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Abstract

In this paper we extend the notion of intuitionistic fuzzy n-normed
linear space (IFnNLS) to define an intuitionistic fuzzy n-normed al-
gebra (IFnNA). We give a necessary and sufficient condition for an
IFnNA to be with continuous product. Further, the concept of multi-
plicatively continuous product has been introduced and related results
have been established. Illustrative examples have been provided in sup-
port of our results.
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1. Introduction

The fuzzy set theory was introduced by Zadeh [30] in 1965, in order to
explain the situations where data are imprecise or vague. On the other
hand in 1986, a generalized form of fuzzy set namely, intuitionistic fuzzy
set was introduced by Atanassaov [1] which deals with both the degree of
membership (belongingness) and non-membership (non-belongingness) of
an elements within a set.

Situations where the crisp norm is unable to measure the length of a
vector accurately, the notion of fuzzy norm happens to be useful. The idea
of a fuzzy norm on a linear space was introduced by Katsaras [17] in 1984.
In 1992, Felbin [14] introduced an alternative idea of a fuzzy norm whose
associated metric is of Kaleva and Seikkala [16] type. In 1994, another
notion of fuzzy norm on a linear space was given by Cheng-Moderson [6]
whose associated metric is that of Kramosil-Michalek [20] type. Again
in 2003, following Cheng and Mordeson, Bag and Samanta [2]| introduced
another concept of fuzzy normed linear space. In this way, there has been
a systematic development of fuzzy normed linear spaces (FNLSs) and one
of the important development over FNLS is the notion of intuitionistic
fuzzy normed linear space (IFNLS) [25]. Vijayabalaji and Narayanan [28§]
extended n-normed linear space to fuzzy n-normed linear space while the
concept of IFnNLS was introduced by Vijayabalaji et al [29]. Some more
recent work in similar context may be found in [5, 7, 8, 10, 11, 13, 18, 19,
22, 24, 27].

The notion of intuitionistic fuzzy Banach algebra was introduced by
Dinda et al. [12]. More work in this direction have been carried out recently
in [4, 21].

In the current paper we introduce the notion of IFnNA and investigate
the concept of continuous product.

2. Preliminaries

First we recall some basic and preliminary definitions and examples which
are related to intuitionistic fuzzy m-normed linear space.

Definition 2.1. [15] Let n € N and X be a real linear space of dimension
d > n (d may be infinite). A real valued function ||.]on X x X x --- x X =

n
X™ is called an n-norm on X if it satisfies the following properties:
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(i) ||z1,22,...,2s|| = 0 if and only if x1,x9,...,x, are linearly depen-
dent,
(ii) ||z1,x2,...,xy|| is invariant under any permutation,
(iii) ||z1, x2, ..., axy| = |a|||x1, 22, ..., x,]|| for any a € R,
(iv) ||x1,z2,. .., n—1,y+2| < ||z1, 22, s Tpe1, Yl |21, 22, - oo T, 2],

and the pair (X, ||.||) is called an n-normed linear space.

Definition 2.2. [24] An IFnNLS is the five-tuple (X, u, v, %,0), where X
is a linear space over a field F', * is a continuous t-norm, o is a continuous
t-conorm, p, v are fuzzy sets on X" x (0,00), u denotes the degree of mem-
bership and v denotes the degree of non-membership of (z1,x2,...,zy,t) €
X™ x (0,1) satisfying the following conditions for every

(x1,22,...,2y) € X" and s,t > 0:

(i) w(xy, o, ..., 20, t) + V(21,22 ..., 20, t) < 1,

(i) p(z1,z2,...,20,t) >0,

(iii) p(z1,x2,...,2n,t) = 1if and only if z1, x9, ..., x, are linearly depen-
dent,
(iv) w(z1,x2,...,Ty,t) is invariant under any permutation of z1, 23, . .. , Ty,

(V) p(z1,x2,. .. Ty, t) = u(:cl,wg,...,:vn,ﬁ) ifc#£0,ceF,

(Vi) (@1, T2, . Ty ) % (L1, Ty ooy s ) < (1, Ty e o T+ Ty, S+1),
(vii) w(x1,z2,...,2n,t): (0,00) — [0, 1] is continuous in ¢,
(viii) limy—eo po(z1, 2, ...y 2y, t) = 1 and limy_o p(x1, 22, . .., Tpn,t) = 0,

(ix) v(z1,z2,...,2n,t) <1,

(x) v(x1,z2,...,2n,t) = 0if and only if 21, x9, ..., z, are linearly depen-

dent,

(xi) v(x1,22,...,Zn,t)is invariant under any permutation of z1, x2, . . ., Ty,

(xii) v(z1,22,...,Cxn,t) =v(T1,22,...,Tn, ﬁ) ifc#£0,ceF,

(xiii) v(z1,x2,...,Tn,s)ov(r1, T, ... ,a:;l,t) > v(xy,x9,. .. ,a:n+x;l, s+t),
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(xiv) v(z1,x2,...,2n,t) : (0,00) — [0, 1] is continuous in ¢,
(xv) limy_ oo (21,22, ...,2pn,t) =0 and limy_o (21, 22, ..., 2y, t) = 1.

a Ab=min{a,b}, a-b= ab(usual multiplication in [0,1]) and a %1, b =
max{a+b— 1,0} (the Lukasiewicz t-norm).

Definition 2.3. [19] Suppose #, * are t-norms. Then % dominates * if
(z1 % w2) % (y1 % y2) < (21 % 1) * (22 % y2) for all z1,22,41,92 € [0,1] and
it is denoted by * >> x.

Definition 2.4. [22] Let (X, pu,v, *,0) be an IFnNLS. We say that a se-
quence x = {z}} in X is convergent to [ € X with respect to the intuition-
istic fuzzy n-norm (u,v)" if, for every € > 0, ¢t > 0 and y1,92,...,Yn—1 €
X, there exists kg € N such that u(yi,y2,...,Yn—1,2k — L,t) > 1 — €

and v(y1,92,...,Yn—1,2k — l,t) < € for all k& > ko. It is denoted by
)

()" —limz =1 or x, 2" 1 as k — oo

Definition 2.5. [22] Let (X, p, v, *,0) be an IFnNLS. Then the sequence
x = {x} in X is called a Cauchy sequence with respect to the intuitionistic
fuzzy n-norm (u,v)" if, for every e > 0, t > 0 and y1,y2,...,Yn—1 € X,
there exists kg € N such that u(y1,y2,.. ., Yn—1,Tk — Tm,t) > 1 — € and
V(Y1,Y2s -+ s Yn—1, Tk — Tm, t) < € for all k,m > k.

Definition 2.6. [3] Let (X, u, v, *,0) be an IFnNLS. Then (X, u, v, *,0) is
said to be complete if any Cauchy sequence in X is convergent to a point
in X. A complete IFnNLS is called a intuitionistic fuzzy Banach space.

Definition 2.7. [8] Let (X, p,v,*,0) be an IFnNLS. For ¢ > 0, we de-
fine an open ball B(z,r,t) with centre at z € X, radius 0 < r < 1 and

Y1,Y2y -y Yn—1 EX as

B(z,rt) ={y € X : u(y1,v2,- -, Yn-1, T — y,t) >
r and V(ylvy%'-‘:yn—lvx_y’t) < 1_T}

Then, T, = {T" C X : = € T if and only if, there exists t > 0,r €
(0,1) such that B(z,r,t) C T}
is a topology on X.

Moreover, if the t-norm * and ¢-conorm o satisfies the condition sup,¢ o 1)z*
r=1and infyeco)r o r =0, then (X,T,,) is Hausdorff.

The following result is a straightforward conclusion from [24].

Theorem 2.2. Let (X, p1, v, %,0) be an IFnNLS. Then (X,T),,) is a metriz-
able topological vector space.
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3. Main Results

In this section we discuss our main results.
First we define an intuitionistic fuzzy n-normed algebra (IFnNA) and
then explain some examples and propositions on the same.

Definition 3.1. Suppose (X, p1,v1,%1,01) and (Y, pe, V2, *9,09) are two
IFnNLSs. A mapping T : X — Y is said to be intuitionistic fuzzy
continuous (if-continuous) at z¢g € X if, for every ¢ > 0, a € (0,1),
Y1,92, -y Yn—1 € X and T(y1),T(y2),-..,T(yn—1) € Y there exist § =
d(e,a,x9) > 0, B = B(e,,z9) € (0,1), such that for all z € X,

Ml(y1,y2,~--7?/n—17$_37075) > /B and Vl(y17y27' "7yn—17x_x075) < 1_6

implies,

p2(T(1), T(y2), - - s T(Yn—1), T'(z) — T'(z0),€) > o and
vo(T(y1), T(y2)s -, T(yn—-1),T(x) — T(x0),€) < 1—a.

If T is if-continuous at each point of X, then T is called if-continuous
on X.

Definition 3.2. The seven-tuple (X, p, v, *, 0, %1, 01) is said to be an IFnNA
if

(i) * and *; are continuous t-norms and o and o; are continuous t-
conorms;

(ii) X is an algebra;

(iii) (X, p,v,*,0) is an IFnNLS;

(IV) ,u(ﬂfl, T2y evey Tn—1,TY, tS) 2 M(xla T2y ...y Tp—1,T, t)*lu(zla X2,y Tn-1,Y, S)
andv(xy, %2, ..., 01,2y, ts) < v(T1,%2,...,Tn—1,2,1)010(21, T2, ..., Tn_1,¥,5),

for all x1,x2,...,2p—1 € X; z,y € X and t,s > 0.

If (X, p, v, %, 0) is an intuitionistic fuzzy Banach space (IFBS), then (X, u, v, *,0, %1, 01)
will be called intuitionistic fuzzy Banach algebra (IFBA).
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Example 3.3. Suppose (X, | - ||) is an n-normed algebra, * and =1 are
continuous t-norms, o and oy are continuous t-conorms and p,v : X X

[0,00) — [0, 1] defined by-

0, t< |z
M(xlaw% s 7wn717wat) = { 1: t ; HxH
and
_ )L i<
v(r1, T2, ..., Tp_1,T,t) = { 0 t> ||z
Then (X, p, v, %,0,%1,01) Is an IFnNA.
Proof. It is a routine verification to prove that (X, pu,v,*,0) is an

IFnNLS.
Next we have to show that (X, u, v, *,0,%1,01) is an IFnNA.

(i) = and #; are continuous ¢t-norms and o and o; are continuous t-
conorms;

(i1) As (X,]| - |]) is n-normed algebra, therefore X is an algebra as well;
(iii) (X, p,v,*,0) is an IFnNLS.

Finally, we have to show that

M($1,$2, vy Tn—1,2Y, tS) 2 ,U,(xl,I'Q, .. 7$n_1,$,t)*1u($1,$2, oy In—1,Y, S)?
and
V(:E17$2> vy Tn—1,TY, tS) < V(xbea s 7$n7171“7t)017/(x17x27 ey Tn—1,Y, 5)‘

Let x1,z2,...,2np—1 € X; x,y € X and t,s € [0,00). If ||zy|| > ts, then
t< ol ors < [yl (£ ¢ > o]l and s > [lg], then ts > fz]llyll > llzy].
contradiction.)

Ift < ||z||, then u(x1,za,...,xn_1,2,t) = 0and v(z1, 22, ..., Tp_1,2,t) =
1.

If s < ||y, then p(z1, z2, ..., 2n-1,y,8) = 0and v(z1,z2,. .., Tpn_1,Y,8) =

Thus,

pw(xe, T2, ..y Tno1, 2, t) ¥1 (@1, T2, ..., Tp—1,9,5) =0,
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and
l/(fL'l,fL'Q, . 'amnflaliat) °1 V($17$27 -y Ip—-1,Y, S) =L
Therefore,
M(:Elaa:?a <oy Tp—1,TY, tS) > /,L(xl,IBQ, s 7$n717$7t)*1,u(1:1,3327 s In—1,Y, 5)7
and
V<x17x27 s 7xn—17my7t3) < V(x17x27 s 7$n_1,$,t)01V($1,$2, o 7$n_1,y,8).

Next, we consider ||zy| < ts, then we have ¢ > ||z|| or s > ||y]|.

Then, if t > ||z||, we have p(z1, z2, ..., 2n_1,2,t) = Land v(z1, 22, ..., Tp_1,2,t) =
0
aild if s > ||y||, we have p(z1, 22, ..., 2n-1,y,8) = land v(z1, 22, ..., Tpn-1,Y,S) =
" Thus,
w(x1, o, .. X1, @, t) *1 (1,22, ..., Tp—1,Yy,8) =1
and
v(z1,T2,...,Tp—1,2,t) 01 v(x1, T2, ..., Tp_1,Y,5) = 0.
Therefore,
w(xy, o, ... Xp_1,zy,ts) =1 and v(z1, 29, ..., Tn_1,2y,ts) = 0.
Thus,
WXy, o, .. 1,2y, tS) > w(x1, T2, ..., Tne1, T, )k (1, T2, . .., Tn—1,Y,S),
and
V(1,22 ..., Tpo1,2Y,t8) < v(x1, T2, ..., Tn-1,T,t)010(T1, 22y ..., Tn-1,Y,S).

Therefore the inequality holds.
Hence (X, p, v, *,0,%1,01) is an IFnNA.
O

Example 3.4. Suppose (X, | - ||) is a n-normed algebra and u,v : X x
[0,00) — [0, 1] be defined by-

t
t>0
w(xy, 2, ..., Tp_1, Ty, t) = { 6+Hx1,:c2,---,xn||> -
) - ?



70 N. Konwar and P. Debnath

and

|z1,22,....%n ] "
) 20y > O
v(T1, T2, ..., Tp_1,T,t) = { i+|\$179027-~,:vn|\’ f—o
, =

Then (X, p,v,\,V,-,-) is an IFnNA.

The next theorem gives a necessary and sufficient condition for an
IFnNA to be with continuous product.

Theorem 3.5. Let (X, u,v, *,0,%1,01) be an IFnNA. Then X is with con-
tinuous product if and only if, for all & € (0, 1) there exist § = B(a) € (0, 1)
and M = M («) > 0 such that for all x,y € X; s,t > 0 and x1,22,...,2, €
X:

w1, 2, ..., Tn_1,,8) > f and v(xy, T2,. .., Tn_1,7,5) < 1= [,
and
M($1,$2,...7$n_1,y,t) > 5 and V(xl,.%'Q,...,fEn_l,y,t) <1 _B

imply

p(xy, zo, .. xp_1, 2y, Mst) > a and v(x1,z2,...,Tn_1,2y, Mst) <1— a.

Proof. Suppose a € (0,1) and V = {u € X : p(z1,22,...,Tp-1,u,1) >
a and v(z1,z2,...,Tn—1,u,1) < 1 —a} be an open neighborhood of zero.
Define a function X x X — X such that (z,y) — x.y, where (z,y) €
X x X and z.y € X.
As this function is continuous at (0,0), there exist e = €1(a) > 0,
e = e2(a) > 0, 1 = 1() € (0,1), 72 = 12() € (0,1) such that for all
u,us € X:

w(zy, x2, ..., xp_1,u1,€1) > and v(r1, T2, ..., Tp_1,u1,€1) < 1 — 71,
and
w(xi, 2, ..., Tn_1,u2,€2) > v2 and v(T1,Z2,...,Tp_1,U2,€2) < 1 — 2.

imply
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w(xy, o, ... Tp1,ur.u2,1) > a and v(x1, z2,. .., Tp_1,u1.u2,1) < 1 — .

Let 8 = maz{vy1,72} € (0,1), M = -1 > 0.

€1.€2

Let x,y € X, s,t >0 and x1,2x2,...,2,—1 € X such that

w1, 2, ..., Tn_1,,8) > f and v(xy,T2,...,Tn-1,7,5) <1 =0,

M(l‘laxQW")l‘n*layat) >ﬁ and V($17332»---a$n—17y7t) < 1_5

Then

x x
w1, T2,y Ty1, ;,1) > (>~ and v(z1,22,. .., Tn-1, ;,1) <1-B<1-m,

M(xlax%"wxn—lv%vl) > B > 2 and V($17x27"'7xn—17%71) < 1_6 < 1_'72

Let up = 2%, up = 24, Then we have,

4t

,U’(:I:17:1:25 ... 7$n—17u1761) - M(:ElaxQ’ vy In—1, 6_7 1)
1
x
= ,u(.’L’]_,.'IZQ, <oy Tn—1, ;7 1) > 7,
and
V(.’El,.’L‘g,...,ZL‘nfl,ul,El)
(51 T
:7/(37171'27---73771—176_71) :V<$1,$2,...,$n_1,;,1) < 1_71
1
And,
W(T1, T2, Tn—1, U2, €2)
U Yy
= M(xhx?’ cee s Tn—1, ga ]-) = /,L(IE]_,JIQ, <oy Tn—1, 27 1) > Y2,
and
_ u2 _ Y
U(T1,%2, ..., Tn_1,U2,€2) = V(T1,T2,...,Tp_1, o 1) =v(x1,22,...,Tn-1, T 1) < 1—7s.
2
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Hence, p(x1,22,...,Tn-1,u1.u2,1) > = p(r1,T2,. .., 051, <524 1) >
a
t
:>M($17$2;-~-737n—17$yy 618.62 >«
= p(x1, 22, ..., Tno1,xy, Mst) > a.
And
v(@1, 22, .. Tyt Ut U2, 1) < 1 —a = v(xy, 20, .., 21, L2.221) <
11—«
t
= v(x1,T2,. .., Tno1,TY, 618.62) <l—-«
= v(w1, %2, ..., Tn_1,2y, Mst) <1—a. ie.

(1, x2, ..., Tno1, 2y, Mst) >« and v(xy,x9,...,Tn-1,2y, Mst) <1—a.

Converse Part:

First we will prove that for each yo € X the mapping X — X such
that * — xyg, where z € X and zyo € X is continuous.

Let € > 0, a € (0,1). Thus there exist 5 = (a) € (0,1), M = M(«) >
0 such that

w1, 2, ..., Tn_1,,8) > [ and v(xy,T2,...,Tn-1,7,5) <1 -0,
and

M(l‘laxQW"vl‘n*layat) >ﬁ and V(x17x27"'7$nflayat) < 1_5

This implies,

p(xy, o, .. X1, 2y, Mst) > a and v(xy,z2,...,Tn—1,2y, Mst) <1—a.
As, limy—oop(1, 22, . .., Tn—1,Y0,t) = 1, there exists tg > 0 such that

(1,2, ..y Tn—1,Y0,t0) > B,

and as limy— oV (21,%2, ..., Tn-1,Y0,t) = 0, there exists ¢y > 0 such
that

U(fEl,J:Q,...,xn_l,yO,t()) < 1 _B
Let 0 = 6(a, €) = w7 and Bla,€) = .
Let € X such that p(z1,xo,...,24-1,2,0) > fand v(z1,22,...,Tp-1,2,0) <

1- 8.
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As p(x1,z2,. .., Tn-1,%0,t0) > 0 and v(z1,x2,...,Tn_1,Y0,t0) <1— [
we obtain that

w(xy, o, ..., Tn1, Y0, Mtod) > a and v(z1,x9,. .., Tn_1,TYo, Mtgd) < 1—au.
This implies that
w(xy, 2, ..., Tn_1,2Y0,€) > a and v(z1, T2, ..., Tn_1,TY0,€) < 1 — .

Similarly, we can establish that, for each zg € X, the mapping y —
xzoy, where y € X and zgy € X is continuous.

Next, we will prove that (X, i, v, *, 0, %1, 01) is with continuous product.

Let z,, — ®0, Yn — Yo. Thus z,yo — zoyo and oy, — ToYo-

Hence,
limpy—oopt(1, X2, ..., Tn—1,TnYo — ToYo,s) = 1 and
limp—oov(T1, T2, . . ., Tn—1, TnYo — ToYo, ) = 0,
and
limpy,—ooit(21, T2, . .., Tn_1, ToYn — ToYo,t) = 1 and
limp—ool(T1, T2, ..., Tn_1, ToYn — ToYo,t) = 0,

for all s,¢ > 0.

Therefore,

(@1, T2, - oo Tn—1, TnYn — ToYo, t) = (21, T2, - .., Tn—1, (Tn — T0)(Yn —
Y0) + (Zn — 20)yo + To(Yn — Yo), 1)
> p(w1, 22, Tn—1, (Tn—20) (Yn—Y0), 5)*u(T1, 2, . . ., Tn_1, (Tn—20)Y0, %)
sk 1(T1, 22y« Tn-1, To(Yn — Y0), %)
> (u(x1,z2,. .. Tp—1, Ty — To, %) k1 (1, T2, .oy Tp1, Yn — 3\/@))
s w(x1, 2, .o Tn-1, (Tn — 0)Yo, %) s w(x1, 22, o Tn—1,20(Yn — Yo), %)
— 1.

And
v(x1, 22, ... Tn-1, TnYn — ToYo, 1)
=v(T1,22,. .., Tn—1, (Tn — 20)(Yn — Y0) + (Tn — T0)Yo + To(Yn — Y0), 1)
<v(x1,22,. .. Tn-1, (Tn—20)(Yn—y ) %) v(r1, T2, ..., Tn—1, (Tn—20)Yo, %)o
V(afl,m, e ,xn—l,mo(yn - yo)a 3)
< (v(z1,22,...,Tn-1,%n — To, %) o1 (21,22, ..., Tn—1,Yn — Yo, %)) o
v(z1,22, .., Tp—1, (Tn — T0)Yo0, £) o (21, T2, . . ., Tn—1,20(Yn — Y0) %)
— 0.

Hence, x,y, — xoyo-
Hence X is with continuous product. O
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Lemma 3.6. Any continuous t-norm * and t-conorm o satisfy:
for all v € (0,1) there exist o, 3 € (0,1) such that o x § = = and
(I—a)op=1-—1.

Theorem 3.7. Let (X, pu,v,*,0,%1,01) be any IFuNA. Then X is with
continuous product.

Proof. Let a € (0,1). Then there exists ¢ > 0 such that a +¢ € (0,1)
and (1 —a) —€e € (0,1).

As %7 is a continuous t-norm and o7 is a continuous ¢-conorm by lemma 3.6,
we obtain that there exist Sq, v € (0,1) such that

a+e=La*x17 and (1 —a) —e=(1—4) 01 Va
We suppose that 8, > 74 and (1 — Ba) < 7o (the case Bo < 7, is
similar).

We choose M = M(a) = 1.
Let x,y € X, s,t >0 and x1,22,...,2,—1 € X such that

p(xy, 2, ..., Tn_1,2,8) > Bo and v(z1,z2,...,Tn_1,2,5) < 1 — [,
and
p(xy, o, ., Tn_1,y,t) > Bo and v(z1,x2, ..., Tp_1,Y,t) < 1 — S,
Then
w(xy, 2, ..., Tn_1,xy, Mst)
> (1, T2, ..o Tno1,2,8) *1 (@1, T2, ..., Tn_1,Y,1)

Zﬁa *1 504
Zﬂa *1 Yo

v(x1,x2, ..., Tno1,2y, Mst)

(w1, w0, ..o Ty_1,1,8) 01 (1, T2, .., Tp_1,Y,t)
( _ﬁa) o1 (1_ﬁa)

( _504) 01 Yo
(
1

Hence X is with continuous product.
O
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Definition 3.8. Let (X, u,v, *,0,%1,01) be the [IFnNA. Then X is said to
be with multiplicatively continuous product if for all a € (0,1); z,y € X;
s,t >0 and x1,22,...,Tp—1 € X:

w(xy, o, ... Tp_1,x,8) > a and v(x1,x9,...,Tn-1,2,8) < 1 —a,
and
w(xy, 2, ..., Tn_1,y,t) > « and v(r1,22,...,Tn_1,Y,t) < 1 — a.
imply,
p(xy, 2, .., Tn_1, 2y, st) > a and v(x1,x2,. .., Tn_1,2y,5t) <1 —a.

Example 3.9. (IFnNA with multiplicatively continuous product) Let
(X, p, v, *,0,%1,01) be the IFnNA from the example 3.3 is with multiplica-
tively continuous product.

Proof. Let a € (0,1), for all x,y € X, for all z1,z9,...,2,-1 € X, and
s,t > 0 such that

w(xy, o, ... Tp_1,x,8) > a and v(x1,x9,...,Tn-1,2,8) < 1 —a,
and
w(xy, o, ..., Tp_1,y,t) >« and v(z1,2,...,Tn-1,y,t) < 1 —a.
Then,
p(xy, z2, ..., xp_1,2,s) =1 and v(z1,x9,...,2p_1,2,5) =0,
and
(i, 22, Tn-1,y,t) = 1 and v(x1,x2,...,2p—1,y,t) = 0.

Thus we have,

=] <, [lyll <t.

Therefore, [lzy|| < [lz[|.[ly] < st.
Hence,

w(xy, o, ..., Tp1,2y,st) =1 >« and v(z1,22,...,Tp_1,2y,st) =0 < 1—au.

Therefore X is with multiplicatively continuous product. O
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Example 3.10. (IFnNA which is not with multiplicatively continuous prod-
uct) We consider the IFnNA from example 3.4 where X = R and the norm
on X is the absolute value || - ||. Then (R, p,v,*,0,%1,01) is not with
multiplicatively continuous product.

Proof. Suppose,oz:%, l—azg,ngs,y:%t and s,t > 0.
Then we have,
( ) s s 2 S 1
T1,T9, ..., Tp_1,T,8) = = =—=>—.
H{x1, T2, s bn—1, 4L, S+||$|| S+%S 9 7
i.e.
M(zlax27 y Ip—1, T, S) > «,
and
] 3s _T1T_6
V(J:laa:% sy Tn 173378) S+H.’L‘H S-i—%S 9 7
i.e.
v(T1, 22y, Tp—1,2,8) <1 —«
But,
( 0 st st 4 < 1
T1,T9, ..., Tp_1,TY,St) = = = =< - =q,
T, 2 1Y st+ ||zyll  st+Z-Ist 3 7
and
oyl Y a9 1
P p— t = — [— > — = 1 _
V(J:laa:?a sy Ip—1,2Y, S ) st + nyH St+47498t 53 7 «
i.e.
p(xy, 2, ..., Tn_1, 2y, st) < a and v(x1, z2,...,Tn_1,2Y,5t) > 1 — a.

Thus (R, i, v, %,0,%1,01) is not with multiplicatively continuous prod-
uct. O

Theorem 3.11. Let (X, u, v, %, 0,%1,01) be the IFnNA such that axjo > «
and (1 —a)o; (1 —a) <1—a forall a € (0,1). Thus (X, p,v,*,0,%1,01)
is with multiplicatively continuous product.



Intuitionistic fuzzy n-normed algebra and continuous product 7

Proof. Let a € (0,1), for all z,y € X, for all z1,x9,...,2,-1 € X, and
s,t > 0 such that

w(xy, 2, ..., Tp_1,z,8) >« and v(x1,x2,...,Tn-1,2,5) < 1 —a,
and
w(xy, 2, ..., Tn_1,y,t) >« and v(z1,22,...,Tn_1,y,t) < 1 — a.
Then,
/JJ(ZL'l,IBQ, ey In—1,2Y, St) Z /-L(J:laaj% ey In—1, T, 8)*1/1(131’:327 O 7xn717y7t)
> k]
> a.
and
v(x1,x2, ..., Tno1,2y, Mst) < u(x1,x2,...,Tn-1,%, )01 (T1, 22, .., Tn_1,Y,1)
<(1—O[)Ol (]_—Oé)
<1-oa.

Thus X is with multiplicatively continuous product. O
Remark 3.12. Theorem 3.11 is sufficient but not necessary.

Theorem 3.13. Let (X, u1, 1, , 0, %1,01) and (Y, pg, V2, %, 0, %1, 01) be two
IFnNAs. If t-norm * denotes both * and %1 and t-conorm o' denotes both
o and oy, then (X x Y), ju,v,% , 0, %1,01) is a IFnNA where,

/L((*xlv yl)? (:1727 y2)a (R (xn—h yn—l), (*xa y)? t)

= Hl(xlax% cee ,ZCn_l,JI,t) */ ,U/Q(yhy% ) yn—lay)t)v
and
V((xlayl)a (352792)7 M (l’n—hyn—l)a <IL', y)at)
- V1($1,$2, s 7xn—17x7t) O/ V2(yl7927 <o 7yn—17y7t)7

for all (w1,91), (x2,92),- -, (Tn-1,Yyn-1) € X XY, m1,22,..., 201 € X,
Y1, Y2y« Yn—1 €Y, (z,y) € X x Y and s,t > 0.
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Proof. We have to prove that

N((mlayl)a(x2ay2)7'"a(:nn*layn 1)7(1::1: ayy) )
> p((@1,91), (22,92), -5 (Tn-1,Yn—1), (2,9), )
w1 (21, 01), (2,92), -+ (Tn1,9n1), (2, 9), 1),
and

V( , -7($n—17yn 1),(1&% 73/3/) )

v((x1,91), (@2, 42), -5 (Tn-1,Yn-1), (2, 9), )

o1 V(($1,y1),($2,y2) 7(xn—17yn—1)7($7 ) )
for all (z1,y1), (:L‘Q,yg),...,(xn,l,yn 1) € X XY, z, z eX,yy,eY, and
s, t > 0.

Now,

M((xlayl)a(@,w)w--,a(afn—,lyyn—l),(m/ yy'), st) ,
= p1(x1,29, .., Tn—1,2x , St) * pa(Y1,Y2 -+ Yn— LYY st)
> (1 (1,22, o+, Tpe1, T, 8) %1 i (T1, T2, o, Tn1, T 1)) %
(m2(y1,y2, - -, Yn—1,9,8) *1 ug(yl,yg,---,ynfl,y,t))
> [pa(@1, 2,y o1, @,8) % 2(Y1, Y2, Yn1, Y, 5)] *

(21, D2, Tn1, T 1) % p2(Y1, Y2, Yno1, Y 1))
:u((:m,yl),(wg,yz),.--,(:vnq,yn 1), (%, y),8) %1
p((@1,91), (T2, 92), - 5 (Tn—1,Yn—1), (x y) t).

Therefore,

,U/((xlayl) (3727:92) '7<$n—17yn 1),($$’,yy/),8t)
> p((@1,91), (£2,92), -+ (Tn-1,Yn-1), (2, ), 5)
s1 p((@1,91), (2,92), s (@01, Y1), (2, 9), 1),

And
v((@1,y1), (@2,92), s (Tn-1,9n-1), (22’ 5y, st)
(21,22, .., Tn—1,TT ,St) O Vg(yl,yg,...,yn,l,yy,stz

(z1,91), (T2, 2), -

< (vi(x1, @2, ..., Tp—1,2,8) o1 V1 (21, T2, . .. ,IBn—Ilyfﬂlat)) o
(v2(y1, 925 -+ Yn—1,9,5) 01 2 (Y1, Y25 - - -, Yn—1,Y 5 1))

< [vi(x1,m2,. .., Tpe 1,7, s) o Z/Q(yl,yQ,...,yn,l,/y, s)] o
W1(21, %2, oo, o1, 1) © Va(Y1, Y2, -« o Yne1, Y 5 )]

v((@1,91), (@2, 42)s -5 (En—1,Yn-1), (%, ), 8) 01
V(($17y1)7($27y2)7"')($n—1ayn—1) ( y) )
Therefore,
V((xla yl)? (3727 y2)7 SRR (mn—h Yn— 1)7 (mx/7 yy,)? St)
SV((xlayl)v($27y2)7"'7(xn71ayn71) ( y);S)
o1 V((xla yl)? ($27y2)7 B (xn—lyyn—l), (m 'Y )7t)'
Therefore X x Y is an IFnNA.
a

Theorem 3.14. Let %1 be at-norm and oy be a t-conorm satisfying axjc >
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a and (1—a)o1(1—a) < (1—a) forall o € (0,1) and let (X, 1, v1, %, 0, %1,01)
and (Y, ua,v2,*,0,%1,01) be two IFnNAs with multiplicatively continuous
product. If a t-norm  denotes both * and *; and t-conorm o’ denotes both
o and oy, then (X X Y), p,v,% ,0 ,%1,01) is a IFnNA with multiplicatively
continuous product.

Proof. IL(?t a€ (0,1), (z1,y1), (x2,92), - -y (Tn—1,Yn—1) € X XY (2,y) €
X xY,(r,y)e X xY and s,t > 0 such that

,u((xlv yl)v ($2> y2)> SRR (wn—la yn—1)> (.’L’, y)v S) > a;
v((z1,91), (2,92)s - - oy (Tn—1,Yn—1), (z,¥),s) <1 —a.

and

M((l’l,yl), ($27y2)a sy ($n,1’yn,1), (xlay/)7t) > Qg
V((xlayl)a (.fg,yg), SRR (znflvynfl% (‘T/’yl)’t) <l-a

Then we have successively:

/J’((J:la yl)a (1:2a y?)? L) (:Enfla ynfl)v (J::Z:,a yyl) St)
:M1($1,$2,---,wn—l,ww/,St) *IM2<yl,y2,.--7yn 1,yy St)
> (U1 (21,2, -, Tpe1, @, 8) *1 1 (T1, T2, -+ ., Tppe1, T , 1))
(H2(Y1, 925 - -+, Un—1,¥, 8) *1 uz(y1,y2,-..,yn_1,y,t))
> [Ml(x1,$2,-- s Tn— 1,1’ 5) */ ,UQ(ylay%"'vynflaya S)] *
(21,22, Tty 2 3 8) ¥ 2 (Y1, Y25 -+ Yne1,Y 5 1))
:H(($17y1)7($27y2)7"'7(xn—1ayn 1) (:17 y) )
w((z1,91)s (22, 92), - -, (Tn1,Yn-1), (&, y), 1)
> (k]
> .

ie.

/I‘((:Elayl)a (x27y2)a sy (:L‘Tlflvynfl)’ (l’l‘l,yy,), St) >

And

V(($1,Z/1)7 ($27y2)7 T (xnfllaynfl)7 (zx oy )7 St) ,

vi(21,72,. .., Tn-1,27 ,8t) © V2(y1, Y2, - - s Yn—1, by >5t2
(7/1(.'131,.'132, e 7‘T7Z—17$78) 01 Vl(xlvaa e 7‘Tn—ll7x at)) o

va(Y1, 92+, Yn—1,9,8) 01 ¥2(Y1, 42, -+, Yn-1, 1))
[I/l(.’l,’l,xg, Ce ,xn_l,a:,s) o Ug(yl,yg, ey Yn—1,9Y, 8)] ¢}
V(1,225 Tp_1, 1) O Ua(Y1,Y2s -+ s Y1, Y 1 1)]
V((ajhyl)?(x27y2)7"'7(xn—1ayn—1)7(x7y)78) o

I ﬁl/\’\l/\ ||



80 N. Konwar and P. Debnath

V((a:l?yl)?(vayQ)v"'7(xn—1vyn—1)7(‘rlay/>7t)
<(l—-a)o; (1—a)
<(1-a).

V((:Blayl)’ (x27y2)7 ) (l‘nflaynfl)v (:E:C,vyy’)vSt) < (1 - Ot).

Therefore X xY is an IFnNA with multiplicatively continuous product.
O

Example 3.15. Let (X, p, v, *,0,%1,01) be an IFnNA with multiplicatively
continuous product and let S C X be a linear closed algebra of X. Then
(S, p, v, %,0,%1,01) is an IFnNA with multiplicatively continuous product.

4. Conclusion

In this paper we have introduced the notion of IFnNA and given a char-
acterization for an IFnNA to be with continuous product. Further, the
notion of multiplicatively continuous product has also been introduced and
studied. The spectral properties of an IFnNLS will be an interesting topic
for future research in this regard which may be applied in the study of
dynamical systems and particle physics.
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