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Abstract

Triple sequence spaces were introduced by Sahiner et al. [27, 28].
The main objective of this paper is to define some new classes of triple
sequences over n-normed space by means of Museiak-Orlicz function
and difference operators. We also study some algebraic and topological
properties of these new sequence spaces.
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1. Introduction

By w" we shall denote the class of all complex triple sequence (a;;i), where
1,7,k € N, the set of positive integers. Then, w”’ is a linear space under
the coordinate wise addition and scalar multiplication.

A triple sequence can be represented by a matrix, in case of double se-
quences we write in the form of a square. In case of triple sequence it will
be in the form of a box in three dimensions. The different types of notions
of triple sequence was introduced and investigated initially by Sahiner et
al. [27, 28] , Esi [7], Esi and Catalbas [8], Esi and Savas [9], Datta [2],
Debnath [3] and many others.

The concept of 2-normed spaces was initially developed by Gdéhler [11],
in the mid of 1960’s while that of n—normed spaces was studied by Misiak
[21]. Since then many authors have studied n—normed spaces and obtained
various results, see Gunawan ([12, 13]) and Gunawan and Mashadi [14].

Kizmaz [19] introduced the notion of difference sequence spaces as follows
Z(A) ={zx=(z) e w: (Axy) € Z}
for
Z =1l , c and cy, Alx) = xp — 441, A%(2) = 24
The study was further generalized by Et and Colak [10] by introducing the
spaces loo(A™) , ¢(A™) and co(A™).

The difference operator on triple sequence is defined as
ATpmnk = Tmnk — T(m-+1)nk
~Tmn+1)k — Tmn(k+1) T T(m+1)(n4+1)k
TL(mt1)n(k+1) T Tm(n+1)(k+1) — L(m+1)(n+1)(k+1)-
2. Definitions and preliminaries

Definition 2.1. [27] A triple sequence (a;;i) is said to be convergent to L
in Pringsheim’s sense if for every ¢ > 0, there exists N(e) € N such that

lagjr — L] < € whenever > N,j> N, k>N

and is written as lim; j ;.o a;j1 = L.
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Note: A triple sequence is convergent in Pringsheim’s sense may not be
bounded [27].

Definition 2.2. [27] A triple sequence (a;;1,) is said to be Cauchy sequence
if for every € > 0, there exists N(e) € N such that

|@iji — Qumn| < € whenever 1>1>N,7>m>N,k>n>N

Definition 2.3. [27] A triple sequence (a;;i,) is said to be bounded if there
exists M > 0, such that |a;;i| < M for all i,j,k € N.

Definition 2.4. [2]A Triple sequence spaceY is said to be Solid if (k1) €
Y whenever (a;;) € Y and for all triple sequences (i) of scalars with
|Oé7;jk| <1, for all i,j,k € N.

Definition 2.5. [2] A Triple sequence space Y is said to be monotone if it
contains the canonical pre-images of all its step spaces .

Note: A sequence space is solid implies that it is monotone.

Definition 2.6. [18],[24]

(Orlicz function and Musielak-Orlicz function)

An Orlicz function is a function M : [0,00) — [0,00) which is contin-
uous, non-decreasing and convex with M(0) = 0, M(z) > 0, for z > 0
and M(z) — oo as ¢ — oo. If convexity of Orlicz function M is replaced
by M(x+vy) < M(xz)+ M (y); then this function is called modulus function.

Lindenstrauss and Tzafriri [20] used the idea of Orlicz function to con-
struct Orlicz sequence space:

o0

KM:{xGw:ZM<M><oo, forsomep>0}

— p
k=1
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The space {j; with the norm:

HxH:inf{p>O:§:M(M) 31}

k=1 p

becomes a Banach space which is called an Orlicz sequence space. For
M(t) =1tP (1 <p < ), the space €y coincide with the classical sequence
space {(p > 1).

A sequence f = (fmnk) of Orlicz function is called a Musielak-Orlicz func-
tion. A sequence g = (gmnk) defined by

Imnk(v) = sup{|v|u — (frnk)(w) 1w >0} m,nk=1,2,3,---

is called the complementary function of a Musielak-Orlicz function f. For
a given Musielak-Orlicz function f, the Musielak-Orlicz sequence space t ¢
is defined as follows:

ty = {m ew” : Iy (]mmnk|)m+;+k —0 as m,n,k— oo}

where I is a convex modulus function defined by:

o0 o0 o0 1
m=1n=1k=1

Orlicz function M satisfies As—condition if and only if for any constant
L > 1 there exists a constant K (L) such that M (Lu) < K(L)M (u) for all
values of u > 0. An Orlicz function M can always be represented in the
following integral form

M(z) = /0 ()t

Where 7 is known as the kernel of M, is right differentiable for t > 0,
n(0) =0, n(t) > 0, n is non-decreasing and n(t) — oo as t — oc.

Definition 2.7 (n-Normed Space). Let n € N and X be a linear space
over the field R of reals of dimension d, where 2 < d < n. A real valued
function || -, ..., || on X™ satisfying the following four conditions:

(1) ||z1, 2, ..., xs]| = 0 if and only if x1, T3, ..., T, are linearly dependent
in X;



Some new triple sequence spaces over n-normed space 551

(2) ||x1,z2, ..., xn|| is invariant under permutation;
(3) ||lax1, x2, ..., || = |a||x1, 2, ..., Tp]|| for any a € R;
(4) ||J:1 + xl17x27 amnH < ||:E17$2a 71'71” + ||J:,1a$2a '--7$n||;

is called an n-norm on X and (X, || ..., ||) is called an n—normed space
over the field R.

For example (R"™,|| -, ..., ||g) where

|x1, 22, ..., xn||g = the volume of the
n — dimensional parallelopiped spanned by the vectors
T1,22, ..., Tn

which can also be written as

|z1, 22, ..., zn || = | det ()|

where x; = (1, T2, , Tin) € R" foreachi =1,2,--+ n. Let (X, ||, ...,-||)
be an n—normed space of dimension 2 < n < d and {ai,as,---,a,} be
linearly independent set in X. Then the following function |-, ..., ||lcc 0On

X"~ defined by
lz1, 22y ooy Tn—1l|co = max{||z1, x2, ..., Tn-1,0a;|| : 4 =1,2,...,n}

defines an (n — 1)-norm on X with respect to {ai,az,...,an}.

A sequence (zy) in a n-normed space (X, ||+, ..., ||) is said to converge to
some L € X if

lim ||z — L, 21, ..., 2n—1]| =0  for every z1,...,2,-1 € X.
k—o0
A sequence (xy) in a n-normed space (X, |-, ...,||) is said to be Cauchy
if
lim |zr —zp, 21,..., 2n—1]| =0  forevery zi,...,2,—1 € X.
k,p—’OO

If every Cauchy sequence in X converges to some L € X, then X is said
to be complete with respect to the n-norm. Any complete n-normed space
is said to be n-Banach space. The n-normed space has been studied in

stretch ([1], [4], [5], [6], [21], [22].[23]).
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Definition 2.8. [30] (Paranormed Space)
Let X be a linear metric space. A function p : X — R is called paranorm,
if

(1) p(z) >0, forallx € X

(2) p(—z) = p(x), for allz € X

(3) p(z +y) < p(z) +p(y), for allz,y € X

(4) If (\,) is a sequence of scalars with A\, — X as n — oo and () is

a sequence of vectors with p(z, —x) — 0 as n — oo, then p(\,z,, —
Ax) — 0 as n — o0.

A paranorm p for which p(z) = 0 implies © = 0 is called total paranorm
and the pair (X,p) is called a total paranormed space. It is well known
that the metric of any linear metric space is given by some total paranorm.
For further reference on paranormed space ([15-17], [25] , [26]).

If p = (piji) is a triple sequence of positive real numbers with
0 < piji < suppije = G, K = max(1,2671)

Then
(2.1) |aiji + b Pt < K{l|agjr|P7* + |bije[Pi* }

for all i, j, k and triple sequences a;ji, bijx € C. Also |a|Piss < max(1,]a|“)
for all a € C.

3. Construction of triple n—normed sequence spaces

Now we introduce the new class of triple sequence spaces using Orlicz func-
tions and difference operator on n— normed space, if M is an Orlicz func-
tion and p = (p;;x) is a triple sequence of strictly positive real numbers and
(X, ]|y .-, ]|) is a real linear n-normed space we define the following classes
of sequences:
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for each z1,- -+, 2,1 € X, for some p > 0 and L > 0},

Wy (M, A, p, ||, ..., -||) = {({ar) € 0" : liml,m# —
Aa; ik

i S5 Sy (M (|25 21z [)) ™ = 0,

for each z1,- -+, 2z,-1 € X, for some p > 0},
and

Wég(M> A,p, Hv ey H)

— {lagh) € 0" DL L e T Y TR
(5 <

for some p > 0},
Some Special Cases

(i). If we take p = (piji) = 1, we get
W/"(Mv A? ||7 ) ||) = {<aijk> € w”: liHll,m,n ﬁ

L i (M (|25 ) =

for each z1,---,2,-1 € X, for some p > 0 and L > 0},
Wy (M, A .., -|) = {(aijn) € w” < limy g, ﬁ

S i (4 (|22 5 ) <0

for each z1,---,2,-1 € X, for some p > 0},
and
W&/(M?A? H77||)

= {{aijr) € W" : sup 2z 1 €X T it 21 k=1

(5 ) <

for some p > 0},

(ii). If we take M(z) = x, we get

553
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W (A p, ||y eesl]) = {<aijk> cw"

. 1
hml,m,nmz 12] 1Zk 1(’

Aa;ip—L Pijk
‘ 1] 7215'”7271—1H) :Oa

for each z1,-++,2,-1 € X, for some p > 0 and L > 0},

WW(A b, H H) - {<a2]k> e w" hmlmn ﬁ

n
Aa; Pik
Z 12 1Zk: I(H_Q'Lk Ry "y Rn— IH) ? =0,

for each z1,---,2,-1 € X, for some p > 0},

and
Wég(M7 A,p, ”7 e H)

= {{a;jr) € w" : SUPLimn 4y oz 1eX lmn Z =1 2?:1 > k=1
Aa;; Pijk
(1285 o <

for some p > 0},

Theorem 3.1. Let M be an Orlicz function and p = (p;ji) be bounded
triple sequence of strictly positive real numbers. Then the classes of se-

quences W”I(M, Aap7 ||a Sx) ||)a W(I)”(Ma Aapv ||> ) H) and
W2Z(M,A,p,|,...,-||) are linear spaces over the field of real numbers R.
Proof.  Let (ajji), (biji) € WII(M,A,p, |-, ...,-||) and o, 5 € R. Then

there exist positive real numbers p1, p2 such that

1

I m n
i —ZZZ{ (HAaz]k Ry "y 2n—1
1

Lm,n Imn i=1j=1k=1
21,20 —1€X

Pijk
)] < 00,

for some p; > 0

and

sup ZZZ {M (Hwazla"'aznl

Lm.mn Imn “
21y 52n—1 ex

Pijk
)] < 00,

for some pg > 0.
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Let ps = max(2|a|p1,2|8|p2), then since |-, ..., || is a n-norm on X and
M is non-decreasing, convex and so by using inequality (2.1), we have
Suplm” 21,2n—1€X : | »
Aaa--k—l-ﬁbyk ijk
lmn ZiZI ijl Zk:l {M (‘ ”,03 = y 21,7y An—1
1 Aaaij
< SUP;m,n 21,,2n_1€X Imn Z =1 Z =1 Zk 1 [ (H p3] )Ryt 7Zn—1"
Dijk
+ H_‘L 21,y Zn—1
1 l m n 1 Alagjir] Pijk
< KSUpl,m,n 21,z 1€X Imn >i=1 Zj:l k=1 oPijk [ (H — R, 7Zn—1H)]
3 Alb; ik Pijk
+K bIII)Z,’H’L,TL 21, 2n-1€X lmn = 12] 1 Zk} 1 2p13k |: (H y %Ly " y An—1

1 Alagji] Pijk
< KSupljmjn 21,,2n_1€X Imn Z =1 Z =1 Zk 1 [ (H p1] y#1y " Rn—1

i Pijk
—i—KSUmem 21, ,2n—1€X lmnZ 12 1Zk 1[ (H—& “1y Zn71H>]

< 00.
Thus we have a(a;ji) + B{bijr) € WM, A, p, |-, ....-|])-
Hence WZ/(M,A,p,|,...,+||) is a linear space. Similarly it can be shown
that W" (M, A, p, ||, .. ||) W§' (M, A, p, ||, ..., -||) are linear spaces over the

field of reals R. O

Theorem 3.2. Let M be an Orlicz function and p = (p;j;) be bounded
triple sequence of strictly positive real numbers. The sequence spaces

WM, A p, (|- o[, W' (ML A py [+ -y l]) and WM A, p, |, ... -|]) are
paranormed spaces, paranormed by
9(aijr)) =

sup; |a;11| + sup; |aij1] + supy, [a11|

+inf { p7H > 0:sup; 1 EX {M (H p” ,Zl,-.-,Zn—1H>:| <1

Where H = max(1,G), G = sup; j j, Pijk-

Proof.  Clearly g(0) =0 and g(—(ai;r)) = 9({aijk))-
Let (aiji), (bijr) € W (M,A,p, |-, ...,-||). The there exists some p1, p2 > 0
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such that
Pijk
Aa;: 7{L
Sup [M <H—ijvzlv"'7zn—l >:| <1
l,m,n P1
21,20 —1€X
and

Adis
sup |:M <HM7Z17”'7271—1

l,m,n
21,52 —1€X

Let p = p1 + p2, then by using Minkowski’s inequality , we have

Supl,m,n 21, 2n—1€X

Dijk
Aaiji+Abgji H
L e CIRRE )]
Pijk
< (L1 M Aajjk e
— \p1tp2 SUD; m,n 21,2 1€X o 0L Al
Pijk
+ (=) su M Abijk ez 1 <1
p1+p2 Plmn 21, 2n—1€X p2 ) 1, y “n—1 > 1.

Now
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9({aiji) + (bijk))
= sup; [a;11 + bit1| + sup; |a1j1 + bij1| + supy [a11x + i1kl

+ inf {(m +p2) > 08Py

Aa; o+ Ab; Puk
al k H
[ (‘ p1+p2 Zl"””z"‘lH)} <1

< sup; |ai11| + sup; |bin1 | + sup; ’aljﬂ + sup; ‘bljl‘ + supy, |a11x| + supy, |b11k]

Pijk

. Uk
+inf {(pl) H >0: SUDLmp L ex

Pijk

AajitA e
[ (| Pz )7 <1

Pijk

—i—inf{(pg) > 08P mn L L ey

Pijk
Aa;ip+Ab;ik H
gk TR
[M (H 1 P2 1 ,Zl,"',anlH)} <1

= g({aijr)) + g((bijk))-

Let A € C then the continuity of the product follows from the following
inequality
9(Maijr))
= sup; [Aaj1| + sup; [Aayj1] + supy, [Aaqikl

Pijk
. Pijk Ala;; H
+1nf{( Y >0: SUP i L eX [M(H—Lp k=zl=“'7zn—1H)} §1}

= [Al(sup; [ai1| + sup; [aiji] + supy, |a1x])

+int {M PN 7 ECS |\ | o 1}.
Ix

— AL
Where 1 >

This completes the proof of the theorem. O
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Theorem 3.3. Let M be an Orlicz function and p = (p;ji) be bounded
triple sequence of strictly positive real numbers. The sequence spaces
W”/(M,A,p,H‘, H) ) ”/(M A p7|| ||) and W£<M7A7P7H'7"’7‘H)
are complete paranormed spaces, under the paranorm defined by g.

Proof.  Let (aj;;) be a Cauchy sequence in WZ(M, A, p, |-, ...,-||). Then
g((af;, — al;,) — 0 as s,t — oo. For a given ¢ > 0, choose r > 0 and
zo > 0 be such that +& >0 and M (%32) > 1. Now g({aj;;, — af;;,)) — 0 as
s,t — oo implies that there exists mg € N such that

S t €
g({a:,; —ai..)) < — for all s,t > my.
(( ijk z]kz)) rTo ’
Thus, we have
sup;
S t S t S t
lajiy — ajiq| +sup; |ai;g — aj;| + supy [afy, — ajyy,

ngk

—|—inf{( )R >0 sup, Ly

Pijk
Aas —Aat _‘HL
M —T‘L 21y "y ”n—1 <1

This shows that (aj}), (ai;1) and (af;;) are Cauchy sequences of real
numbers. As the set of real numbers is complete so there exists real numbers
a;11, 141, @11k such that

lim af, = a4 lim af;1 = ay; lim afq,. = a11k-
st ill 11 00 151 151 400 11k 11k

Then from (3.1) we have

Aa?,, —Aat
( —”%L 21,05 2n—1] ) <1
Aas., —Aat.
ijk ijk ﬁ
= Sup; ; i {M ‘ — ik 2 ] <1 )
H(Aa”k Aa”k zl, ,zn 1H <
— 2

g(<azjk: zyk
= ||(Aaf] Aaz]k) 21,y Rn— 1|| Tra T 2*
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This implies that (Aaj;;) is a Cauchy sequence of real numbers. Let

limg_, 00 Aafjk = y;k for all 7,5,k € N. Now
S _ S S S S S S S S
Aafyy = ajyy — afip — gy — @311 + Algg + 519 + A5y — 599

lims*)oo 0522
— 13 S S S S S S S S
o limsoo[ajyy — aj1e — @iy — 317 + afgg + @319 + a39; — Aajy]

= ai11 — @112 — @121 — G211 + 122 + a212 + a221 — Yi11-

Thus lim,_. a34, exists. Proceeding in this way we conclude that lim,_,+ a;

ijk
exists. Using the continuity of M, we have
Aas., — Aal.
lim sup M M,zl,---,zn,l <1.
t—=00 ik P
21, 52n—1
Let s > mg, then taking infimum of such p’s we have g({aj;, — afjk)) <
e. Thus (af;, — aik) € WE(M,A,p, ..., []). By linearity of the space
WM, A, p, |-, ...,||) we have (a;jx) € W (M, A,p,|-,...,||). Hence
WM, A, p,|...,-||) is complete. O
Theorem 3.4. Let M be an Orlicz function and p = (p;j) be bounded
triple sequence of strictly positive real numbers. Then
(1) WM, A, p, |- oll) € WEM, A, p, |-y [])
(i) Wo"(M, A, p, ||+ -s-|) € WM, A p, ||+ -, [])
Proof. The proof is easy so we omit it. O
Theorem 3.5. Let M be an Orlicz function and p = (p;j;) be bounded
triple sequence of strictly positive real numbers. Then the following relation
holds
(i) If0 < inf pijp < pijr < 1, then W" (M, A, p, |-, ..., ||) € W"(M, A, ||, ...,-|)

(ii) IFO < pij < Sup pij < 00, then W (M, A, |-, ey -|)) € W (M, A, p, |1 ooey-|])
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Proof. (i) Let (ajx) € W"(M,A,p,|-,...,||); since 0 < inf{p;jr} <
pijk < 1, we have

Supl’m ”zl Zn—1€X

1 Aa;j
Tmn Z =1 Z L1 h=1 [ (H 5,2, Zn—1H>]
< Supl,m,nz1 Zn_1€X lmn Zz 1 Z] 1 Zk 1

Aa;ir Pijk
[ (|25 20 2 )]
and hence (a;;x) € W"(M, A, ||, ..., -||).
(ii) Let pijx > 1 for each (ijk) and sup; ; , pijr. < 00. Let (azk) € W(M, A, |- ..., -[]).
Then, for each 0,€¢ < 1, there exists a positive integer N such that

5o

o | O

for all m,n > N. Since

su
plngh Zn—1€

T T T [ 5t

Aa,
S Suplvmvnzl,‘“yznflex ﬁ =1 Z =1 Zk 1 |: (H—aLk Zl, Zn_lH)]
Hence (a;jx) € W"'(M, A, p, H , .-, ||) which completes the proof. O

Theorem 3.6. Let My and Ms be Orlicz functions, then we have

W&/(MlvAvva'?”'?'H)

AW (Mo, A, p, |-, ooy <)

g Wég(Ml + M27A7p’ H7 ceey ”)
Proof.  Let (ajr) € Woo (M1, A,p, ||y ooy [) N W (May A, p, ||y ooy -|])-
Then

y 21yt Zn—1

DPijk
ﬂ < o0, for some p; >0



Some new triple sequence spaces over n-normed space 561

sup lmn ZZ Z [Mg (HAa”k 21,y Znet

Lim,n i=1j=1k=1
21,y 2n—1€X

Dijk
)} < 00, for some p; >0

Let p = max{p1, p2}. The result follows from the inequality

i S S, )
0020 ([ 252, 2

g (50 5

< KL i o ([252 5 e

O A

O
Theorem 3.7. The sequence space W (M, A, p, ||, ...,-||) is solid.
Proof.  Let (a;x) € WZ(M,A,p,|-....+]|) , that is

Aay,
sup lmn ZZZ { (H%,zh”-,znq

lim,n i=1 j=1 k=1
21,20 —1€X

Dijk
)} <o

Let (ajr) be a triple sequence of scalars such that |a;jp| < 1 for all
i,k € N.

Then we get
1
SUPmezl,---,zn,leX Imn

! A kK Pijk
D=1 2251 2=t [M (‘ — 'ﬂ«“n—l”)]

Aai . DPijk
Ssuplam’”zl, Zn—1€X lmnz 12 ]_Zk 1 [ (H—kaazla"'wznle)]
and this completes the proof. O

Theorem 3.8. The sequence space W (M, A, p, |-, ...,-||) is monotone.
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Proof. The result is obvious. O
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