V1ΓSβSΓU1 ∩ V2ΓSβ
0
SΓU2 ⊆ (U1 ∩ SβS ∩ V1)∩

³
U2 ∩ Sβ

0
S ∩ V2

´
=

(U1 ∩ U2) ∩ (V1 ∩ V2) ∩ (SβS ∩ Sβ
0
S) and there exists < 0S >6= K is an

ideal of S such that K ⊆ V1ΓSβSΓU1 ∩ V2ΓSβ
0
SΓU2. For any x ∈ K, x ∈

V1ΓSβSΓU1∩V2ΓSβ
0
SΓU2. Hence x ∈ V1ΓSβSΓU1 and x ∈ V2ΓSβ

0
SΓU2.

Then, x =
X
finite

viγisiβriαiui; vi ∈ V1 ∩ V2, ui ∈ U1 ∩ U2, si, ri ∈ S and

γi, αiΓ. Therefore

(f11Sβg1) (x) = f1(1Sβ(g1(
X
finite

viγisiβriαiui)))

= f1(g1(
X
finite

viγisiβriαiui))

= f1(
X
finite

g1 (vi) γisiβriαiui) = f1(
X
finite

g2 (vi) γisiβriαiui)

= f2(
X
finite

g2 (vi) γisiβriαiui) = f2(g2(
X
finite

viγisiβriαiui))

= f2(1Sβ0 (g2(
X
finite

viγisiβriαiui))) =
³
f21Sβ0g2

´
(x)

and so f11Sβg1 = f21Sβ0g2 on K. Hence, cf1 bβ bg1 = cf2 bβ0 bg2. That is, ”.” is
well-defined. Now we will prove that Qr is a bΓ-semiring with identity.

Let bf, bg, bh ∈ Qr where U , V and W are domains of f , g and h respec-
tively and bγ ∈ bΓ where SγS is domains of 1Sγ. Since
(V ∩W )ΓSγSΓU ⊆ V ΓSγSΓU∩WΓSγSΓU , we get for all x ∈ (V ∩W )ΓSγSΓU ,
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[f1Sγ (g + h)] (x) = f (1Sγ (g + h) (x))
= f (1Sγ(g (x) + h (x)))
= f (1Sγ(g (x)) + 1Sγ(h (x)))
= f (1Sγ(g (x))) + f (1Sγ(h (x)))
= (f1Sγg)(x) + (f1Sγh) (x)
= [f1Sγg + f1Sγh] (x) .

Hence f1Sγ(g+h) = f1Sγg+f1Sγh on (V )ΓSγSΓU.That is, bfbγ ³bg + bh´ =bf bγbg + bf bγbh. Similarly, the equalities ( bf + bg)bγ bh = bfbγ bh + bgbγ bh andbf( bγ + bβ) bg = bfbγ bg + bf bβ bg are proved in analogous way. Also, letbf, bg, bh ∈ Qr where U , V and W are domains of f , g and h respec-
tively and bγ, bβ ∈ bΓ where SγS, SβS are domains of 1Sγ , 1Sβ respec-
tively. Since WΓSβSΓ (V ΓSγSΓU) = (WΓSβSΓV )ΓSγSΓU , we get for
all x ∈WΓSβSΓ (V ΓSγSΓU),

[(f 1Sγg)1Sβh] (x) = ((f1Sγg)1Sβ) (h (x))
= f (1Sγg (1Sβh (x)))
= f (1Sγ (g1Sβh) (x))
= [f1Sγ (g1Sβh)] (x) .

Hence (f 1Sγg)1Sβh = f1Sγ (g1Sβh) on WΓSβSΓ (V ΓSγSΓU) . That

is, ( bf bγbg)bβbh = bf bγ(bg bβbh). Next we will show that Qr has an identity. TakingbI ∈ Qr where I : S → S, s 7→ s for all s ∈ S. Let bf ∈ Qr, where U is
domain of f and bγ ∈ bΓ where SγS is domains of 1Sγ Since SΓU ⊆ U,
we get for all x ∈ SΓSγSΓU , (f1Sγ I) (x) = f(1Sγ( I (x))) = f (x) and

(I1Sγf) (x) = I (1Sγ(f (x))) = f (x). Thus, bfbγ bI = bIbγ bf = bf . Hence bI is
the multiplicative identity in Qr. Therefore (Qr,+, .) is a bΓ-semiring with
identity. Moreover we have that bθ 6= bI.

Finally, noticing that the mapping φ : Γ → bΓ defined by φ(γ) = bγ for
every 0 6= γ ∈ Γ is an isomorphism, we know that the bΓ-ring Qr is a Γ-
semiring. Thus, (Qr,+, .) be a Γ-semiring. One can, of course, characterize
Ql, the left quotient Γ-semiring of S in a similar manner.

Definition 2. A Γ-semiring S is said to be right (left) multiplicatively
cancellable if xγy = zγy; ( resp. xγy = xγz ) for all x, y, z ∈ S and for all
γ ∈ Γ implies that x = z ( resp. y = z ).

Let S is a semiprime Γ-semiring. If S is right multiplicatively cancellable
semiring, then S may be embedded in Qr as a subΓ-semiring. Let a ∈ S.
Define λaγ : S → S by λaγ (s) = aγs for all s ∈ S and for all γ ∈ Γ. It is
clear that λaγ is a right ΓS-semimodule homomorphism, so that λaγ defines
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element bλaγ of Qr. Hence we may define ψ : S → Qr by ψ (a) = bλaγ for
a ∈ S. ψ is a monomorphism.

Therefore S is subΓ-semiring of Qr. We call Qr the right quotient Γ-
semiring of S. For purposes of convenience, we use q instead of q̂ ∈ Qr.

Definition 3. The set

CΓ := {q ∈ Qr| qγp = pγq for all p ∈ Qr and for all γ ∈ Γ}

is called the generalized centroid of a Γ-semiring S.

Remark 2. Assume that q = [U, f ] ∈ CΓ. For all s ∈ S, [S, λs] . [SβS, 1Sβ]
. [U, f ] = [U, f ] . [SβS, 1Sβ ] . [S, λs] and so there existsK(∈ F ) ⊆ UΓSβSΓS∩
SΓSβSΓU such that λs1Sβf = f1Sβλs on K. From here, (λs1Sβf)(x) =
(f1Sβλs)(x) for all x ∈ K, i.e., sβf(x) = f (sβx) . Hence f acts as a ΓS-
semimodule homomorphism on K.

The following theorem characterizes the quotient Γ-semiring Qr of S.
The proof is same the proof of the corresponding theorem in ring theory
and we omit it.

Theorem 2. Let S be a right multiplicatively cancellable semiprime Γ-
semiring and Qr the quotient Γ-semiring of S. Then the Γ-semiring Qr

satisfies the following properties:
(i) Qr is semiprime Γ-semiring.
(ii) For any element q of Qr, there exists an ideal of Uq ∈ F which has zero
annihilator with a right ΓS-semimodule homomorphism q : U → S, such
that q(Uq) ⊆ S ( or qγUq ⊆ S for all γ ∈ Γ).
(iii) If q ∈ Qr and q(Uq) = {0S} for a certain Uq ∈ F (qγUq = {0S} for a
certain Uq ∈ F and for all γ ∈ Γ), then q = 0.
(iv) If U ∈ F and Ψ : U → S is a right ΓS-semimodule homomorphism,
then there exists an element q ∈ Qr such that Ψ(u) = q(u) for all u ∈ U
(or Ψ(u) = qγu for all u ∈ U and for all γ ∈ Γ).
(v) Let W be a subΓS-semimodule ( an (S, S) subbiΓS-semimodule) in Qr

and Ψ : W → Qr a right ΓS-semimodule homomorphism. If W contains
the ideal U of S such that Ψ(U) ⊆ S and AnnU = AnnrW, then there is
an element q ∈ Qr such that Ψ(b) = q(b) for any b ∈W (or Ψ(b) = qγb for
any b ∈ W and γ ∈ Γ) and q(a) = 0 for any a ∈ AnnrW (or qγa = 0 for
any a ∈ AnnrW and γ ∈ Γ).
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Theorem 3. Let S be a right multiplicatively cancellable semiprime Γ-
semiring and CΓ the generalized centroid of S. Then all elements of CΓ are
multiplicatively regular.

Proof. Let a be an element of CΓ. Then a, a2 ∈ Qr and so we get
that Ua and Ua2 are nonzero ideals which have zero annihilators in S.
Hence J = Ua ∩ Ua2 ∈ F we consider the mapping Ψ : J → S de-
fined by Ψ(a2βx) = aβx for any β ∈ Γ where x runs through the set
J . Let a2βx = a2βy. Since a2 ∈ CΓ, xβa

2 = yβa2. Let a2 = [Ua2 , f ]
and so [S, λx] . [SβS, 1Sβ ] . [Ua2 , f ] = [S, λy] . [SβS, 1Sβ] . [Ua2 , f ]. Therefore
there exists K ∈ F such that K ⊆ Ua2ΓSβSΓS and λx1Sβf = λy1Sβf
on K. For all z ∈ K, (λx1Sβf)(z) = (λy1Sβf)(z) and so xβf(z) =
yβf(z). Since S be right multiplicatively cancellable Γ-semiring, we get
x = y. Thus aβx = aβy. That is, Ψ is well-defined. It is easy to
see that Ψ is right ΓS-semimodule homomorphism. There exists a1 ∈
Qr such that a1αa

2βx = aβx for all x ∈ J . We have that a1αa
2 =

a. Let us prove that the element a1 in CΓ. Let q be an arbitrary ele-
ment of Qr. Then (a1αa

2)2βq = qβ(a1αa
2)2 and so a4αa21βq = a4αqβa21.

Multiplying this equality from left by aαa31, we get aαa1βq = aαqβa1.
Assume that a = [Ua, d] , a1βq = [V, g] and qβa1 = [H,h]. Therefore
[V, g] . [SαS, 1Sα] . [Ua, d] = [H,h] . [SαS, 1Sα] . [Ua, d] and so there exists
L(∈ F ) ⊆ UaΓSαSΓV ∩ UaΓSαSΓH such that g1Sαd = h1Sαd on L.
Since a ∈ CΓ, there exists W ∈ F such that d is a ΓS-semimodule homo-
morphism onW . On the other hand d−1(W ∩L) is an ideal which has zero
annihilator in S, of S. Also gd = hd on d−1(W ∩ L) ∩ L. Hence g = h on
W ∩ L. That is, a1βq = qβa1. This completes the proof. 2

Lemma 4. CΓ is multiplicatively cancellable Γ-semiring.

Proof. Let sβp = sβq for p, q, s ∈ CΓ. Then

[H,h] . [SβS, 1Sβ] . [U, f ] = [H,h] . [SβS, 1Sβ] . [V, g]

where p = [U, f ] , q = [V, g] , s = [H,h]. Hence there exists ({0S} 6=)K ∈ F
such that K ⊆ UΓSβSΓH ∩ V ΓSβSΓH and h1Sβf = h1Sβg on K. Since
f, g, h ∈ CΓ, there exists W ∈ F such that f(x)βh(y) = g(x)βh(y) for all
x, y ∈ K ∩W . And so f = g on K ∩W . That is, p = q. Thus CΓ is
multiplicatively cancellable Γ-semiring. 2
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We have showed that all elements of CΓ are multiplicatively regular. For
any element a ∈ CΓ, there exists an element a1 in CΓ such that a1βa

2 = a.
Since CΓ is multiplicatively cancellable Γ-semiring, a1βa = I. Thus all
nonzero elements of CΓ have multiplicative inverse. Thus we have the
following result:

Corollary 1. CΓ is a Γ-semifield.

We now let SΓ = SΓCΓ, a subΓ-semiring of Qr containing S. We shall
call SΓ the central closure of S. The same proof used in showing that Qr

was semiprime may be employed to show that SΓ is semiprime.

Proposition 1. Let S be right multuplicatively cancellable semiprime Γ-
semiring and SΓ be the central closure of S. Then SΓ is a right multiplica-
tively cancellable semiprime Γ-semiring.

Proof. The proof is similar with the proof of [7, Proposition-2]. But we
notice that ideals are in F in the proof. 2

Theorem 4. Let S be multiplicatively cancellable semiprime Γ-semiring.
If a and b are nonzero elements in SΓ such that aγxβb = bβxγa for all
x ∈ S and for all γ, β ∈ Γ then there exists q ∈ CΓ and γ ∈ Γ such that
qγa = b.

Proof. The proof is similar with the proof of [7, Theorem-3]. But we
notice that ideals are in F in the proof. 2

Theorem 5. Let f : S → SΓ be an additive map satisfying f(xβy) =
f(x)βy for all x, y ∈ S and β ∈ Γ. Then there exists q ∈ Qr(SΓ) such that
f(x) = qβx for all x ∈ S.

Proof. Let us extend f from S to SΓ according to f (
P

xiαiλi) =P
f(xi)αiλi, where xi ∈ S, αi ∈ Γ and λi ∈ CΓ. Let

P
xiαiλi =

P
yiαiβi,

xi, yi ∈ S, λi, βi ∈ CΓ. There exists a nonzero ideal K in S such that
λiαK ⊆ S for every i. For a ∈ K, the sum

P
xiαi(λiγa) in S. Then,P

xiαi(λiγa) =
P

yiαi(βiγa)P
f(xi)αiλiγa =

P
f(yi)αiβiγa

(
P

f(xi)αiλi) γa = (
P

f(yi)αiβi) γa.
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Since SΓ is a right multiplicatively cancellable semiring, we getP
f(xi)αiλi =

P
f(yi)αiβi. And so, f (

P
xiαiλi) = f (

P
yiαiβi). That

is, f is well-defined. The fact that f(xαy) = f(x)αy for all x, y ∈ SΓ
can be seen by a direct computation. Thus f : SΓ → SΓ is a right SΓ
homomorphism, hence there exists q ∈ Qr(SΓ) such that f(x) = qβx,
x ∈ S. Since f is an extension of f, this proves the theorem. 2
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