DOI: 10.4067/S0716-09172017000400753

Proyecciones Journal of Mathematics

Vol. 36, N° 4, pp. 753-767, December 2017.
Universidad Catélica del Norte
Antofagasta - Chile

Ostrowski type fractional integral inequalities for
s-Godunova-Levin functions via k-fractional
integrals

Ghulam Farid
COMSATS Institute of Information Technology, Pakistan
Atiq Ur Rehman
COMSATS Institute of Information Technology, Pakistan
and
Muhammad Usman
COMSATS Institute of Information Technology, Pakistan
Received : April 2017. Accepted : July 2017

Abstract

In this paper, we give some fractional integral inequalities of Os-
trowski type for s-Godunova-Levin functions via Riemann-Liouville
k—fractional integrals. We deduce some known Ostrowski type frac-
tional integral inequalities for Riemann-Liouville fractional integrals
and we also prove results for p—functions and Godunova-Levin func-
tions by taking s =0 ans s = 1 respectively.
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1. Introduction

In 1938 Ostrowski [1] proved an inequality stated in the following result
(see also [8, p.468]). Ostrowski inequality gives bounds of integral average
of a function f over an interval [a, b] to its value f(z) at point = € [a, b].

Theorem 1.1. Let f : I — R where I is interval in R, be a mapping
differentiable in I° the interior of I and a,b € I°, a < b. If ’f’(t)’ < M, for
all t € [a,b], then we have

¢ — atb)?
‘f(x)_bia/abf(t)dt < i—i—ﬁ] (b—a)M,x € [a,b).

Ostrowski and Ostrowski type inequalities have great importance in

numerical analysis as they provide the error bounds of many quaderature
rules. In recent years, such inequalities have been extended and generalized
in various aspects (see [3, 4, 5, 6, 7] and references therein).
Fractional integration is the generalization of classical integration. In this
research article we use Riemann-Liouville k—fractional integrals to gener-
alize the Ostrowski type inequalities via Riemann-Liouville fractional inte-
grals given in [7]. In the following we give some important definitions.

Definition 1.2. [11] A non-negative function f : I — R is said to be
p-function, if for any two points x,y € I and t € [0, 1]

ftz+ (1 —=t)y) < f(z) + fy).

Definition 1.3. [12] A function f : I — R is said to be Godunova-Levin
function, if for any two points x,y € I and t € (0,1)

flx) | fy)
P

Definition 1.4. [13] A function f : I — R is said to be s-Godunova-Levin

function of first kind, if s € (0,1] and t € (0,1), then for all x,y € I we

have
Flta+ -ty < 124 SO

Definition 1.5. [14] A function f : I — R is said to be s-Godunova-Levin
function of second kind, if s € [0,1] and t € (0,1), then for all x,y € I we

have
f(y)
(L—t)s

fz+(1—-t)y) <

flz+ (-t < 12
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Definition 1.6. [10] Let f € Li[a,b]. Then Riemann-Liouville fractional
integrals Ji', f and Jy* f of order o > 0 with a > 0 are defined by

T @) = g | @00 0tz >0

and

b
Jof(x) = ﬁ [ -t <

respectively, where I'(a) = [5° e *u®"1du. Here I'(ac + 1) = oI'(a),
J2 f(z) = JY f(z) = f(x). In case of a = 1, the fractional integral reduces
to the classical integral.

Definition 1.7. [9] Let f € Li[a,b]. Then k-fractional integrals of order
a,k > 0 with a > 0 are defined as

I((zlf (x):m/: ($—t)%71f(t)dt,a:2a
and . . ) .
o f(a:)—krk(a)/m (t—a)F L f (D) dt,x < b.

where Ty () is the k-gamma function. For k = 1, k-fractional integrals
give Riemann-Liouville fractional integrals.

In the following we give definitions of k-gamma and k-beta functions as
well as their relationship.

Definition 1.8. [2] For k € R" and x € C, the k-gamma function is
defined by

1Mo, e —1
Ti(z) = lim niktnkE
n=oo  (Z)nk

Its integral representation is given by

o0 k
(1.1) Ty (@) :/ o le % g,
0

One can note that

I_‘k (a—i—k) = aFk (a)

For k =1,(1.1) gives integral representation of gamma function.
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Definition 1.9. [2] For k € R* and x € C, the k-beta function with two
parameters x and y is defined as

1
(1.2) Br(z,y) = %/ LR (1 — )t

0
For k =1, (1.2) gives integral representation of beta function.

Theorem 1.10. [2] For z,y > 0, the following equality in k—gamma and
k—beta functions holds

(1.3 o) = Y,

We organize the paper in such a way that first we prove Ostrowski type
fractional integral inequalities for s-Godunova-Levin functions of second
kind via Riemann-Liouville k—fractional integrals. Then we obtain results
for p-functions and Godunova-Levin functions, we also deduce some known
results of [7].

2. Ostrowski type fractional integral inequalities for map-
pings whose derivatives are s-Godunova-Levin of second
kind via Riemann-Liouville k—fractional integrals

The following lemma is very useful to obtain our results.

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with
a < b such that f' € Ly[a,b]. Then for all z € [a,b] one has

r—a % —T % F « + k (0% (6%
(et ) — ZOED [0 fa) 4 J24 70
_ @t e

=30 [tEf (tr+ (1 —t)a)dt

b—a

_m BT g 1 (1 £)b)d,
(2.1)
with o, k > 0.

Theorem 2.2. Let f : I — R be a differentiable mapping on (a,b) with
a < b such that f € L, la,b]. If ‘f” is s-Godunova-Levin function of second
kind on [a,b] and ‘f’ (x)‘ < M, x € [a,b], then the following inequality for
Riemann-Liouville k-fractional integrals holds
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Y RY ~ 't (o + k «@ «
(ot g - PO R [0 ) 4 g2 )
<M (I—a)%JrlJr bfac)%Jrl 1 Fk[a + k] Fk(k _ Sk)
< —a +T1—s Tip(a+2k —sk) |’

(2.2)
where o, k > 0.

Proof. Using Lemma 2.1 and the fact that ’ f/’ is s-Godunova-Levin
function of second kind, we have

Mﬂ@ _ w {J;’;kf(a) + Jﬁikf(b)]'

< T AR | (b (1 - t)a)|t
4O BT f(t + (1 = t)b)|at
o § , a ,
S _); fo |:ts ’+ (1 t) f (a)” dt
W—:fo [ f'(@)Jrﬁ £ )| ar
z a) %+1

5 &+ —(1tkt)s:| dt
E+1 E+1 a a
- M t(”) RSN S LAY I3 [tF= 15 (1 — 1) at

z—a) FH 4 () B L Dulat k) Tk — sk)
T+1l-s I'p(a+ 2k — sk)

The proof is completed. O

Remark 2.3. (i) If we put k =1 in (2.2) we get [7, Theorem 3.1].
(ii) If we put k =1 and « = 1 in (2.2) we get [7, Corollary 3.1].

Corollary 2.4. In Theorem 2.2, if we take s = 0, which means that ‘ f/)
is p-function, then (2.2) becomes the following inequality

x—ag —xg Ipla+k o a
CEOLEI LT % [T2F f(a) + T3 F )] '
o Bt +1 1 kT, [k
<y |lamaF ) ]lﬂH a—kk[k:]
k

where o, k > 0.
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Corollary 2.5. In Theorem 2.2, if we take s = 1, which means that ‘ f/)
is Godunova-Levin function, then (2.2) becomes the following inequality

et o) - BRI ) 4 2 0)

<M (m—a)%“ﬂb—x)%“] [k(O”Ll)} )

b—a a

where o, k > 0.

Theorem 2.6. Let f : I — R be a differentiable mapping on (a,b) with
a < b such that ' € Ly[a,b]. If ‘f'}q,q > 1, is s-Godunova-Levin function
of second kind on [a,b] and )f/(x)’ < M, z € [a,b], then the following

inequality for Riemann-Liouville k-fractional integrals holds

Mﬂx) _ w {Jg‘ikf(a) + inkf(b)] ’

(e—a)E '+ (p—m) B [ : ]%
(b—a) (1+p2)7 1—s

<M

(2.3)
Withoz,k‘>0and%+%:1

Proof. Using Lemma 2.1 and then Holder’s inequality, we have

%Lf( ) T s+ )

flte+ (11—t )dt

o

)k+l f() tk
+ (b— x)k“ Ik tk
< % (fo tpz«dt)ll (fo ‘f (tz + (1 —t)a)‘th)l
+ O (arka)” (o[£ (ke + (- )| "ar)

(2.4)

Fte+(1—t)b ’dt

Q=

Since ’ f,‘q is s-Godunova-Levin function of second kind and ,(:U)’ <

@)

1—s

M, therefore we have
/ q
fol ‘f (t+ (1 - t)a)’ dt < fo [
< M1 [y

o

f(@)
[15+ ]dt

(2.5)
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similarly

2M1
1—s

(2.6) / |7 m+(1—t)b)] dt <

We also have

1 1
2.7) /’wmﬁz
0
Using (2.5), (2.6) and (2.7) in (2.4) we can get (2.3). O

Remark 2.7. (i) If we put k =1 in (2.3) we get [7, Theorem 3.2].
(i) If we put k =1 and o =1 in (2.3) we get [7, Corollary 3.2].

Corollary 2.8. In Theorem 2.6, if we take s = 0, which means that ‘ f/)
is p-function, then (2.3) becomes the following inequality

()%b;a)f(x) _ w [J;‘;kf(a) + inkf(b)} '

1
< M(2)q l(ma)%+l+ bx)%+11 ’

 (1+p)
where o, k > 0.

=

Theorem 2.9. Let f: I — R be a differentiable mapping on I° such that
f e Li[a,b], where a,b € I, with a < b. If ‘f/)q,q > 1 is s-Godunova-
Levin function of second kind on |a, b] and )fl(x)‘ < M, z € [a,b], then the

following inequality for Riemann-Liouville k-fractional integrals holds

@JﬁiL_Lj@g_E%%%ﬁqgﬁymy+ﬁfﬂw}

1
(xfa)%JrlJr bfx)%Jrl 1 Fk[OC + ]f] Fk(k‘ — Sk‘) a
T —s+1 (o + 2k — sk) ’

(2.8)

with o, k > 0.
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Proof. Using Lemma 2.1 and power mean inequality, we have

M}Mﬂx) - MZM [T2F f(a) + T2 F )] i

—u b_
)%-H fo tk

+1
(b= x)k fO tk

| /\

£t + (1= t)a)|dt

f (tz + (1 —1)b)|dt
G L e (fotkdt) 1 (fo t%
(b— a:)%+1 (fot dt) 4 (fo L‘k

|/\+

Flte+(1- t)a)‘th

Q=

)

+ "tz + (1 - t)b)’th>
(2.9)
Since ’ f,‘q is s-Godunova-Levin function of second kind and ,(:U)’ <
M, therefore we have
JEEE|F (e + (1 = t)a)|"at
’ q & ’ q
<o |Ef @ + ol @]
< M1 f; [ts a t%t)] dt
_ A9 _ 1 Fk[Oz—i-k‘] Tk(k‘—sk‘)
F—s+1 I'y(a+ 2k — sk)
(2.10)
similarly
ooy q 1 Fk[a—i—k] Fk(k—sk)
1-— < M1
/Otkf(tw+( t)b)) dt < [%—3—1—1 Ty (o + 2k — sk)

(2.11)

Using (2.10) and (2.11) in (2.9) one can attain (2.8).

|

Remark 2.10. (i) If we put k =1 in (2.8), then we get [7, Theorem 3.3].
(ii) If we put k =1 and a = 1 in (2.8), then we get [7, Corollary 3.3].

Corollary 2.11. In Theorem 2.9, if we take s = 0, which means that ‘f/)

is p-function, then (2.8) becomes the following inequality
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(a:—a)%—l- b—x) Fk(a + k)
(Bt 00T fla) — 5 === 1 f(a) + T (0)]
1

1 kT [K]
¢+l a+k

IN

)

E

where o, k > 0.

Corollary 2.12. In Theorem 2.9, if we take s = 1, which means that ‘f/)
is Godunova-Levin function, then (2.8) becomes the following inequality

(emaft0=ak ) - 5§EUQPQW<»+ﬁTﬂmH

1-3 1
z—a) kT (b—a) R T 1 ! k(a + 1) a
<[t ] )

a %+1 «

where a, k > 0.
Now we give the following lemma for more results.

Lemma 2.13. Let f : [a,b] — R be a differentiable mapping on (a,b) with
a < b such that ' € Li[a,b]. Then we have the following equality

ﬂ@—rua+m[i;}ag§*<@+5@§5f§fﬂw

== LR (tw + (1 — t)a)dt — Lk f (b2 + (1 — t)b)dt; z € [a,b],

(2.12)
with o, k > 0.

Theorem 2.14. Let f: I — R be a differentiable mapping on (a,b) with
a < bsuch that f € Ly[a,b]. If ‘ f’) is s-Godunova-Levin function of second
kind on [a,b] and ‘f,(a:)’ < M, z € [a,b], then the following inequality for
Riemann-Liouville k-fractional integrals holds
1 k 1
) —Tpla+k) | ———=I""fla) + ———=
@) = Tulo ) | s I a) w_)_$+ﬂ)H
< M(-a) 1 Tila+ k] Ty (k — sk)
-2 +1-s Ti(a+ 2k —sk) |’

(2.13)

where o, k > 0.
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Proof. Using Lemma 2.13 and s-Godunova-Levin function of second
kind of ‘ f,‘ we proceed as follows
1 ak 1 a,k
—Ipla+k) | ——=I" +—-=I 7 f(b
f(x) = Ti(a+ k) 2o _a)i e fla)+ 20— )% ot )H
< &3 R | (b + (1 = t)a)|dt
+£”‘—°’”>f1t% f (b + (1 = t)b)|dt
< 3 3 |7 @) + o ()]
Lo {tg ’@)H% f'(b)” dt
sM@g—a) 1[g—§+( ] a
—FJ—H = fl % (t_kt)s dt
= M [l s e (1 - 1)~ dt
_ M(—a) 1 Cila+ k] Tr(k — sk)
2 |¢+1-s Ty (o + 2k — sk)

The proof is completed. O

Remark 2.15. If we put k =1 in (2.13), then we get the result involving
Riemann-Liouville fractional integrals.

Corollary 2.16. In Theorem 2.14, if we take s = 0, which means that ‘f')
is p-function, then (2.13) becomes the following inequality

F(x) — Tular + k) [%Ia”“ﬂa) P 0 >] ‘

2(x —a)r ° 2(b—x)%
_MB-a) [ 1 kK
- 2 [%+1 a+k

where o, k > 0.

Corollary 2.17. In Theorem 2.14, if we take s = 1, which means that ‘f/)
is Godunova-Levin function, then (2.13) becomes the following inequality

1 o,k 1 o,k
f(z) = Tk(a+Fk) [71 fla) + ——= L7 f(b)l
2(x —a)*® 2(b—x)*®
M(b—a) [k:(oﬁ—l)}
2 a ’
where o, k > 0.

<



Ostrowski type fractional integral inequalities for 763

Theorem 2.18. Let f : I — R be a differentiable mapping on (a,b) with
a < b such that f' € Li[a,b]. If q,q > 1, is s-Godunova-Levin function

of second kind on [a,b] and }f/(x)’ < M, z € [a,b], then the following
inequality for Riemann-Liouville k-fractional integrals holds

1 o 1 o
|f($) — (o +k) [mfx’kf(a) + mfx#kf(b)] ‘
L Moo { 2 }
T 2(14p2)? 1=

(2.14)
Withoz,k‘>0and%+%:1

Proof. Using Lemma 2.13 and then Holder’s inequality, we have
1 a,k 1 a,k
x)—Tpla+k) | ———=I " fla)+ ———= I f(b
) = Tulat B) | gt IR (0) 4 g IS >]
g‘ﬁﬂ{ﬁt%\1m+w1—t)ﬂﬁ
b’*“)fotk f(to+ (01—t )|t
_ q
< Lo (fotpk-dt) (Jo |tz + (1 = t)a)|at)
1 1
—M%x(ﬁﬂ%ﬁY(ﬁwfwﬂ+G—ﬂmrﬁy
(2.15)

Q|-

. raq . . . .
Since ’ f ‘ is s-Godunova-Levin function of second kind and

()| <

M, therefore we have

’ q ’ q
S|+ =no)l'a < fi [F @] + mﬂjﬁ
2M
1
<MY [ E + ]dt —
(2.16)
similarly
2M1
(2.17) / ]f m+(1—t)b)] dt < ——.
We also have . )
(2.18) / Pk dt = —.
0 1+p%

Using (2.16), (2.17) and (2.18) in (2.15) we can get (2.14). O
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Remark 2.19. If we put k = 1 in (2.14) then we get the result involving
Riemann-Liouville fractional integrals.

Corollary 2.20. In Theorem 2.18, if we take s = 0, which means that ‘f/)

is p-function, then (2.14) becomes the following inequality
1 a.k 1 a,k
) —Tpla+k)| —=I " fla)+ ——=I 7 f(b
F0) = Tule ) | s g0 4 I >H
M —a)

1
@) a(pg+1)
where o, k > 0.

<

)

Sl

Theorem 2.21. Let f : I — R be a differentiable mapping on I° such
that f' € Lila,b], where a,b € I, with a < b. If f”q,q > 1 is s-Godunova-

Levin function of second kind on [a,b] and }f/ (x)‘ < M, z € [a,b], then the

following inequality for Riemann-Liouville k-fractional integrals holds

1 a,k 1 a,k
|f<:r> ~Tila+h) [ﬁl )+ gl f<b>] ‘

1
< M —a) 1 +Fk(04+]€)r‘k(k—sk‘) a
_2[1_’_%]1—% F—s+1 Tk + 2k — sk) ’

(2.19)

with a, k > 0.

Proof. Using Lemma 2.13 and power mean inequality, we have

@) = Tulo ) | o I )+ mﬁf@] |
< 9 LR | (b + (1 - )a)|dt

+052 [1 R |f (b + (1 — )b)|at

<& (g t%dt)li% (Jo t%|F bz + (1 - t)a)‘th)
+ (2 (folt%dt)l_% (fo t%|f (o + (1 - t)b)’th)%

(2.20)

Q|-

Since ‘ f/‘q is s-Godunova-Levin function of second kind on [a,b] and

‘f, (w)) < M, therefore we have
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q

Jo t%|f (tw + (1 = t)a)| dt
(o3 / q g / q
< i |£]r @ + ol @] e
a a 1 Fila+ k] Tr(k — sk)
1| ¢% t% _ k i
SquO |:_9+ (1t)5:| dt = M4 (%—S+1) I‘k(a+2k}—3k)
(2.21)
similarly
1o, q 1 Lila + k] Ty (k — sk)
te|f (t 1-t)b)| dt < M1
/0 FIf(te 4+ ( ))‘ = l<%_3+1) T+ 2k — sk)

(2.22)

Using (2.21) and (2.22) in (2.20) we can attain (2.19). O

Remark 2.22. If we put k =1 in (2.19), then we get the result involving
Riemann-Liouville fractional integrals.

Corollary 2.23. In Theorem 2.21, if we take s = 0, which means that ‘f"
is p-function, then (2.19) becomes the following inequality

ot ionf o) w [T2E fa) + T2 F )] '

1 kDK
2+1 a+k

1
q

M(b—a)

T2+t
where o, k > 0.

i

Corollary 2.24. In Theorem 2.21, if we take s = 1, which means that ‘f”
is Godunova-Levin function, then (2.19) becomes the following inequality

T—a 13 — 13 Ipla+k « @
o o gy THOTR ok 4 et ) '
M@b-a)[ 1 170 [k(a+1)]%
2 T+1 a ’
where o, k > 0.

<
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