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Abstract

M. sova [10] proved that the infinitesimal generator of all uni-
formly continuous cosine family, of operators in Banach space, is a
bounded operator. We show by counter-example that the result men-
tioned above is not true in general on Fréchet spaces, and we prove
that the infinitesimal gemerator of an uniformly continuous cosine
family of operators in a class of Fréchet spaces (quojection) is neces-
sarily continuous.
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1. Introduction

A strongly continuous cosine family, of bounded operators in Banach space
X, appear as solution of the abstract Cauchy problem of second order [2][5]

U= AU, U()==, and U’(0)=0.

A link between the family {C(t )}teR and the operator A is given by
the Laplace transform : A(A\2] — A)~! = [©e *C(s)ds, and A is called
the infinitesimal generator of the cosine family {C(¢ )}teR [2][4].

We know, in classical theory, that the infinitesimal generator A of an
uniformly continuous cosine family {C(t)};cRr, of bounded operators in X
(Banach space), is a bounded operator [4][10], moreover for all t € R we
have :

0 t2n

C(t) = Cosh(tVA) = Z A"
n=0

— (2n)!

In section 1, We give the definition of cosine family of operators in lo-
cally convex spaces, and some propositions important for our results.

An example, of uniformly continuous cosine family, of operators in a
Fréchet space, whose infinitesimal generator is a closed operator, densely
defined and not continuous on the space everywhere, is given in the second
section; and we demonstrate that in the case where the Fréchet space is
quojection [Definition 3.1], the infinitesimal generator of all uniformly con-
tinuous cosine family of operators is necessarily continuous.

2. Cosine families of operators in locally convex space :

Let X be a locally convex Hausdorff space, and I'x a system of continuous
semi-norms determining the topology of X. The strong topology 75 in
the space £(X), of all continuous linear operators from X into itself, is
determined by the family of seminorms :

¢(5) = q(Sz), S € L(X),

for each z € X and ¢ € 'y, £(X) equipped with this topology is noted
Ls(X).
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Let B(X) the collection of all bounded subsets of X. The topology 7
of uniform convergence on the elements of B(X) is defined by the family
of semi-norms :

qB(S) = sup ¢(Sz), S € L(X),

z€B

for each B € B(X) and q € 'y, £(X) equipped with this topology is noted
Ly(X).

Definition 1. Let {C(t)};er € L(X) be a family of operators verifying
the following properties:

1. C(0)=1.
2.20()C(s) =C(t+s)+C(t—s), Vs,t € R.

o We say that {C(t)};cR is a strongly continuous cosine family if :

C(t) — C(to) in Ls(X), ast — tg, Vip € R.

e we say that {C(t)},cr is an uniformly continuous cosine family if :

C(t) — C(to) in Lp(X), ast —> tg, Vitg € R.

Definition 2. Let X be a sequentially complete locally convex Hausdorff
space and {C(t)};er be a strongly continuous cosine family on X .
Let A the operator defined on D(A) by :

2 2
Az = thmo —=(C(t)x—z), where D(A) ={z € X/ tlimo t—Q(C’(t)x—:B) exists in X }.

A is called the infinitesimal generator of {C(t)}cR.-

Remark 1. e According to 2. of the Definition 1., we have C(.) is even.
Indeed, for t = 0 we have 2C(s) = C(s) + C(—s) which implies that
C(s) =C(-s), Vs € R.

e For allt,s € R, we have C(t)C(s) = C(s)C(t).

Indeed, 2C(t)C(s)=C(t+s)+C(t-s)
=C(s+t)+C(s-t)=2C(s)C(t), Vt,s € R.
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We always denote by X a sequentially complete locally convex Hausdorff
space, and I"x a system of continuous semi-norms determining the topology
of X . We recall that a family H C £(X) is called equicontinuous if for
all neighborhood U of 0, there exists a neighborhood V of 0 such that
T(V) C U, VT € H [6]; and we say that a family {C(t)};,cr C L£(X) is
locally equicontinuous, if for all s € RT, the set {C(t), —s <t < s}is
equicontinuous.

Proposition 1. Let {C(t)},cr be a strongly continuous cosine family on
X. Then for all x € X andt € R we have :

. 2 rtth
hlino 73 /t (t+h—s)C(s)xds = C(t)x.

Proof. Lettc€ R,z € X and p € 'x. Thus for all h € R’ we have :
p(Z [IT(t+ h = s)C(s)ads — C(t)x)
= p(& [Tt + h— 5)(C(s)z — C(t)z)ds)

< % ftt+h(t + h —s)p(C(s)x — C(t)x)ds
< % ftt+h(t + h — s)dssupsep 4. P(C(s)x — C(t)z)

< SUDge[t,t+h] p(C(s)z — C(t)z).

Since C(t)x is continuous on R, Then sup,cf; 15 p(C(s)z — C(t)z) —
0,as h — 0.

Similarly, for A € R* we have sup,cpP(C(s)z — C(t)xr) — 0, as
h — 0.
Hence the result.
O

Remark 2. If {C(t)};cr is an uniformly continuous cosine family, then
for all t € R we have:
2
n2
Corollary 1. Let {C(t)},cRr be a strongly continuous cosine family on X,
and A its infinitesimal generator. For allt € R, and x € X we have :

t+h
/t (t + h — $)C(s)ds — C(t) in Ly(X), as h — 0.

/t(t —s)C(s)xds € D(A), and A/t(t —8)C(s)xds = C(t)x — .
0 0
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Proof Let h € R*, for all x € X we have :
= (C(h) — )fo (t —5)C(s)zds
=5 J3(t — s)C(h)C(s)xds — = f5(t — 8)C(s)xds

= Jo(t = $)C(s + h)zds + 7 [3(t — s)C(s — h)xds
—% fé(t —5)C(s)xds

ft+h t+h—s)C(s)xds + 77 fi;h(t —h —s)C(s)xds

—% J5(t — 5)C(s)wds

th t+h—s)C(s)wds + 77 f (t—h—s)C(s)zds

— L [&(h = $)C(s)ads — 15 [5(=h — $)C(s)ads.
According to proposition 1. we obtain [} (t — s)C(s)zds € D(A), and
A/ (t —s)C(s)xds = C(t)x — x.
O

Proposition 2. Let {C(t)},cr be a strongly continuous cosine family on
X, and A its infinitesimal generator.
Then D(A) is dense in X.

Proof. Let (h,),en € R* be a sequence such that h, — 0, as n — oc.

Let z € X, put :

2 [hn
72 / (hn, — $)C(s)xzds.
n 0

Ty =

According to corollary 1. we have (z,), C D(A), and for ¢t = 0 in the
Proposition 1. we have x,, — x, as n — o0.
Then D(A) is dense in X. O

Proposition 3. If X is tonnelé , Then every strongly continuous cosine
family {C(t)};cr on X is locally equicontinuous.
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Proof. Let s >0, and U be any convex circular closed neighborhood of
0, then ¥V = N_,<;<,(C(t)) 1Y) is a convex circular closed set.

Let z € X, the set {C(t)x,—s <t < s} is bounded in X, because the
strongly continuity of the family {C(t)},cr on X; since U is a neighbor-
hood of 0, 3X > 0 such that : {C(t)z,—s <t < s} C AA. Which implies
that x € AV, this means that V is absorbing, and C(¢)(V) CU, Vt € [—s, s].

Since X is tonnelé, V is a neighborhood of 0, which means that {C(t)x, —s <
t < s} is equicontinuous. O

Proposition 4. Let {C(t)};,cr be a locally equicontinuous strongly con-
tinuous cosine family on X. Let x and y in X, then :

x € D(A), and Az =y, if and only if, C(t)x —x = [J(t —s)C(s)yds. Vt €
R.

Proof. <« Evident (proposition 1).
= Let x,y € X, such that Ax = y.

Firstly, we have for all t € R, [3(t — s)C(s)zds € D(A) and :
2
:U—x—A/ (t—s)C :cds-hm/ (t—s)C(s )h2(0(h)l‘—l‘)d8.

Let t € RY, since {C(t)}4cR is locally equicontinuous on X, Vp € I'y,
dg € I'x, M > 0 such that :

p(C(t)x) < Mq(zx), Vs e [—2t,2t].(%)

Then, for all h € R*, with |h| <t

p(fo(t — $)C(s) 7% (C(h)z — x)ds)
=p(= [Tt —h—5)C(s)wds + 75 [T (t + h — 5)C(s)zds

—% [§(h = $)C(s)wds)
< 3sup(_g 9] p(C(s)x).

According to (*), Vp € I'x, 3¢ € I'x, IM > 0 we have :

o[ (¢~ $)C() g (Clh)a — 2)ds) < 3Ma(a).
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Therefore,
. t 2
hlirﬁlyr ; (t— S)C(S)ﬁ<C(h){E —x)ds
t 9 t
- / (t = $)C(s) lim —(C(h)x — )ds = / (t — $)C(s)yds.
0 h—0 h2 0
Hence,

Ct)xr —x = /Ot(t —5)C(s)yds, teR.

O

Corollary 2. The infinitesimal generator of all locally equicontinuous strongly
continuous cosine family on X is closed.

Proof. Let (zy),en € D(A) such that Mim zp, =2, and lim Az, =
Y.

Let t € R fix, then we have C(t)z, —x, = [5(t—5)C(s)Azpds, ¥n € N.

Since C(t) € L(X), lim (C(t)z, —xn) = C(t)x — .

As {C(t)}1er is locally equicontinuous, nlinoo [3(t — 8)C(s)Aznds =
J5(t — 8)C(s)yds.

Indeed, let p € 'y and t € RT, we have :

p(Jo(t = 8)C(s)Aznds — [5(t — 5)C(s)yds) p2(fot(t — 5)C(s)(Azy — y)ds)

£ supg< < (C(1) (A, — ).

IA

Since {C(s)}seRr is locally equicontinuous, 3¢ € I'y, IM > 0 such that

p(C(t)x) < Mq(x), Vre X etVse|[—t,t].
Consequently,
2
p(/ot(t —5)C(s)Azpds — /Ot(t —5)C(s)yds) < %Mq(Amn —y).

And since nlimoo Az, =y, %Mq(A:Un —y) — 0, as n — o0.
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Similarly, we obtain the result for ¢t € R™.
Then,

Clt)e —z = /0 (= $)C(s)yds

which implies x € D(A) and Az = y.
Hence, A is closed. O

3. Strongly continuous cosine families in Quojection :

Exapmle 1. we give an example of uniformly continuous cosine family on
Fréchet space whose infinitesimal generator is not everywhere defined.

A matrix (an(i)); neN of non-negative numbers is called a Kéthe matrix if
it satisfies the following conditions :

1. Vi € N, 3n € N such that : a,(i) > 0.
2. an(i) < apt1(i), Vi,n € N.
Let k = (an(i)); neN be a Kothe matrix satisfies :

an (1)

an(i) >1 and .
ieN an+1()

< 00,Vn € N.

We consider the space

M (K) = {z = (2:)ien € CN : pu(z) = Z an(i)|x;] < 00,Vn € N}.
ieN

A1 (K) equipped with the family of semi-norms {py, }°; is a nuclear Fréchet
space [7].

Let (u;);en be a sequence of real numbers such that each pu; > 0 and
lim p; = oo.
—00

(2

For each t € R, define a linear operator C(t) on Ai1(K) by :

C(t)x = (Cos(y/pit)zi)iz, , =€ M(K).
Let x € A\1(K), and € > 0; for given n € N, Jig € N such that :
€

> anilai] < 5

>0
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On the other hand, 3n > 0 such that Yh € R*, with |h| < n, we have :

> leos(y/i(t + h)) — cos(y/it)|an (i) 2] <

i<ig

Then, for all h € R*, with |h| < n we have :
pu(C(t+h)z — C(t)r) = ien |cos(\/pi(t + h)) — cos(/nit)|an(i)]xi]
<5423 an(i)|z;] < §+2% =e.

Then {C(t) };cR is a strongly continuous cosine family on A1 (K'), and hence,
it is also uniformly continuous as A\1(K) is Montel, since it is nuclear [§].

Let A the infinitesimal generator of the family {C(t)};cRr, then we have:
Az = (—pizi)i2y, and D(A) = {x € \(K); tel que (—pixi)i2; € Mi(K)}.

Indeed, let x € D(A), i-e hmo = (C(t)x — z) exist on X. Thus Jy € A\ (K)
such that for all n € N we have: tli_n}o Yo an (% )](t2 (Cos(\/pit)x; — x;) —
yi)|l = 0.

Hence y; = hm (%(C’os(\/ﬁzt) —x;) = —pizi, Vi € N,
Therefore,

D(A) C {(wn)peN € M(K); (—pimi)ieN € M(K)}, and A(x;);eN = (—Hi%i)ieN-

Conversely, let © € M\ (K) such that (—p;x;);en € M(K), let n € N
then for all t € R* we have :

2 o0
Pal5(C)x = 2) + (Hiti)ieN) Z —5 (cos(\/pit) — 1) + 1| pii].
=0 'L
Put g(t) = M +1,te R The function g is even, then it is enough

to study g on R*. Since 1 — 7 < cos(t) <1 for all t € R, which means
0<g(t)<1VteR.
Hence :

2
Pal5(CH) —2) + (Hiti)ien) < Zan Ypizi| < oo.
1=0
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Therefore,
. 2
A pn(t_2<c(t)x =) + (1iTi)ieN)
Z cos(\/Et) — 1) 4 1]an(2)|pix;| = 0.
Then

{(n)neN € M(K); (—pizi)ieN € M(K)} C D(A) , and

A(T:)ieN = (—1iT:)ieN-

Finally, for each n € N we put p; = Y.\, a,(i), Vi € N.

we have p; — oo and the sequence % = (i)ieN € A\ (K), because for all
m € N,
pm(}) = Tien am(i): = Ty am(i)g + 2 3520
<¥iL 1am(z) -+ 1 T(l?z) < 0.
but, (—pi-77)ieN = (—1)ien ¢ M(K), then o ¢ D(A) and D(A) # A1 (K).

Proposition 5. Suppose that X is a Fréchet space which contains a com-
plemented copy of some nuclear Kéthe sequence space A1(K). Then there
exists an equicontinuous, uniformly continuous cosine family in X whose
infinitesimal generator is not everywhere defined.

Proof. Let P: X — X be any projection satisfying Im(P) = A\ (K),
and define Ker(P) =Y. According to Example 1., for each t € R, define
a linear operator C}(t) on A\ (K) by :

Ci(t)z = (Cos(yait)z:)2, , =z € M(K).

The family {C}(t)};cRr is an equicontinuous, uniformly continuous cosine
family in A\; (K).

Let A € L(Y), such that {A"}2°; is equicontinuous in £(Y'). i.e. Vp €
I'x,dqeT'x, dM > 0, such that :

p(A"z) < Mg(x), ¥YneN, VzelX. (%)
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for each t € R, define a linear operator Ca(t) on Y by :

eftetA + eteftA eft 0 tn et S (—t)n
Cy(t)z = . ZTZOHAMEZOTA” , zeY.
n= n=

According to (x), the family {Ca(¢) },cR is an equicontinuous, uniformly
continuous cosine family in Y.

Then, the family {C(t)};cr of continuous linear operators in X defined
via:
C(t)x = Ci(t)Px + Ca(t)(I — P)z, teR, xzelX.
is an equicontinuous, uniformly continuous cosine family in X whose in-
finitesimal generator is not everywhere defined. O

Definition 3. A Fréchet space X is a quojection if it is the projective
limit of a projective system of Banach spaces ((Xn,||-||n)21, (I )n<m),

with IT" : X,,, — X,, is surjective,Vm > n.(i.e X = Proj,(X,,II")).
Theorem 1. Let X be a quojection.

The infinitesimal generator of every uniformly continuous cosine family
is continuous, (i.e. A € L(X)). Moreover, we have :

oo t2k &
= A X.
C(t)x ,;1 28! x, Vxe€

Proof. Since X is a quojection, then it is the projective limit of projec-

tive system ((Xn, ||-||n)5%;, (IIM)n<m) of Banach spaces, with I : X,,, —

X, is surjective, Vn < m € N, and we have II,,, : X — X,,, is sujective,
Vm € N.

X is tonnelé, according to proposition 3. the family {C(¢)};cr is
locally equicontinuous.

i.e. : for all tg > 0 fix, Vn € N, 3m € N, m > n, M > 0 such that :

(3.1)  |IL(C@)x)||ln < M|[ILy(x)||m, VYt€E [—to,to], VYzeX.
On the other hand, for all 0 < |t| < tg we define the operator :

oi(y) = t%/ot(t —s5)C(s)yds, yeX.
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According to Corollary 1. we have ¢i(y) € D(A), Vy € X, and
Api(y) = F(C(t)y — ).

Since the family {C(t)};cRr is uniformly continuous, According to Re-
mark 2. we have : ¢, — I, as t — 0, uniformly on bounded subsets of
X.

For all ¢ € [—to, o], we define the operator ¢; on X, by :
Pt Xm — X, (m>n)
() — Hn(pe(2)).

¢ is continuous, Indeed, let x € X we have :

M@l = Mool =11 [ = ()1l

‘We obtain
|Gt (M ()|l < M|y (2)[|n, Yt € [—to, to]-

Since X is a quojection, 3B € B(X) such that By, C II,,,(B), with By,
is the unit ball of X,, [3].

Thus, we have :
sup.eg,, [|Pt(2) =1 ()|l < subem,, () |Pe(2) — I (2)]]n
<supye g ||Ge(m(y)) — I (m(y) 0
<supye g |[Hn(et(y) — v)lln

Since ¢y — I, as t — 0, uniformly on bounded subsets of X, ; is
uniformly converges on By, to II"".

Since the set of surjective operators is open in £(X,,, X;,) [9], Jt1 € R*
such that ¢y, is surjective (for small |¢1] ).

Let n,m € N, with m > n, such that (3.1) is verified, and we take
mo > m again with (3.1) satisfies.
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Let x € X, then Jy € X such that II,,(z) = ¢, (e (v)) = (et (v))-

Which implies, IL,(C(h)z)

x) =IL,(C(h)e, (y)), h € [—to, to]. In particu-
lar, for h = 0 we have II,,(x)

(o0 (1)),

Thus, for all 0 < |h| <ty we have :
2 2

(55 (C(h)z — 2)) = (55 (C(R)en (y) = 0 (y)))-
Since, )
Alpe(y)) = 2 (CR)y —y), VyeX.
Then, as h — 0 we obtain :
1L (As) = (3 (Ct)y ~ ).

Since n is arbitrary, A is defined for every x € X. Moreover, A is closed
because {C(t)};er, is locally equicontinuous.

Hence, A belongs to £(X).

For each n € N*, we define the family {C),(¢)};cr, of operators, in X,
by :
C,(),z =11,C(t)z, teR, ze€lX.

Each {C)(t) };er, n € N, form a strongly continuous cosine family in
X, Actually, it is also uniformly continuous in X, indeed, let B,, the unit
ball of X,,, then 3B € B(X) such that B,, C II,,(B), and we have :

sup ‘|Cn<t)$n_$an < sup HCn(t)Hnaj_Hnaj”n < sup HHn(C(t)x_‘r)Hn
Tn€Bn II,x€Bn zeB

Since the family {C(t)};egr is uniformly continuous in X, {C,(¢) }ier
is uniformly continuous in X,,. Hence A,, the infinitesimal generator of
{Cy(t) };eRr, is a bounded operator in X,,, moreover, for each n € N*, we
have :

AL,z =11, Az, Vze X.

Since X, is a Banach space, the family {C,(t)};cr is written in the

form :
0 2k

Cn(O)z = Z (;k) Ak II,z, VrelX.
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Therefore,
o0 tQk i
1,C(t)x = 11, k; WA r, VrelX.

Since n is arbitrary, and X = Proj, (X, II"),

C(t)x = i

k=1

2
(2k)!A r, VrelX.

O

Corollary 3. Let X be a prequojection, then the infinitesimal generator
of every uniformly continuous cosine family is continuous. (i.e. A € L(X)).

Proof. Since X is prequojection, Xff is a quojection.

Let {C(t)}4eRr be a uniformly continuous cosine family on X, then, ac-
cording to Lemma 2.1. [1], the bi-dual operators {C(t)"},cg form an
uniformly continuous cosine family in Xg.

Hence, According to Theorem 1, the infinitesimal generator of {C(t)"},cR,
is belong to L(X}).

Actually, the infinitesimal generator of {C(¢)"},cR, noted by A% (D(A%) =
XF), is the bi-dual of infinitesimal generator A of {C(t)};cR-

Since A/ pay = A, and D(A) dense in X, it follows that A is also
everywhere defined, and A € £(X). O
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