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Abstract

Given a bijection f : V(G) — {1,2,---,|V(G)|}, we associate 2
integers S = f(u) + f(v) and D = |f(u) — f(v)| with every edge uv
in E(G). The labeling [ induces an edge labeling f : E(G) — {0,1}
such that for any edge wv in E(G), f (uwv) =1 if ged(S, D) = 1, and
f (wv) = 0 otherwise. Let e (i) be the number of edges labeled with
i € {0,1}. We say f is SD-prime cordial labeling if |e; (0) —e (1)] <
1. Moreover G is SD-prime cordial if it admits SD-prime cordial
labeling. In this paper, we investigate the SD-prime cordial labeling of
some derived graphs.
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1. Introduction

Let G = (V(G), E(G)) be a simple, finite and undirected graph of order
|[V(G)| = p and size |E(G)| = ¢q. All notations not defined in this pa-
per can be found in [2]. A labeling of a graph is a map that carries the
graph elements to the set of numbers, usually to the set of non-negative
or positive integers. If the domain is the set of vertices the labeling is
called vertex labeling. If the domain is the set of edges, then we called
about edge labeling. If the labels are assigned to both vertices and edges
then the labeling is called total labeling. For all detailed survey of graph
labeling we to refer Gallian [1]. In [4, 5], G.C. Lau and W.C. Shiu have
introduced the concepts SD-prime labeling. In [3], G. C. Lau et.al. have
introduced SD-prime cordial labeling and they proved behaviour of several
graphs like path, complete bipartite graph, star, double star, wheel, fan,
double fan and ladder are SD-prime cordial labeling. In this paper, we
investigate the SD-prime cordial labeling behavior of S'(KLn), Dy (K1),
S(Klm)y DS(Kl,n)a S,(Bn,n)a D2(Bn,n)7 DS<Bn,n)a S(Bn,n)a K1,3 * Klm;
CH,, Fl,, P?, T(P,), T(C,), the graph obtained by duplication of each
vertex of path and cycle by an edge, Q, A(T},), TLn, P, ® K1, Cp, ® K
and J,,.

In [4], Lau and Shiu introduced a variant of prime graph labeling which
is defined as follows.

Given a bijection f: V(G) — {1,2,---,|V(G)|}, we associate 2 integers
S = f(u)+ f(v) and D = |f(u) — f(v)| with every edge uv in E.

Definition 1.1. [4] A bijection f : V(G) — {1,2,---,|V(G)|} induces an
edge labeling f : E(G) — {0, 1} such that for any edge wv in G, f (uv) = 1
if ged(S, D) =1, and f'(uv) = 0 otherwise. We say f is SD-prime labeling
if f'(ww) = 1 for all w € E(G). Moreover, G is SD-prime if it admits
SD-prime labeling.

Definition 1.2. [3] A bijection f : V(G) — {1,2,---,|V(G)|} induces an
edge labeling f' : E(G) — {0,1} such that for any edge uwv in G, f (uv) = 1
if ged(S, D) = 1, and f'(uv) = 0 otherwise. The labeling f is called SD-
prime cordial labeling if |e(0) — e, (1)] < 1. We say that G is SD-prime
cordial if it admits SD-prime cordial labeling.
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Definition 1.3. For every vertex v € V(G), the open neighbourhood set
N (v) is the set of all vertices adjacent to v in G.

Definition 1.4. For a graph G the splitting graph S'(G) of a graph G is
obtained by adding a new vertex v corresponding to each vertex v of G
such that N(v) = N(v").

Definition 1.5. The shadow graph D>(G) of a connected graph G is ob-
tained by taking two copies of G, say G and G". Join each vertex v’ in G’
to the neighbours of corresponding vertex v inG".

Definition 1.6. Duplication of a vertex vy by a new edge e = v;cvg in a
graph G produces a new graph G such that N(v;f) N N(vg) = V.

Definition 1.7. Let G be the a graph with V =51 U SoUSsU--- S UT
where each S; is a set of vertices having at least two vertices of the same
degree and T = V(G) \ U!_,S;. The degree splitting graph of G denoted
by DS(G) is obtained from G by adding vertices wy,ws, ..., w; and joining
to each vertex of S; for 1 <1i < t.

Definition 1.8. For a simple connected graph G the square of graph G is
denoted by G? and defined as the graph with the same vertex set as of G
and two vertices are adjacent in G? if they are at a distance 1 or 2 apart
in G.

Definition 1.9. The subdivision graph S(G) is obtained from G by sub-
dividing each edge of G with a vertex.

Definition 1.10. The bistar By, , is the graph obtained by attaching the
apex vertices of two copies of K1, by an edge.

Definition 1.11. K 3% K, is the graph obtained from K 3 by attaching
root of a star K, at each pendant vertex of K 3.

Definition 1.12. The triangular ladder is a graph obtained from L, by
adding the edges u;viy1,1 <1 < n — 1, where u; and v;,1 <1 <n, are the
vertices of L, such that uq,uo,---,u, and v1,ve, -+, v, are two paths of
order n in the graph Ly,.

Definition 1.13. The corona G1©G> of two graphs G1(p1, q1) and Ga(p2, ¢2)
is defined as the graph obtained by taking one copy of Gy and p; copies of
G5 and joining the it vertex of G1 with an edge to every vertex in the it"
copy of Ga.
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Definition 1.14. The total graph T(G) of a graph G is the graph whose
vertex set is V(G) U E(G) and two vertices are adjacent whenever they are
either adjacent or incident in G.

2. Main results

Theorem 2.1. If G is SD-prime cordial of size q, then G — e is also SD-
prime cordial

(i) for all e € E(G) when q is even.

(ii) for some e € E(G) when q is odd.

Proof. Case (i): when ¢ is even.

Let G be the SD-prime cordial graph of size ¢, where ¢ is an even number.
It follows that e, (0) = ey (1) = 4. Let e be any edge in G which is la-
beled either 0 or 1. Then in G — e, we have either e (0) = ey (1) + 1 or
ep (1) =ep(0)+1 and hence e, (0) — e, (1)] < 1. Thus G — e is SD-prime
cordial for all e € E(G).

Case (ii): when ¢ is odd.

Let G be the SD-prime cordial graph of size q, where g is an odd number.
It follows that either e/ (0) =ep (1) +1orey (1) =ep(0)+ 1. If ey (0) =
ep (1) + 1 then remove an edge e which is labeled as 0 and if e, (1) =
ep (0) + 1 then remove an edge e which is labeled as 1 from G. It follows
that e, (0) = ey (1). Thus, G — e is SD-prime cordial for some e € E(G).
|

Corollary 2.2. The graph G + e is SD-prime cordial if G is SD-prime
cordial having even size.

Theorem 2.3. The graph S'(K1,,) is SD-prime cordial.

Proof. Let v1,v9,---,v, be the pendant vertices and v be the apex
vertex of Ki, and u,u1,us, --,u, are added vertices corresponding to
v, V1,2, +, U, to obtain S/(KLn). Therefore, S/(Kl,n) is of order 2n + 2
and size 3n. Define f: V(S (K1) — {1,2,---,2n + 2} as follows:
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f(v-):{2i+1 if 7isoddand 1<i<n

' 20+2 if tisevenand 1<i<mn;
2 if i=1

flu)=< 2i+2 if iisoddand 2<i<n

2i4+1 if disevenand 2 <7i<m;

In view of the above labeling pattern we get, €, (1) = {%”J and e (0) =
%]
.
Thus, |e;(0) —ep (1) < 1. Hence, S'(K1.,) is SD-prime cordial. O
Theorem 2.4. The graph D(K ;) is SD-prime cordial.

Proof. Let w,uq,u9, -, u, and v,v1,v9,---,v, be the vertices of two
copies of Ki,. Let V(Da(K1y)) = {u,v}U{ui,v; : 1 < i < n} and
E(Dy(K1p)) = {uui,vv, uvi,vu; © 1 < i < n}. Therefore, Do(Ky,) is
of order 2n + 2 and size 4n. Define f : V(Da(K1,)) — {1,2,---,2n + 2}
as follows:

flu) =1

flv) =2
Flus) = 2t+1 ifiisoddand 1 <i<mn
! 2t +2 ifiiseven and 1 <17 < n;
2i+2 ifiisoddand 1 <i<mn

f(vi) =

2t+1 ifiisevenand 1 <i¢ < n.

In view of the above labeling pattern we get, e (0) = e (1) = 2n.
Thus, |ep(0) — ey (1)] < 1. Hence, D2(K1,,) is SD-prime cordial. O

Theorem 2.5. The graph S(Ki ) is SD-prime cordial.

Proof. Let v,v1,v2,- -, v, be the vertices of K ,. Let V(S(K1,)) =
{v}U{vi,ui : 1 <i <n} and E(S(K1,)) = {vui, viu; : 1 <i < n}. There-
fore, S(Kiy) is of order 2n + 1 and size 2n. Define f : V(S(K1,)) —
{1,2,---,2n + 1} as follows:
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In view of the above labeling pattern we get, e (0) = e (1) = n.
Thus, |ep(0) —ep(1)] < 1. Hence S(K1,) is SD-prime cordial. O

Theorem 2.6. The graph S'(By.,) is SD-prime cordial.

Proof. Let ui,us, -, un, v1, U2, s Un be the pendant vertices and u, v
be the apex vertices of Bn . Let ', v ,ul, v be added vertices correspond-
ing to u, v, u;, v; to obtain S (B,,.,). Therefore, S'(Bp.n) is of order 4n + 4
and size 6n + 3. Define f: V(S (Bny)) — {1,2,---,4n + 4} as follows:

4 ifi=1
fluj) =< 4i+4 ifi=1(mod3)and2<i<n
4142 if i =0,2(mod 3) and 2 < i < n;
8 ifi=1
flu;) =4 4i+2 ifi=1(mod3) and2<i<n
4i+4 ifi=0,2(mod 3) and 2 <1i < m;
fw)=5+4(G—1), 1<i<mn;
f)=7+4(—1), 1<i<n.

In view of the above labeling pattern we get, e / (0) = {6”2* 3J and
6n+3
ep(1) = [253).
Thus, ey (0) — ey (1)] < 1. Hence, S'(By.n) is SD-prime cordial. O

Theorem 2.7. The graph Dy(By, ) is SD-prime cordial.

Proof. Let ui,us, -, uy,v1,02, -+, 0, be the pendant vertices and u, v
be the apex vertices of By, ,. Let

V(D2(By, ))f{uv u U}U{uz,vz, U, Z.1<z<n} and E(D2(By.n))
f{uvuv w',u'v'} Ufuug, wug, u'ug, u'ug, vy, vv;, vvz,vvz.lgzgn}.

Therefore, Dy(By, ) is of order 4n + 4 and size 8n + 4. Define
f:V(DaBrny)) —{1,2,---,4n + 4} as follows:
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Let p be the highest prime number < 4n + 4.

flu) =1
fv) =p;
Flu) =2
Fv) = 4
flu;) =4i+2, 1 <i<n;
flog))=4i+4, 1<i<n.

For the vertices ui, us, - - -, Un, ful, fué, e ,v;L we assign distinct odd num-
bers except 1 and p. In view of the above labeling pattern we get, e 7 (0) =
ef/(l) =4n + 2.

Thus, |ey(0) — ey (1)] < 1. Hence, Da(By,n) is SD-prime cordial. O

Theorem 2.8. The graph DS(By,,,) is SD-prime cordial.

Proof. Let ui,us, -, uy,v1,02, -, 0, be the pendant vertices and u, v
be the apex vertices of By, . Let V(DS(Bnn)) = {u,v, w1, w2} U{uwi, v; :
1 <i<n}and E(DS(Bnn)) = {uv, uwg,vwg} U{uws, vu;, uywr, viwy 1 1 <
i < n}. Therefore, DS(B,,,) is of order 2n + 4 and size 4n + 3. Define
f:V(DS(Bpyn)) — {1,2,---,2n + 4} as follows:

fu) =4

fl) =2

flwr) =15

flwg) =2n+3;

flui)) =6+2(i—1), 1 <i<m;

)=
fwi)=3+2(—-1), 1<i<n.

In view of the above labeling pattern we get, €,(0) = 2n + 1 and
ef/(l) =2n+2.
Thus, |ey(0) —ep(1)] < 1. Hence, DS(B,,,,) is SD-prime cordial. O

Theorem 2.9. The graph S(By, ;) is SD-prime cordial.

Proof. Let ui,us,- -, uy,v1,02, -, 0, be the pendant vertices and u, v
be the apex vertices of B, ,. Let v; and u; be the newly added vertices
between v and v; and v and wu; respectively. Also, w be the newly added
vertex between u and v. Therefore, S(By,,) is of order 4n + 3 and size
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4n + 2. Define f: V(S(Bnn)) — {1,2,---,4n + 3} as follows:

In view of the above labeling pattern we get, e (0) = ep (1) =2n + 1.
Thus, |ep(0) — ey (1)] < 1. Hence, S(Bn,n) is SD-prime cordial. O

Theorem 2.10. The graph K 3 * K1, is SD-prime cordial.

Proof. Let V(K13 * K1) = {z,u,v,w} {ui,vi,w; : 1 <3 < n} and
E(Ki3* K1) = {zu, 20, 2w} H{uw;, vo;,ww; : 1 < i < n}. Therefore,
K 3% Ky, is of order 3n + 4 and size 3n + 3. Define f: V(K1 3% Ky ) —
{1,2,---,3n + 4} as follows:

flu) =1;
f(v) =2;
fw) =4;
f(z) =3;
f(uz)_32+2> 1<i<my
flo)) =3i+3, 1 <i<n;
flw))=3i+4, 1<i<n

In view of the above labeling pattern we get,

0) — 3”—;3 if n isodd
ep (0)= 3“—;2 if n iseven
1) — 3“—2“'3 if m isodd
ey (1) = 3”—;4 if n iseven

Thus, |e,(0) — ey (1) < 1. Hence, K13 K1, is SD-prime cordial. O

Theorem 2.11. The triangular ladder T'L,, is SD-prime cordial.
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Proof. Letwi,ve, -+, vy, ui,ug, -, uy, be the vertices of L,,. Let V(T'L,) =
{uj,v; + 1 <1 < n} and E(TL,) = {uwjvit1,vivit1,wvip1 : 1 < i <

n — 1} U{w;v; : 1 < i < n}. Therefore, T'L,, is of order 2n and size 4n — 3.
Define f : V(TL,) — {1,2,---,2n} as follows:

flu) =2i, 1<i<m
flo)=2i—1,1<i<n.

In view of the above labeling pattern we get, €,(0) = 2n — 2 and
ep(l)=2n—1.
Thus, [ep(0) —ep(1)| < 1. Hence, T'Ly, is SD-prime cordial. O

Theorem 2.12. The closed helm graph CH,, is SD-prime cordial.

Proof. Let v be an apex vertex and wvi,vs,---,v, are rim vertices of
Wy,. Let ui,ug,---,u, be the pendant vertices which are joined to each
rim vertices of W, to obtained H,,. So V(CH,,) = {v} U{vi,u; : 1 <i <n}
and E(CH,) = {vv,uv; : 1 <1 < n}lHvivigr,wuipr 2 1 < i < n—
1} U{vivn, uiuy, }. Therefore, CH,, is of order 2n + 1 and size 4n. Define
f:V(CH,) —{1,2,---,2n + 1} as follows:

flo) =1;
fv)=2i, 1 <i<m
Flu)=2i+1, 1<i<n.

In view of the above labeling pattern we get, e/ (0) = e, (1) = 2n.
Thus, |ey(0) — ey (1)] < 1. Hence, C'H, is SD-prime cordial. O

Theorem 2.13. The flower Fl, is SD-prime cordial.

Proof. Let V(Fl,) = {v}U{vi,u; : 1 <i<n}and E(Fl,) = {vv;, viu;, vu; :
1 <t < n}U{vpvr} H{vivigr : 1 <@ < n—1}. Therefore, Fl, is of order
2n + 1 and size 4n. Define f : V(Fi,) — {1,2,---,2n + 1} as follows.
Assign the labels to vertices v, v;, u; as in theorem 2.14. We observe that,
ep(0) =ep(l) =2n.

Thus, |ey(0) —ep(1)] < 1. Hence, Fly, is SD-prime cordial. O

Theorem 2.14. The graph P2 is SD-prime cordial.
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Proof.  Let v1,v9,---,v, be the vertices of the path P,. Let V(P2) =
{v1,v9, -+, vp} and E(P?) = {vvip1 : 1 < i < n— 1} U{vwie 1 1 <
i < n —2}. Therefore, P2 is of order n and size 2n — 3. We define
f V(P2 — {1,2,---,n} by f(v;) =i for 1 < i < n. We observe
that, e,/ (0) =n—2and ep (1) =n—1.

Thus, [e(0) — ey (1)] < 1. Hence, P2 is SD-prime cordial. O

Remark 2.15. Note that T(P,) = P3,_,. Therefore, T(P,) is also SD-
prime cordial.

Theorem 2.16. The graph obtained by duplication of each vertex by an
edge in P, is SD-prime cordial.

Proof.  Let vi,vo,---,v, be the vertices of the path P, and G be the
graph obtained by duplication of each vertex v; of the path P, by an edge
v;v;/ for 1 <i < n at a time. Let V(G) = {Ui,U;,U;/ :1 < i <n} and
E(G) = {vv;,vv; ,u,v; 1 < i <n}U{vwirr : 1 <i <n—1}. Therefore,

G is of order 3n and size 4n—1. Define f : V(G) — {1,2,---,3n} as follows:

-

I ] S N B

In view of the above labeling pattern we get, e,/ (1) = 2n and e, (0) =
2n — 1.
Thus, |ep(0) — ep(1)] < 1. Hence, G is SD-prime cordial. 0

Theorem 2.17. The graph T(C,,) is SD-prime cordial.

Proof. Let vy, vy, -+, v, be the vertices of the cycle C,,. Let V(T'(C,,)) =
{vi,uj : 1 <i<n}and E(T(Cy)) = {vivit1, uiti+1 : 1 <1 < n—1} U{vu; :
1<t <n}H{viwi—1 : 2 <i < n}U{vpv1, upui, viu,}. Therefore, T(C,,) is
of order 2n and size 4n. Define f : V(T'(Cy)) — {1,2,---,2n} as follows:

flv)) =2i—-1;1<i<n

flui)) =2i; 1<i<n

In view of the above labeling pattern we get, e (0) = ey (1) = 2n.
Thus, [ep(0) — ey (1)| < 1. Hence, T(Cy) is SD-prime cordial. O
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Remark 2.18. Note that T(C,) = C3,. It is natural to determine the
SD-prime cordiality of C3, 1, n > 2.

Theorem 2.19. The graph obtained by duplication of each vertex by an
edge in C), is SD-prime cordial.

Proof.  Let v1,v9,---,v, be the vertices of the cycle C), and G be the
graph obtained by duplication of each vertex v; of the cycle C,, by an
edge viv; for 1 < i < n. Then V(G) = {v;,v,,v; : 1 < i < n} and

27 71

E(G) = E(Cy) U{viv;, v;v; ,v;v; : 1 <14 < n}. Therefore, G is of order 3n

1717

and size 4n. Define f: V(G) — {1,2,---,3n} as follows:

f(v2i71)26i—57 1<i< {%L
flog) =6i—1, 1<i< 5]
flvgi_)=6i—4, 1<i<[§];
flug) = 6i—2, 1 <i< [5];
flw))=3i,1<i<n

In view of the above labeling pattern we get, e (0) = ey (1) = 2n.
Thus, |ep(0) — ey (1)] < 1. Hence, G is SD-prime cordial. 0

Theorem 2.20. The quadrilateral snake @), is SD-prime cordial.

Proof. Let v1,va, -+, v, be the vertices of path P,. Let V(Q,) =
V(Pp) Hui,w; : 1 <i<n-—1} and E(Q,) = E(P,) U{viws, ujw;, vip1w; :
1 <i < n—1}. Therefore, @, is of order 3n — 2 and size 4n — 4. Define
f:V(Qn) — {1,2,---,3n — 2} as follows:

Fos) = 3i—2 if jisoddand 1 <i<n
¢ 3i—3 if iisevenand 1<i<m;
flu))=3i—1, 1 <i<n-—1,
f(w):{sz}l if iisoddand 1<i<n—1
! 3 if 7isevenand 1 <i<n—1.

In view of the above labeling pattern we get, e (0) =€, (1) = 2n — 2.
Thus, |ep(0) — ep(1)] < 1. Hence, @y is SD-prime cordial. O

Theorem 2.21. An alternate triangular snake A(T,,) is SD-prime cordial.
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Proof.  Let v1,vs,- -, v, be the vertices of path P,. The graph A(T),)
is obtained by joining the vertices v;v;+1 (alternately) to a new vertex
u;,1 <i<mn-—1forevenn and 1 < i < n — 2 for odd n. Therefore,
V(A(T,)) = V(Py) Ufus : 1 <0 < | 5]} and E(A(Ty)) = E(P,) U{v2i—1u;
1 S ) S L%J s UV ° 1 S ) S L%J} AISO,

3n—1 : 3
_J 5= if nisodd
\V(A(T,))| = 3n if m is even
2n —2 if nis odd

2n—1 if mis even

Case 1: n is odd.
Define f : V(A(T})) — {1,2,---, 22} as follows:

3i—1 if iiseven ;
= 31, 1<2< J

{31—2 if 4 is odd

We observe that, e,/ (0) = ep (1) =n —1.

Case 2: n is even.
Define f: V(A(T,)) — {1,2,---,32} as follows:

3@—1 if 71is odd
fvi) =

if 4 1is even ;

We observe that, e/ (0) =n —1 and ey (1) = n.
Thus, in both cases \ef 1(0)— ( )| < 1. Hence, A(T},) is SD-prime cordial.
O

Theorem 2.22. The comb P, ® K7 is SD-prime cordial.

Proof. Let vy, ve,- -, v, be the vertices of path P,. Let V(P, ® Kj) =
{vi,u; : 1 <i <n} and EP,® K;y) = {vivip1 : 1 <i <n— 1} H{vw; :
1 < i < n}. Therefore, P, ® K is of order 2n and size 2n — 1. Define
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f:V(P,®Ky)—{1,2,---,2n} as follows:

fvi) =2i—-1, 1<i<n;
flu)) =2i, 1 <i<n.

In view of the above labeling pattern we get, €,/ (0) =n—1and ey (1) =
n.
Thus, |ep(0) —ep(1)] < 1. Hence P, ® Ky is SD-prime cordial. O

Corollary 2.23. The crown C,, ® K; is SD-prime cordial.

Theorem 2.24. The jewel J,, is SD-prime cordial.

Proof. Let V(J,) = {u,v,z,y}U{ui : 1 < i < n} and E(J,) =
{uz, uy, xy, ve, vy} Y{uu;,vu; : 1 < i < n}. Therefore, J, is of order
n + 4 and size 2n + 5. Define f : V(J,,) — {1,2,---,n + 4} as follows:

flu))=i+4, 1 <i<n.

In view of the above labeling pattern we get, e,/(0) = n+2and ey (1) =
n+ 3.
Thus, |ep(0) — ep(1)] < 1. Hence J,, is SD-prime cordial. 0
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