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Abstract

In this paper, we derive a fractional integral identity concerning
three times differentiable generalized preinvex mappings defined on m-
invex set. By using of this identity, we obtain new estimates on gener-
alization of trapezium-like inequalities for functions whose third order
derivatives are generalized (m, hy, ha)-preinvez via Riemann-Liouville
fractional integrals. Some interesting special cases of our main result
are also considered and shown to be connected with certain known
ones.
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1. Introduction

Throughout this article, let I = [a,b] € R be the real interval and I° be
the interior of I unless otherwise specified.

In [31], Sarikaya et al. established the following interesting Hermite-
Hadamard type inequalities by using Riemann-Liouville fractional integrals.

Theorem 1.1. Let f : [u,v] — R be a positive function with 0 < u < v
and let f € L'[u,v]. Suppose f is a convex function on [u,v], then the
following inequalities for fractional integrals hold:

) () < R S + I )] < L2

where the symbol J2, f and J;_ f denote respectively the left-sided and
right-sided Riemann-Liouville fractional integrals of order o € R defined
by

I f(@) = gy Ju (@ =007 f(R)dt, u<a
and

J* f(x) = ﬁ Lt —z) f(t)dt, = <w.
Here, I'(«) is the gamma function and its definition is

I'(«) :/ e Hutdpu.
0

We observe that, for & = 1, the inequality (1.1) reduces to the following
Hermite-Hadamard inequality

(1.2) f(%) < LY f(z)de < LH)

where f : I C R — R is a convex mapping on the interval I of real numbers
and u,v € I with u < v. The inequality (1.2) is also known as trapezium
inequality.

In recent years, many researchers have studied error estimations with
respect to the inequality (1.2); for refinements, counterparts, generalization
please refer to [2, 9, 19, 7, 16, 17, 18, 28, 37, 21, 38|.

Due to the wide application of Riemann-Liouville fractional integrals,
some authors extended to study fractional Hermite-Hadamard type inequal-
ities based on the original Hermite-Hadamard’s inequality for functions of
different classes. For example, refer to [4, 6, 11, 10, 12, 27, 32] for con-
vex functions, to [34, 40] for m-convex functions, to [1] for (s,m)-convex
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functions, to [35] for r-convex functions, to [5, 14] for harmonically con-
vex functions, to [13] for quasi-geometrically convex functions, to [20] for
GA-s-convex functions, to [25, 30] for preinvex functions, to [8] for gener-
alized (o, m)-preinvex functions, to [15] for MT,,-preinvex functions, to [3]
for s-Godunova-Levin functions, to [22] for h-convex functions and see the
references cited therein.

In [23], Noor et al. established the following integral identity.

Lemma 1.1. Let f: I — R be three times differentiable function on the
interior I° of I. If f" € Lla,b], then

b—a)?
Lf (CL, b7 n, CY) - (n+1)‘1((a+)1)(a—|—2)
(1.3)

X (1 —t)o+? l - f”’(;‘—ﬁa + ;—;ﬁb> + f’”(i—;’ia + g—ﬁb)] dt,

where

Lg¢(a,b;n,a)

(n+1 n+1 n+1

_ (n+1)°" (a4 | 7a o
_ (4T _llj ity O F T f(b)]

b—a)® n n
B (n+1)3((04i)1)(01+2) lfl/ <n+1a + nilb) + f” <ni1a + n+1 b)]
4—boa e+ -1b) - f/| La+-2=b
(n+1)?(a+1) 1 T R nr1® T

1 [f(nLHa—l— ot + (ko + ?bﬂ

On the basis of the above equality, they presented some fractional
Hermite-Hadamard type inequalities through hA-convex mappings.

In the present paper, we extend Lemma 1.1 in [23] to generalized prein-
vexity via Riemann-Liouville fractional integrals. That is, we establish the
following lemma.
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Lemma 1.2. Let I C R be an open m-invex subset with respect ton : I x
Ix(0,1] — R for some fixed m € (0,1] and let a,b € I with n(b,a,m) > 0.
Suppose that f : I — R be a three times differentiable function on I.
If " € L[ma,ma + n(b,a,m)], then the following identity for Riemann-
Liouville fractional integrals with a > 0 and n € Nt holds:

_ 3 (b,a,m)
R(Oé n,m,a, b)(f) (n-l—l?)? Tla+1)(a+2)
« fo a+2 [ . f/// (ma + i—lin(b, a, m)) + f/” (ma + Ziin(ba a, m)>‘| dt’
(1.4)
where

R(a;n,m,a,b)(f) = %w

[J“ - f(ma) + JG,.

(ma+ n+117(b a,m

(basm)+S <ma +n(b, a, m))]

w1’

2 a,m
B (n+17)13&+,1)()a+2) [f” <ma + "L“n(b’ @ m)> A (ma b m))]
+(n+(1b)% [f’ <ma + an(b a m)) —f <ma + #n(b,a,m))]

_%ﬂ lf (ma + %Hn(b, a,m)) + f(ma + (b, a, m))] .

Let us note that:
-if n(b, a,m) = b — ma with m = 1, we obtain Lemma 2.1 in [23];
-if n(b,a,m) = b—ma with m = 1 and n = 1, we obtain Lemma 3.1 in [24];
-if n(b,a,m) = b—ma with m =1, n = 1 and a = 1, we obtain Lemma 2.1
in [39].

In this article, using the identity in Lemma 1.2 via Definition 1.5, we
derive new left-sided Riemann-Liouville fractional integral inequalities in-
volving the class of functions whose third derivatives in absolute values are
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generalized (m, h1, ha)-preinvex functions. These inequalities can be viewed
as generalization of the results of [23], [24] and [39].

To end this section, we evoke some basic definitions and special func-
tions as follows.

Definition 1.1. ([36]) A set K C R" is said to be invex set with respect
to the mapping n : K x K — R", if x + tn(y,z) € K for every z,y € K
and t € [0,1]. The invex set K is also termed an n—connected set.

Definition 1.2. ([7]) A set K C R" is said to be m-invex with respect
to the mapping n : K x K x (0,1] — R" for some fixed m € (0,1], if
mx + tn(y,z,m) € K holds for each z,y € K and any t € [0, 1].

Remark 1.1. In Definition 1.2, under certain conditions, the mapping
n(y, z,m) with m = 1 could reduce to n(y,z). In this case, the m-invex
becomes to invex.

Definition 1.3. ([33]) Let f : K C R — R be a nonnegative function,
we say that f : K — R is tgs-convex on K if the inequality

(1.5) Fto+ (=) <t1 -0l (@) + £(w)
holds for all z,y € K and t € (0,1).
Definition 1.4. ([26]) A function f : I C R — R is said to be m-MT-

convex, if f is positive and for Vz,y€l, and t € (0,1), with m € [0,1],
satisfies the following inequality

(1.6) f(tz+m1 —ty) < Ve VI L),

S W+

Definition 1.5. [29] Let I C R be an open m-invex set with respect to
n:IxIx(0,1] — R. A function f: I — R, hy,ho :[0,1] — Ry, if

(L.7) f@m+mwam0§mm@ﬂw+mwﬂw

is valid for all x,y € I and t € [0, 1], then we say that f(z) is a general-
ized (m, hy, ho)-preinvex function with respect to 7. If the inequality (1.7)
reverses, then f is said to be (m, h1, ha)-preincave on 1.
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Remark 1.2. Let us discuss some special cases in Definition 1.5 as follows.

(I). If we take hi(t) = (1 —t)°, hao(t) = t° for s € (0,1], then we get
generalized (m, s)-Breckner preinvex functions.

(II). If we take hi(t) = ha(t) = 1, then we get generalized (m, P)-
preinvex functions.

(III). If we take hyi(t) = (1 —t)™°, ho(t) =t~° for s € (0, 1], then we get
generalized (m, s)-Godunova-Levin-Dragomir preinvex functions.

(IV). If we take h1(t) = h(1 —t) and ho(t) = h(t), then we get general-
ized (m, h)-preinvex functions.

(V). If we take hq(t) = ha(t) = t(1—t), then we get generalized (m,tgs)-
preinvex functions.

(VI). If we take hq(t) = V21/_Et and ho(t) = 2\/4%, then we get generalized

m-MT-preinvex functions.

Let us consider the following special functions:
(1) The beta function:

_ ! z—1 _ n\y—1 _ )
ﬁ(w,y)—/ot O

(2) The hypergeometric function :

1 1
/ (1 — )V (1 — 2t) Tt
y) Jo

oFi(z,y5652) = Bc—1)

for |z2| < 1,¢>y >0.

2. Proof of Lemma 1.2

Proof.
Let
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= fO a+2 [ — (ma + i—fm(b, a, m)) + F (ma + Qiin(b, a, m))] dt
— fO a+2f/// (ma + n+177(b, a, m))dt
R =02 (mat 2nb.a.m) )

=1 + 1.
(2.1)

Integrating I; on [0, 1] yields

= — fO a+2f/l/ (ma -+ n+177(b’ a, m)) dt
n 2 o
- _n(g,;lm) 1 <ma + %_Hn(b, a, m)) 4 () (a42) 7:587(1(,”;;2)

(2.2) )
<" (ma+ hn(b.a.m) ) — S £ (1ot (b, a,m))

n+1)3a(a+1)(a+2 — —
el ) 11— et f (ma+ Sn(ba,m) )t
Analogously, integrating I on [0, 1], we also have

— f()l(l — t)a+2f/// (ma + Ziin(b, a, m))dt
v = n 2 (e}
_n(g,:,lm) f” <ma + (b, a, m)> - %

(2.3)
xf' (ma + (b, a. m)) — () o) ¢ (ma + (b, a, m))

n+1)3a(a o a—
S o e I G I RR)
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Using the reduction formula I'(a+1) = al'(a) (a > 0) for Euler gamma
function, we get

31— ot f(ma +1ty(b,a, m))dt

(2.4)
_ (141)°T(@) ja
— “ne(b,a,m) (ma+n+r1n(b7a7m)),f(ma)
and
(2 5) fol(l — t)alf(ma + g—_ﬁ’O(b’ a, m))dt

n+1)*T'(a) 7o
= e imas rntvamy (m“ +n(b.a, m))

Putting (2.4) and (2.5) in (2.2) and (2.3), respectively, and applying
(2.2) and (2.3) to (2.1), then multiplying both sides by

n*(b,a,m)
(n+D*a+1)(a+2)

completes the proof.

3. Main result

Using Lemma 1.2, we now state the following theorem.

Theorem 3.1. Let I C R be an open m-invex subset with respect to
n:Ix1Ix (0,1 — R for some fixed m € (0,1] and let a,b € I, a < b with
n(b,a, m) > 0. Suppose that f : I — R be a three times differentiable func-
tion on the interior I° of I, hy, ha : [0,1] — Ry, f"” € Lima,ma+n(b,a,m)]
and | f"'|? for ¢ > 1 is (m, hy, ha)-preinvex on [ma, ma+n(b, a,m)], then the
following inequality for Riemann-Liouville fractional integrals with o > 0
and n € NT holds
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1—1
b,a,m
R m,0.0)(f)] < sty ()

(3.1) x{ [fol(l—t)“” (mh1<n+1> +h2<n+1) (0 )' ) F
005 (o () () ) H

Proof. Using given hypotheses, Lemma 1.2 and power mean inequality, we
have

f///( )

q
f’”(a)

< 773(b,a,m()a+2) fol(l . t)a+2 f/// (ma + i_:in(b’ a, m)) 'dt

n*(b,a,m) fo 1_toz+2

T D (et D (a52) f”’(ma+ Lt (@a,m))‘dt

n—l—ln

< m(bam) (L) K
= (n+1)%(a+1)(a+2) \ a+3
X{ lf01<1 — t)a+2 (mhl (n+1>

+ [folu — f)ot2 <mh1 (g—j{)

which completes the proof.

"(a)

()l o]
+ha(284) |0 )]) ]}

We point out, now, some special cases of Theorem 3.1.

q
f///(a)

Corollary 3.1. In Theorem 3.1, putting ¢ = 1, we have
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3(b,a,m
'R(a; n,m,a, b)(f)‘ < (n+17>74§a+1)<)a+2>

(3.2)

[m‘lf(hun;t) f"(a)| + W(hg;n;t)| f (b)

where
W(hismt) = [1(1— 1ot [h(;—:;) + h,-(;;—ﬁ)]dt, (i=1,2),

specially, putting n(b,a,m) = b — ma with m = 1, hi(t) = he(t) = 1 in
(3.2), we obtain Corollary 2.7 in [23]. Further, if we put n =1 and a = 1,
then we have Corollary 3.1.1 in [39].

Corollary 3.2. In Theorem 3.1, if we take hi(t) = (1 —t)® and ha(t) = t°
for s € (0,1], then we have the following inequality for generalized (m, s)-
Breckner preinvex functions

1-1
| < e ()
‘R(O&, n,m,a, b)(f)' > (n+1)4+a(a+1)(a+2) a+3

o = o]

1
q n®,Fy [75,1;a+4;f%w q|q
+ a+3 :

Corollary 3.3. In Theorem 3.1, taking hi(t) = ha(t) = 1, we have the
following inequality for generalized (m, P)-preinvex functions

q
1
+ a+s+3

f/// (a)

+ f///(a)

f/// (b)

—m__
a+s+3

2n3(b,a,
’R(a; n,m,a, b)(f)‘ < (n+1)4(2+(1)?anl)2)(a+3)

N
£(0) ) |

specially, if we put n(b,a,m) = b — ma with m = 1 in (3.4), and take
n =« = 1, then we have Theorem 3.1 in [39].

(3.4)
q
+

flll (a)
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Corollary 3.4. In Theorem 3.1, if we take hi(t) = (1 —t)™° and ha(t) =
t=% for s € (0,1], then we have the following inequality for generalized
(m, s)-Godunova-Levin-Dragomir preinvex functions

1_1
. < n3(§b7a7m) <L> !
’R(aa n,m, a, b)(f )‘ T ()T (@) (ar2) \ O

mn= %, F [s,l;a+4;f%w
(3.5) X K at3 ) f"(a)

q n=,F1 |5, a+4— 2
profl + (et

1 1
+ a—s+3

f///(b) q] !
1k
f’”(b)“| }

Corollary 3.5. In Theorem 3.1, if we take hi(t) = h(1 —t) and ha(t) =
h(t), then we have the following inequality for generalized (m, h)-preinvex
functions

_|_

_m
a—s+3

'R(a; n,m,a, b)(f)’ < (nﬂg’i((lo’;i’f;()aﬂ) <a+r3> .
(3.6) x{ [fola — t)ot? <mh<g—i§> L h(;—;g) f”’(b)’q> dtr
Jo@ —)o+2 (mh (i-li) 4 h(;;—j{) f’”(b)’q> dt] % }

specially, putting n(b,a,m) = b — ma with m = 1 in (3.6), we obtain
Theorem 2.4 in [23]. Further, if we put h(t) =t and n = 1, then we have
the following inequality for convex functions

flll (a)

_l’_

fll/ (a)
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‘R(a; 11,0, b)(f)’

a—1 a o -
e [J(%M)fm) + J(%bﬁf(b)]

b a a
(a(—i—l)lza+2 fl/( +b> f(#)

< (b-ap? <L>1<L)
= 2" (at1)(at2) \ T3 atd

{lgig f///( ) + f,,,(b)‘q 4 " f/"(a) gig fl//( ) ‘|Q}.

Corollary 3.6. In Theorem 3.1, taking hy(t) = ha(t) = t(1 — t), we have
the following inequality for generalized (m,tgs)-preinvex functions

R(osnm,ab)(f)

< 213 (b,a,m) <L)1é
T ()" T (1) (ar2) \ TP

% [a%; + WM] [mlf”’(a)lq + !f”’(b)lq]

Q=

Corollary 3.7. In Theorem 3.1, if we take hi(t) = 3% and ha(t) =

27%, then we have the following inequality for generalized m-M T-preinvex

functions
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< 773(b,a,m) <L>16
= (+D*a+1)(aF2) \ a+3
1
mn2,F|—% lia+L;—1 q
X{l( 2 1[2(;_5 2 "]) #"(a)

_1
e s ]
+ 2a+7

Q=

o

q
"(a)

2a+7

ndym [ dnatdi-1] a]s
s el |

Now, we are ready to state the second theorem in this section.

_1
mn~ 2, [%71;0&%;*%}
+

Theorem 3.2. Let I C R be an open m-invex subset with respect to
n:Ix1Ix(0,1] = R for some fixed m € (0,1] and let a,b € I, a < b with
n(b,a, m) > 0. Suppose that f : I — R be a three times differentiable func-
tion on the interior I° of I, hy, hy : [0,1] — Ry, f” € Lima,ma+n(b,a,m)]
and |f"|? for ¢ > 1 is (m, hq, ha)-preinvex on [ma, ma + n(b,a, m)] with
% + % = 1, then the following inequality for Riemann-Liouville fractional
integrals with o > 0 and n € N holds
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)R(oz; n,m,a, b)(f)’

hS

< nPbam) ( 1 )
= (n+D)*(a+1)(a+2) \ pla+2)+1

f [t (2

+[f& i (228 )arl @[+ (28 )| | % }

(3.7)

ok
f///( f’”(b) 1

+ fol ho (71L—+ti) dt

Proof. Using given hypotheses, Lemma 1.2 and the Holder’s inequality, we
have

‘R(oz; n,m,a, b)(f)’

3 a,m
(n+17)74(((l;7+’1) )a—|—2) fol(l " (ma + n+177(b, a, m)) 'dt

b, o n
+(n+17)]4gaiin)a+2 Jo (1 —tyot2| (ma + ni{n(bﬂ,m))‘dt

IN

)a+2

< 3’3(‘”“””) ( fo (1—t)<a+2)pdt)

1
q q
dt>
1

b,a,m
+(n+1)4éo¢+1) at2) (fo (1- t)(a+2)pdt)
g \1
dt

x(f&
ol [ (st )olol |

< 1% (b,a,m) ( 1 )5
= (n+1)*(a+1)(a+2) \ plat2)+1
1 1 1
1 n+t 7|
" "
/mh1< )dtf ()‘ +/0 h2<n+1>dtf (b) ] },

1\ (ma + é—jr'in(b, a, m))

I (ma + Zﬁn(b, a, m))

f///(b)

{[ [ (=)
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which completes the proof.

We point out, now, some special cases of Theorem 3.2.

Corollary 3.8. In Theorem 3.2, if we take hi(t) = (1 —t)® and ha(t) = t*
for s € (0,1], then we have the following inequality for generalized (m, s)-
Breckner preinvex functions

R m.a.b)(f)

< n3(b,a,m) ( 1 ) % m((nt1)s+! —pst1)
= (1) (at1)(at2) \ Plet2) 1 s+1

ﬁ%wﬂ%}
(3.8)

specially, putting n(b, a,m) = b—ma with m =1 in (3.8), we obtain Corol-
lary 2.8 in [23].

1

i

! 1
+ s+1

f/// (a) f/// <b)

_l’_

q . .
+1 s+1_ ,,s+1
f”’(a) + (n 28+1 L

_m_
s+1

Corollary 3.9. In Theorem 3.2, taking hi(t) = ha(t) = 1, we have the
following inequality for generalized (m, P)-preinvex functions

1
2n3(b,a,m P
R ma8)(5)| < i (e )

x(mfmw> f%@F)é

specially, putting n(b,a,m) = b — ma with m = 1 in (3.9), we obtain
Corollary 2.10 in [23].

(3.9) ,
+

Corollary 3.10. In Theorem 3.2, if we take hq(t) = (1 —t)~% and ha(t) =
t=% for s € (0,1), then we have the following inequality for generalized
(m, s)-Godunova-Levin-Dragomir preinvex functions
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Rl m,a,0)(6)

< n gba m) ( 1 )E
= (n+1)* T (0t 1) (at2) \ PlaF2)H]
(3.10)

1
—s —s q q|a
X{ [m((n+1)11—s —nl=9) f’“(a) lis f’”(b) ]

q e ¢
+ %f’”(a) (n+1) —nl! f///( )’] }7

specially, putting n(b,a,m) = b — ma with m = 1 in (3.10), we obtain
Corollary 2.9 in [23].

Corollary 3.11. In Theorem 3.2, if we take hi(t) = h(1 —t) and ha(t) =
h(t), then we have the following inequality for generalized (m, h)-preinvex
functions

Resnm,a,)(1)

S =

< n°(b,a,m ( 1 >
= (n+D)%(a+1)(a+2) \ p(a+2)+1

x{lf[}mh(;;—ﬁ)dt

lfo mh(nﬂ)dt ()| + Joh <Zﬁ>dt f”’(b)'q: %},

(3.11)

ak
f’”(a) f///( ) ]

L dt
+ fO n+1

specially, putting n(b,a,m) = b — ma with m = 1 in (3.11), we obtain
Theorem 2.3 in [23]. Further, if we put h(t) =t and n = 1, then we have
Theorem 3.3 in [24].
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Corollary 3.12. In Theorem 3.2, taking hi(t) = ha(t) = t(1 —t), we have
the following inequality for generalized (m,tgs)-preinvex functions

P q
3n+1l
6

Rlcsm,,0) ()

< 213 (b,a,m) 1
T (D) (0t 1) (ag2) \ POTHT

=
=

X (m\f’“(a)lq + \f’/’(b)l‘f’)

Corollary 3.13. In Theorem 3.2, if we take hq(t) = 325\/_; and ha(t) =

2\/\{%, then we have the following inequality for generalized m-M T-preinvex

functions

R m.a.b)(/)

< __(bam) ( s )
= 4at1)(a+2) \ plat2)+1

|3

(n+1
1

1 1 3. 1 7\
X mn22F1 —571,57—5

1
q a\ a
+(%m”_%2F1[%71%%;—%] "(a) +n%2F1l—%71;%;—%] " (b) ) }

f///(a) f/// (b)

q
1, —1 1 1.5. 1
+§n 22ﬂ [5,1,5,—E‘|

Now, we are ready to state the third theorem in this section.

Theorem 3.3. Under the assumptions of Therecom 3.2, then the following
inequality for Riemann-Liouville fractional integrals with o > 0 and n €
N holds:
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R .m0, 0)(6)

qg—1
q

< n3(b,a,m) q—1 ]
= (n+1)Ha+1)(a+2) | (a+2)(¢—p)+g—1

X{ [fol(l — t)plot?) (mh <n+1>

0o o ()

f//l( )

"2 0] ) ]
+ha(24) 70| ) ]}

q
f”’(a)

Proof. Using given hypotheses, Lemma 1.2 and the Holder’s inequality, we
have

(1 _ t)a+2 F (ma + n+177(b, a, m)) ‘dt

n®(b,a,m) fO (1— t)a+2

RRCE R R £ (ma+ 24 (b,a,m))‘dt

n+1"7

q—1

q

3 qa-p
< (n+17>]4§2!i’1?<)a+2)< ol —t)(a”)]qldt)
1

[( fO o¢+2] th> ‘

+( 210~ 2|7 (ma+ 2n(d, a,m)) th) ]

" (ma + 71—_?‘117(19,61,771))
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gq—1
< n3(b,a,m) q—1 !
= (n+1)Ha+1)(a+2) | (a+2)(¢—p)+g—1

X { [fol(l — typlet?) (mhl (;ﬁ)

" [f&u — tples?) <mh1 (24)

which completes the proof.
We point out, now, some special cases of Theorem 3.3.

(@) + o (;—ﬁ) f’”(b)‘q> dt] %

f’”(b)\q> dt] % }

Corollary 3.14. In Theorem 3.3, if we take hy(t) = (1—1t)® and ha(t) = t°
for s € (0, 1], then we have the following inequality for generalized (m, s)-
Breckner preinvex functions

fl/l (a)

q
+ @(g-ﬁ)

Rainm.a, b))

q—1

< 773gb,a,m) q—1 q
T () (ot )(ar2) \ (4P (@]

Q=

D S
+ p(a+2)+s+1

{ lm (1 = D g gy ()| 7 (0)

ql
q]%}

f//l(b) q‘| ‘

q]%}‘

7@+ I3 = D+ 1) )

+[p(a+g;+8+1

-1

n® (b,a,m) ( 1 )"q—
(n+1)4+%(a+1)(a+2) (g—p)(a+2)+g—1

mn®, fs,l;p(a+2)+2;fl} q
= e

S S
+ p(a+2)+s+1

p(a+2)+1

ns, {—s,l;p(a+2)+2;—%w
p(at+2)+1

q
f’”(a)

f/l/ (b)

+ [p(a+g)1+s+1
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Corollary 3.15. In Theorem 3.3, if we take hi(t) = ha(t) = 1 and p =
q = 2, then we have the following inequality for generalized (m, P)-preinvex
functions

Rlcsm,a,0)(6)

2
+

f/ll (a)

f/// (b)

3¢ ) i 2\ 3
2n°(b,a,m 1
S (n+1;)1(a+1)(a+2) <2a+5) (m ) :

Corollary 3.16. In Theorem 3.3, if we take hq(t) = (1 —t)~% and ha(t) =
t=% for s € (0,1], then we have the following inequality for generalized
(m, s)-Godunova-Levin-Dragomir preinvex functions

R m.a,b)(/)

g1

< n3 gb,a,m) g—1 1
= (1) T (at1)(at2) | @P)(at+2)+g—1

Q=

X{ lm fol(l — t)P(a+2) (n+t)=%dt|f" (a) a n m £ (b)

T
q]%}

@)+ I = e (4 b5t

f/// (b)

+ [p(«wg)%—sﬂ

q—1

o n3(b,a,m) g—1 1
(n+1)*" 4 (a4 1) (a+2) | (@—P)(@F2)+q-1

1
mn~%,F1 | s,1p(a+2)+2;— 1 q q|4
X{l 2 1[(&+2)+1 | F"(@)| + s | 0) ]

f///(a)

1
q n*S2F1 S,l;p(a+2)+2;7% qls
+ {p(a+2)+1 ] f’”(b) ] } '

T [p(a+g)l—s+1



Riemann-Liouville fractional trapezium-like inequalities via... 365

Corollary 3.17. In Theorem 3.3, if we take hi(t) = h(1 —t) and ha(t) =
h(t), then we have the following inequality for generalized (m, h)-preinvex
functions

Rainm,a,0)(1)

q—1

773 (bvavm) q—1 1
(n+1)*(a+1)(a+2) \ (¢—p)(a+2)+q—1

x{[ﬁkl—twm+ﬁ(mh(%%)

- ()

<

fl// (a)

(1) f/f/(bﬁ)dtf
(=) f/ff(bﬁ)dtf}.

Corollary 3.18. In Theorem 3.3, if we take hi(t) = ha(t) = t(1 — t) with
p =g =2 and n = 1, then we have the following inequality for generalized
(m, tgs)-preinvex functions

+ f/l/ (a)

Rs 1. a0)(f)

2
+

f/ll (a) f/// (b)

1
2) 2
. _ V1=t —

Corollary 3.19. In Theorem 3.3, if we take hy(t) = Vi and ha(t) =
2\/4%, then we have the following inequality for generalized m-M T -preinvex

3(b,a,m 2
< e l(awﬁ(@im] (m

functions
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n3(b,a,m) q—1 ?
= ( l(aw)(qmql

q
f”’(a)

1
n?,F [_%,1;p(a+2)+g;—%
2p(a+2)+1

X
—
ah

-3 mlLq. 9)45._1
n 2471 Evlvp(a+ )+277;
+ 2p(a+2)+3

o

1
mn~ 2,F B,l;p(a—i—Q)-i-%;—%w
+

q
LA f (a)
n%QFl [—%, ;p(a+2)+%%—%w " e %
+ 2p(a+2)+1 f (b)’ ’

Finally, we shall prove the following result.

Theorem 3.4. Let I C R be an open m-invex subset with respect to
n:Ix1Ix(0,1] - R for some fixed m € (0,1] and let a,b € I, a < b with
n(b,a,m) > 0. Suppose that f : I — R be a three times differentiable func-
tion on the interior I° of I, hy, hy : [0,1] — Ry, f”" € Lima, ma+n(b,a, m)]
and | f"'|? for ¢ > 1 is (m, hy, ha)-preinvex on [ma, ma+n(b, a,m)], then the
following inequality for Riemann-Liouville fractional integrals with o > 0,
n €NV and 0 < pu, A\ < a + 2 holds
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R(osnm,ab)(f)

1—1
< n3(b,a,m) { ( g1 ) q
= (n+D*(a+1)(a+2) | | (e+3—p)g—1

ﬂ@f+m@ﬁ)ﬂ@mwf

0 <[ (12)

q
f///(a)

1-1
q

e fm(@r)dtf}.

Proof. Using given hypotheses, Lemma 1.2 and the Holder’s inequality, we

have
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1 a
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Ty Jo (1= 0°F

i (ma + "ﬁn(b, a, m)) ‘dt

Jun

i (ma + an(b, a, m))

qg |4
dt

1
q

[fo (1 — t)“q
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b,a,m 1 b2\
+(n+1)4éa+1)()o¢+2) lfo (1 )( )q 1dt‘|
1

q |4
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f”’(ma+ ”+t n(b,a m))

x [f&(l 1)

1—-1
< 773 (b,a,m) l qg—1 ] ?
= (n+1)*(a+1)(a+2) | (a+3—p)g—1

1

x{f (1 —t)ma [mm(nﬂ) f"(a) +h2<n+1) £ )’ 1 }a
+ <n+1?2§2’i’f?3a+2) [(a+3?—xl)q—1] B
x{ Jo (@@ =) lmhl(gﬂ) " (a) +h2(gi§) f’”(b)ﬂ dt}%,

which completes the proof.
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We point out, now, some special cases of Theorem 3.4.

Corollary 3.20. In Theorem 3.4, if we take hy(t) = (1—1)*%, ha(t) = t° for
s € (0,1] and pu = A, then we have the following inequality for generalized

(m, s)-Breckner preinvex functions

Rl .m0, 0)(6)

1-1
< n3gb,a,m) q—1
= (1) (ar1)(ar2) | (@F3-m)g-1

f/// (b)

1
+ pg+s+1

q
f///(a)

X { lm Jo (1 —t)Ha(n + t)*dt

1
1 qlq
+[ﬁ (@) + fo (1=t (n +t)sdt| " (b) ] }
1—-1
— n3(b,a,m) g—1 q
(1) (at1)(at2) | (@F3=m)a—1

q
1
+ pg+s+1

fl// (b)

]

Corollary 3.21. In Theorem 3.4, taking hi(t) = ha(t) = 1, we have the
following inequality for generalized (m, P)-preinvex functions

f/l/ (a)

pg+1

{ lmn%ﬂ {*s,l;wﬂr?;*%}
X

n®,Fy [*s,l;uqﬁ;*%}
+ fig+1
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specially, if we put n(b,a,m) = b — ma with m = 1 in (3.13), and take
n =« = 1, then we have Theorem 3.4 in [39].

Remark 3.1. (i) In Corollary 3.21, putting 4 = A = 1, we obtain

R, m.a.b)()

1-1 1 1
2n3(b,a,m -1 ? ? q a] 4
= (n+1)721(51+1)()a+2) ((afz)q1> <q_i1> [m @) + "0 ]
(ii) In Corollary 3.21, putting p = A = 2, we obtain
Riain,m.a,b)(/)
11 1 . a2
2n3(b,a,m -1 1 a q
< R (mfnql) (Th) lm f"(a)| +|f"(b) ] :

Corollary 3.22. In Theorem 3.4, if we take hi(t) = (1 —t)~%, ha(t) =
t=% for s € (0,1] and p = A, then we have the following inequality for
generalized (m, s)-Godunova-Levin-Dragomir preinvex functions
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Roinm,a,0)(1)
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Corollary 3.23. In Theorem 3.4, if we take hy(t) = h(1 —t) and ha(t) =
h(t) with 4 = A, then we have the following inequality for generalized
(m, h)-preinvex functions

n=%,F [s,l;p,q-i-Q;—%w
Hg+1

m
pg—s+1

q
4 f/// ( a)

f‘/// (b)
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R m,a,0)(1)

_ 17l
< 773(1770»77”) [ q_l !
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x{ [fol(l — t)Hd (mh (Z—ﬁ) a) q ) h(}l_;i) fm(b)‘q> dt]%
g (i) o o o]}

Corollary 3.24. In Theorem 3.4, if we take hi(t) = ho(t) = t(1 —t)

with p = A, then we have the following inequality for generalized (m,tgs)-
preinvex functions

* ")

f/// (b)

R m.a, b))

1 1

1—
< 20 (b,a,m) q=1 1 n(ug3)+1 |
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x (m\f”’(a)\q + \f’”(b)!q> B

Corollary 3.25. In Theorem 3.4, if we take hi(t) = V;;; and ha(t)
2\/4% with 4 = A, then we have the following inequality for generalized
m-MT-preinvex functions
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