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Abstract

Two estimates useful in applications are proved for the generalized
Fourier-Bessel transform in the space Lim as applied to some classes

of functions characterized by a generalized modulus of continuwity.
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1. Introduction and preliminaries

In [2], Abilov et al. proved two useful estimates for the Fourier transform
in the space of square integrable functions on certain classes of functions
characterized by the generalized continuity modulus, using a translation
operator .
In this paper, we prove two useful estimates in certain classes of functions
characterized by a generalized continuity modulus and connected with the
generalized Fourier-Bessel transform in the space Li’n analogs of the state-
ments proved in [2, 4, 5]. For this purpose, we use a generalized translation
operator.

Consider the second-order singular differential operator on the half line

Bf(z) = d*f(x) N (2a+1)df(x) 4L7"L(cz—i-n)f(x)7

dx? x dx 22

where o > —% andn=0,1,2,..... For n = 0, we obtain the classical Bessel
operator

2 T « T

For a > —% and n=0,1,2,...., let M be the map defined by

Mf(z) = 2" f(z).

Let Lg,n be the class of measurable functions f on [0, oo[ for which

1fll2.an = 1M~ fll2.a+2n < o0,

where

+oo 2 2 4 1 1/2
1 ll2.cs2n = ( /0 | () Pa2eH4nt d:z:) .

For a > —2, we introduce the normalized spherical Bessel function j,

PR
defined by

_ 2°T(a+1)Ja(x)

(L.1) Ja()

where J,(z) is a Bessel function of the first kind and I'(z) is the gamma-
function. The function y = j, () satisfies the differential equation

)

By,y+y=0
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with the initial conditions y(0) = 1 and ¢/(0) = 0. The function j,(z) is
infinitely differentiable, even, and, moreover entire analytic.

Lemma 1.1. The following inequalities are fulfilled:
1. 1 —ja(z) =0(1), x > 1,
2. 1—jo(z) =0(2?), 0 <z < 1,
3. VhaJy(hz) = O(1), hz > 0.

Proof. (see [1])
For A € C and z € R, put

') (.’L’) = x2nja+2n()‘x)‘

From [2] recall the following properties.

Proposition 1.2. 1. ) satisfies the differential equation

By = —Xpj.
2. Forall A€ C,andz € R

‘(P)\(-'L')‘ < x2n€\1m)\||z\

The generalized Fourier-Bessel transform we call the integral from [2]

o = [ ™ F@)ea@)aHde, A > 0, fe L,

Let f € La,n, the inverse generalized Fourier-Bessel transform is given

by the formula

“+o0o

flz) = A Fp(f)(N)ea(z)dparan(X),

where

1

— — 2/\2a+4n+1d/\
4020 (T + 2n + 1))

d:ua+2n()‘)

From [2], we have
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Theorem 1.3. 1. For every [ € Léyn N sz we have the Plancherel
formula

[T r@re = [0 Pdasan (N,
0 0

2. The generalized Fourier-Bessel transform Fp extends uniquely to an
isometric isomorphism from L2 ,, onto L*([0, +00[, ftat2n)-

Define the generalized translation operator T}, h > 0 by the relation

Thf(z) = (xh)*" 7l 0, (M f) (), >0,

where 7/, 5, are the Bessel translation operators of order o+ 2n defined by

hf(z) = ca/o (Va2 + h? — 2zhcost)sin®*tdt,

where

Ca = (/O7r singo‘tdt>1 = %

Proposition 1.4. [2]

1. Let f be in ng. Then for all h > 0, the function Ty f belongs to
L2 . and

a,n’

||Thf||2,a,n < h2n||f||2,047n‘

2. For f € L2, we have

a,n’

Fa(Thf)(A) = eA(h)Fa(f)(N), feLs,

From [3], we have

Fe(Bf)(A) = =N2Fp(f)(N), fell,
Then

(1.2) Fp(B')(A) = (=1)" 3 Fp(f)(\)
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where r = 1,2, .....

The first and higher order finite differences of f(z) are defined as follows

Apf(x) = Thf(x) + Tonf(x) = 207" f(x) = (T + Tp — 20*"E) f (),

where I is the identity operator in ng, and

ALf (@) = A(ALT (@) = (T + T = 20 ) f (@),
where TP f(x) = f(z), TFf(x) = To(TF " f(x)) for k=1,2, ...

The kth order generalized modulus of continuity of function f € Lzm
is defined as

Q(f.8) = sup |A}f(@)]2,am-
0<h<§
Let W;ZZ(B) denote the class of functions f € L2, such that

Q(B'£,8) = O((8")),

where 9(t) is any nonnegative function given on [0, 00) and v(0) = 0, for
the generalized Bessel operator B, we have BOf = f, B"f = B(B" 1 f),r =
1,2, ...

Lemma 1.5. For any function f € sz such that B" f € ng. Then
400
IALB"F @B = [ 2 BN [1=sn (M) P P (£ () P20 ()

Proof. From formulas (1.2) and (2) of Proposition 1.4, we have

Fp(B'f)N) = (1) A Fr(f)(A)

and

Fu(AEFA) = 25027 (oo (M) — DEFR(F)(N)
Then
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Fa(AFB)(A) = (=1) 2 W N (joran(AR) — 1)F Fp(f)(N)

Plancherel’s identity gives the result.

2. Main Result

In this section, we prove two estimates for the integral

B PV

Theorem 2.1. For functions f € L2, in the class WQTQIZ (B)

+o0 L c k
sup )\//N \Fe(f)(N)Pdpatan(A) = O (ch 2ry) (N) ) ,

where r = 0,1,....; k=1,2....; ¢> 0 is a fixed constant, and 1(t) is any
nonnegative function defined on the interval [0, c0).

Proof. Let f € W, 112 (B). Taking into account the Holder inequality yields

N FB(F) V) Pdpatan(A) = [N JarznAR)FB(F) (V) Pdparan(N)
= [N (1 = Jar2n A FB(F) (V) Pdparan(N)

= [N = Jar2nR))FB (NP FIFB(f)(N)F dptaszn(V)

2k—1

< (I8 1FB(H ) Pdptarzn (V) T

n
wF

(S5 11 = Jar2nARDIPIFB(H)N) Pdpiasan (V)

2k—1

< (I8 17BN Pdttatzn(V) T

-

s (272 [0 92k pAn AN G (AR)) 2\ F () (V) P20 (V)

2k—1

< (S8 1FB(H N Pdtaran(N) 7 27 A2 N2 ALBT f ()3

2,a,n
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Therefore
N FB(N) M) Pdpasan(N) < [¥*° ja+2n(/\h)!fi(f)(A)lzduaHn(A)

—1

+27 R 2N 2R (50| F(£) ) Pdptasan (V) 7 [AEB F(@)]3

2,a,mn

From formulas (1.1) and (3) of Lemma 1.1, we have
j&+2n()\h) = O (()\h)*a72n7%>

Then
;{roo |fB(f)()‘)|2d/La+2n()‘)

= O(J¥™ (M) =2 3| Fp () (V)P dptas2a(N)

2k—1

N2 ([ () Pdptasan (V) T IAEBTS @) )

= O((Nh)=*=2"=3 [°°| Fp(f)(N)Pdptas2n(N)

RN ([ () O) Ptz (V) T IALBT S @YY,
Or e
(1—o(vmye=4) |7 1F5()N) s (Y

2k—1

+oo 2k
=02 ([T E W P V)) T IAB @)

Setting h = & in the last inequality and choosing ¢ > 0 such that
>

1- 0(070“2"*%) %, we obtain

1
2k

— O(N?"2/¥) | AL B f(2) I3/

2,a,n

([ 17100 Paton0)

Then
oo 2 dkn—ar 2 [ € F
RG] dua+2n(>\)—O<N v (ﬁ)>

which proves theorem 2.1.
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Theorem 2.2. Let 1(t) = t. Then the following are equivalents

/2

L (8= 1F5(D N Pdpasan(V)) - = 0 (N2n-2rkv),

2. feWyi(B),
wherer =0,1,2....; k=1,2,...; 0 <v < 2.

1) = 2) Assume that

1/2

([ Fs0 P darann)) = 0 (N2,

Then
/*"o IFB(f)(N) Pdpatan(N) = O (N4k”_4r—2k'/)
N

From Lemma 1.5, we have
+00o
HAI;LBTf(x)H%,a,n = /0 22kh4kn/\4r’1_joz+2n(/\h)’2k|FB(f)()‘)|2dua+2n(>‘)

This integral is divided into two
0% ML= o 2n (M) P FB (/) (V)P 2n (M)
= Jo XTI~ Josan (AR) ¥ F B (F) (N Pdptasan (V)
+ N AL = Jat2n(AR) P FB(F)(N) Pduas2n (V)

:Il +127

where N = [h™1] let us estimate them separately.

From formula (1) of Lemma 1.1, we have
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= IV N = Goron W) PFIFB(F) (V) Pdptaran (V)
= O (S NI FR(H)N)Pdpatan(V)

~0 ( > A4T|fB<f><A>|2dua+2n<A>)
n=N

= (& n LB O Ptaran (V)

=0 (£ w7 [ 1Fa( )P dpasan(V)
n=N
[ FB ()N Pdptasan(V)
~0 ( S [ Fp(£) V)2t an (M)
n=N
- Z n4rf +1 |FB(f)(A )|2dﬂa+2n(>‘)
= O(N" [ | F5(£) (N Pdptasan(V)

oS a2 Fa()O) Pdptatan(V)
n=N-+1

= 3 Y IFB(F) ) Pdpoan(V)
= O(N4r f;[roo |fB(f)()‘)|2dﬂa+2n(>‘)

+ Z (n+ DY L57 1FH N Pdpatan()

- Z n4rf +1 | Fe(f)(A )|2dﬂa+2n(>‘))
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= O (N [ |FB(F) ) Pdttar2n(N)

3 (4 D =) (5 1P Pdtson(Y)

= O (N* [3° |F5())(N) Pdpasan(N)

3 (0 D = nt) 5 | F(f) () P2 (N

=0 (N [ |F5(£) (V) Pdptaran(N)

o0

+ 3 nd =1 [0 FR(f)(N)2dptatan(N)

— O(N4TN4kn74r72ku) + O( io: n4r71n4kn74r72k1/)
n=N

— O(N4k:n72ku) + O(N4kn72k1/)
— O(h74kn+2k¢u).
Then

(2.1) 2Zkpiknr, — O(h¥v).

Now we estimate [;. By virtue of formula (2) of Lemma 1.1.
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I = fo M1 = jaran (M) [HIF(F) (V) Pdparan(N)

= O(h*) [V M8 Fg (£) (V) Pdpiaran(N)

= (™) & [ A4 £)O) Pt 20 ()

(n+ 148 [ Fp(f) (V) Pdpas2n (M)

M=

— O<h4k)

n=0

M=

= O(h™) 32 (n+ 14740 | [ 1| F(£)(N)Pdptact2n (V)

n=0

- fﬂ:}—oo ’fB(f)(/\)Pd/LOHQn()‘)

= O(h™") 1 £ 3 (n4 DIttt F N FB ()N Pdpatan(A)

n=0

n=0

— O(h4k) 1+ g: n4’r+4k—1n4kn—4r—2ky‘|

— O(h4k) 14+ g: n4k+4kn—2ky—11

n=0

— O<h4k)O(N4k+4knf2ku)

=0 <h74kn+2k1/)
Then

(22) 22kh4kn11 — O(thy)
Combining the estimates for formulas (3) and (4) gives
IARB" ()20, = O(R™)
which means that f € W;ZZ(B)

2) = 1) Suppose that f € WQTZZ(B) and 1(t) = t”. By theorem 2.1,
we have
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1/2

(/N+°° |7:B(f)(>\)|2dﬂa+2n()\)> -0 (N2kn72q~,k,,>

Thus, the proof is finiched.
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