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Abstract

In this paper we introduced the RH -regularity condition of six di-
mensional matriz. Matriz summability is one of the important tool
used to characterize sequence spaces. In 2004 Patterson presented
such a characterization of bounded double sequence using four dimen-
sional matriz. Our main aim is to extend Patterson result in triple
sequence spaces using six dimensional matriz transformations.
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1. Introduction and Preliminaries

Throughout the article a triple sequence z is denoted by (z 4.) i.e. a triple
infinite array of real or complex numbers z, 4 -; p; ¢;7 € N. Throughout N,
R and C denote the set of natural, real and complex numbers respectively.

At the initial stage different types of notions of triple sequences were in-
troduced and investigated by Sahiner, Gurdal and Duden [3]. Sahiner and
Tripathy [4] studied I-related properties in triple sequence spaces. Deb-
nath, Sharma and Das [15] and Debnath and Das [16] generalized these
concepts by using the difference operator. Recently Debnath, Das, Bhat-
tacharya and Debnath [17] studied regular matrix transformation on triple
sequence spaces and showed some interesting results. Triple sequences have
also been studied by Tripathy and Goswami ([5],[6],[7],[8]) and many others.

The Silverman-Toeplitz [13] theorem characterizes the regularity of two
dimensional matrix transformation. Robison [10] has given definitions for
giving a value to a divergent double series by considering the double se-
quence for the series and established the conditions of regularity of linear
transformations on double sequence spaces. Since then this concept has
been studied by many researchers. In 2004 Patterson [14] presented an
accessible multidimensional analog of theorem of Brudno [1] using four di-
mensional matrix transformation of double sequences. In this paper the
aim of the author is to extend results of Patterson in triple sequence spaces
using six dimensional matrix transformations. In addition, we introduced
the RH-regularity condition of six dimensional matrix.

Definition 1.1. A triple sequence (zp4,) is said to be convergent to L
in Pringsheim’s sense (denoted by P — limz =L) if for every € > 0, there
exists ng € N such that

|zp.qr — L| < €, whenever p > ng, ¢ > ng,r > ng,

and we write
lim
p,g,r — oo Tpar = L
Note: A triple sequence convergent in Pringsheim’s sense is not necessarily
bounded [3].

Definition 1.2. A triple sequence (z, ) is called definite divergent, if
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for every (arbitrarily large) G > 0 there exist nj,n2,n3 € N such that
|@pqr| > G for p > n1, g > ng, 7 > na.

Definition 1.3. A triple sequence (z,4,) is divergent in the Pringsheim
sense (P-divergent) provided that (x,4,,) does not converge in the Pring-
shiem sense (P-convergent).

Definition 1.4. A triple sequence (z,4,) is said to be bounded if there
exist M > 0 such that |z, 4| < M for all p,q,7 € N.

Definition 1.5. Let A denote a six dimensional summability method that

maps the complex triple sequence x into the triple sequence Ax where the
Imn-th term to Az is as follows:

(Az)1mn = Zgil 2221 D21 Qmon,p,g,rTpg,r
Definition 1.6. The six dimensional matrix A is said to be RH- regular if
it maps every bounded P-covergent sequence into a P- convergent sequence

with the same P-limit.

Theorem 1.1. ([11],[10]) The four dimensional matrix A is RH —regular
if and only if

RH; : P —limy, 100 Gmonp,q = 0, for each p and ¢ ;
RHs : P —limy ;o0 Z;ifq:lal,m,p,q =1,

RH3: P — liml,m—»oozzo)il | Ql,m,p,q |= 0, for each g ;
RHy: P —1imy 00 2924 | @1 pq |= 0, for each p ;
RHs : X027 1 | Gimp,q | 18 P— convergent; and

RHg : there exist finit positive integers A and B such that 3, ,~p |
Almp.q | < A;

we introduce the regularity condition of six dimensional matrix as follows:

Theorem 1.2. The six dimensional matrix A is RH—regular if and only
if
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RH; : P —1imy p, p—oo @i,m,npqr = 0, for each p, ¢ and r ;
RHy: P — liml,m,nﬂoo ;.,ch),oéiol,rzlal,m,n,p,q,r =1

RH3: P —1imymn 00252y | Glmmpgr |= 0, for each ¢ and r ;
RHy: P —limy m p—00 2024 | a1.mnpqr |=0, for each p and 7 ;
RHs : P —1limm pn—oo2esy | Glmmp,qr |= 0, for each p and ¢ ;
RHe : X275 1 | @imnpqr | is P— convergent;

RH7 : there exist finit positive integers A and B such that ¥, ,,>p
A npgr |< A

2. Main Results

Theorem 2.1. If A = (a;mnpqr) and B = (bymnpqr) be two six dimen-
sional RH-regular summability matrices sum a bounded triple sequence
(2p,q,r) to the same sum, then there exist a bounded triple sequence which
is summed by B as by A.

Proof. We consider a sequence (2, ,) such that

P —1limy o (AZ) 1 = 0 and P — limy p, n(Bx)1mpn = 0

Let
= 3200 a x and = 3000 b x
Xl,m,n = p=1,q=1,r=1%,m,n,p,q,rLp,q,r l,mn — “p=1¢=1,r=1Y,m,n,p,q,rLp,q,r

Since A = (a1 mmpqgr) and B = (bymnpqr) be two six dimensional
RH-regular summability matrices and both are summed to 0, then there
exist €, n > 0 with Pringshiem limit zero such that

|Xl,m,n < €l,m,n and ’wl,m,n| < €lm,n

Let U := maxy g1 |Tpqr| and V := maxy, g+ [aLmnpar| [Tpar]
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Let us consider a triple sequence defined by
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Let the triple partial sum X%" =1 k=15ij,k is denoted by (Hpqr) -

Now we have (Hpq,-) has the following eight properties

(i) [Hpppl <1

(i) [Hppp — Hpppt1| =0

(iii) |Hp7p,p - Hp7p+17p+1| =0

(iv) [Hppp — Hppr1pl =0

(V) |Hppp — Hpt1,p+15| =0

(Vi) [Hppp — Hpt1ppl =0

(vil) [Hppp — Hp+1,pp+1l =0

(viil) [Hppp = Hpt1pr1p+1| = Appp With P —limppp Appp =0

By the RH-regularity conditions of A and B we can choose the following
index sequences

(lt)7 (mu)7 (nv)7 (al)v (0_41)7 (Bm)7 (Bm)> (’771)7 (’771) and (6l,m,n)

Choose (oq), (@), (Bm), (Bm); (), (3m) are strictly increasing and
P — liInl,m,n 6l,m,n =0

By the RH-regularity condition RH; gives us

(&%) 176 _177 -1
E 1’q_71L7~ " ’ Al m,n,p,q,r |< 5lmn7

and

[67] 175 _177 -1
Ep—lq T?T " ’blmn,pq,r |< 5lmn7

Now RHs, RH4 and RHj5 gives us the following:
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alil’Bmflaoo
Ep:l,q=,3m,r=’yn | Alm,n,p,q,r |< 5l,m,na

Eal—l,oo,jn—l

p:]wq:ﬁm,"':’y'n | alvmvn’pzq7T |< 5l:m:n’

a;—1,8m—1,00
Ep:a;,q:l,r:'_yn | a’l:m:”:p,q,T |< 5l’m’n7

00,8m—1,n—1
p=0ay,q=1,r="n | Ql,m,n,p,q,r |< 5l,m,n7

00,Bm—1,n—1
Zp:,dhq:,ém,'l‘:l ’ al’m7n7p7q7r ’< 61777’1,777,7

5‘1*1,00,’%*1

p:al’q:,@mﬂ1:1 ’ al7m7n7p7Q7T ’< 6l7m,n7

and

alil’Bmflaoo
Epzl’q:,@mﬂ':ﬁn | blvm’n,lhq,r |< 6l7m7m

alfl’ooa’ynfl
Epzlaq:Bm,TZ’yn | bl7m>nap7qﬂ‘ |< 5l7m,n’

a;—1,8m—1,00
Ep:a;,q:l,r:'_yn | bl’m’n’quﬂ' |< 5l7mzn’

Oo?ﬁm_17/7”7«_1
p=a&y,q=1,r="yn | bl’m’n’quﬂ' ‘< 5l7mzn7

00,Bm—1,n—1
Ep:,@l,q:émﬂ":l ’ bl7m7n7p)an |< 5l7m7n7

dl_17oo7’yn_1
p:ahq:/ém,'l‘:l ’ bl7m7n7p7q7T ‘< 6l,m,n;
and RHg gives us

00,00,00 ~ a |< 5
p=a1—1,=Bm—1,r=gp—1 | “mnpar 1,m,n>
and

00,00,00

p:&l—l,q:ﬁ_m—lyr:ﬁn—l | blamanvpﬂlvr |< 5l7m>n’

We choose the indux sequences (ay,), (&,); (Bma)s (Bma)s (Yn,) and
(¥n, ) such that

ay, =&,y By = Bmy_, and v, = Jn,_, forallt,u,v =1,2,3.4, ..........
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We consider the following triple sequence

Lp,q,r for p< al17 q< /87711 and r < 7711,

Ty gr= _ - _
PO Hyuppgr for a, Sp<@, Pm, <q< B, and yp, <7 <F,,,

(2.1)

Now for the inequalities Iy <1 < i1, my < m < myy1 and n, < n <
ny+1 the above triple sequence (&, 4.) gives us the following:

. _ 00,00,00 .
Xl,m,n = p=1,q=1,r:1al,mﬂ,P:q,Txp,(N‘

_ vy —1,8n—1y,—1 . ~
- Ep:l,q:l,r:l al,m,n,p,q,rLp,qr + El§p<al—1,5m§q§,@m—1,

’yn S ,r‘ S m(1117’,",7'7’,7'7])7q7/r$1297(]7T'

+21§p<al—1,Bmgqgoo,%grg%—1al,m,n,p7q7r$p,q,r"‘Zaz§p<@z—1,1§q§5m—17
Yn ST < 000 mn,p.q.r Tp,g,r

X6, <p<00,1<q<Bim —1,90 <r <Fn—1m,n,p,q,rLp,g,r 25, <p<oo, Bm <q<Bm—1,
1< 7 < n = laymm,pgr€pgr

X0 <p<air—1,fm<q<o0,1<r<ym—1Hmn,pgrLpar 6, 1<p<oo,fm—1<q<oo,
Yo — 1 <7 < 0001 m n,pqrTpgr

T Hbu0X 0, <p<it B <a< B, <r<n Wimsn.p.q.r Tp,a,r

FHtuwr1 = Hewol X6, <peay fmg <a<hmg on <r<am, Wmn.parLpgr
[ Heu 1,041 — Hiyuo]Ba, <p<ar,fm<a<Bumg Ao <r<in Um,n,p,a,r Tpg,r
‘I’[Ht,qul,v - Ht,u,v]zalt§p<alt75mu SQSBmK}’nU <r<An, a1 m,n,p,q,rLp,q,r
+Hir1,ut1,0 — Ht,u,v]zazt§p<5¢ztﬁméqﬁﬁmuﬁnu <r<n Al,m,n,p,q,rTp,q,r

HHit 1,00 — Ht,u,’u]zalgp<alt B <GB Yny KT<An, Himun,p,g,mTp,g,r
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FHe 1001 = HeuoXo, <p<ay, Sy <a<Bmy in <r <my Wm,np.a.rTp.a.r

FHerrut1001 = Hewol Yo, <peay finy <a<Bim Any <r<n Mamnp.arTpg.r

Absolute value properties gives us the following:

Xtmonl < S0 0m 2 ag |

o <17 < 00 |al7m,n,p,q77‘|

xp,q,r‘ + Zl§p<al—1,ﬁm§q§5m—l,

vaQ:T|

+El§p<al71,Bm§q§0077n§r§’yn71 |al:m:”:P,q,T| $p7Q7r|+Zal §P<51l*171§(1§/3m*17

In ST <00 ’al,mm,pﬂ,r’ ‘fp,q,r’

+X6,<p<00,1<q<Bm 1,70 <r <Fn—1 [Gmnpar| [Ep.gr | Ea,<p<oo, B <q<Bm—1,

1§ r S Yn — 1 |al7m7",P7Q:7’|

x,paq{"|

X0 <p<diy—1,Bm <g<o0,1 <r < —1 |@t,m,n,p,0,r xpa%""+Edl—1§p<0073m—1§q§oo7

Fn — 1 <7 < 00 |armmnpgr]

:i.paq77“|

+ |Ht:u77)’ EO([ §p<dl,5m§qﬁﬁ_m,7n9“§'_yn ’alaman7p7Q7T’ ’xp:%r

+ |Ht7u7'u+1 - Ht,u,’l)| Z&lt Sp<&l75mu gqumu Y ST <Yn,y ’al’m’n’p’Q7T’ ’xp,q,r

+ [ Hiut 1,041 — Heuol E@ztﬁp<dzﬁm§q§5mu,%v <r<3n |@mnpgr||Tpgrl

1 Heut10 = Houol Bay, <p<an, By <a<Bm my <r <, |Umnpar| [Ep.r]

[ Hirtuv1,0 — Heuol Bay, <p<ar, 8 <4<y Ao <r<in [Umn.par| [Tp.gr]

F H et = Hewol Bay<pcar, B, <4< iy <r<in, [Smnpar! [Tpar]

+  Hi1u001 = Heuwl oy <pcar, By <a<Bmy in <r<m, [mnpar! |Tpar

1 Herr w1001 = Heuwl By, <p<a) By <a<Bon dng <r<an |8mnpar! |[Tpar]

The inequalities in condition (1) give the following:

)&l,m,n | < 8U517m,n
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+ |Ht,u,?)’ Eal§p<al’5m§qggmﬁn§r§7}/n ’al,m,n,p,q,r‘ ’:Ep,qﬂ"

+ |Ht,u,v+l - Ht,u,v by

a1, <p<n, By Sq<Brmu A <T<Vn, |mnparl [ Tpqr]

+ [Hewr1,041 — Heupl Bay, <p<ar,Bm<a<Brmn Anp <r<dn [@mnpar| [Tp,ar]

+ |Ht,u+1,v - Ht,u,v b

gy §p<dlt 7Bmu SQSBmenv S"'S;/nu ’al,m,n,p,q,r |:Ep7Q7T

+ [Heprut 1,0 — Heol Bay, <p<an, 8 <a<Bmu iny <r<in |Wmnp,ar| [Zpar]

+ |Ht+1,u,'u - Ht,u,v 2

a1 <p<ay;,Bmy <q<Bm Yny <T<Fn, | p.q,r| [Tp.q.r]

X

+ |Ht+1,u,v+1 - Ht,u,v |513p,q77~

[67] Sp<alt 7Bmu SqSBmu In STS"/nv ’alvmvnvpyq"r
+ |Ht+1,u+17'U+1 - Ht,u,U| Ealt Sp<07175mu SQSBT)‘L"_YHU STS’Vn |a/lvm7n7p7q77'| |"'Up7Q7r|

Then we have

’Xl,m,n < 8U(Sl,m,n + €l,m,n + 7V)\t,u,v

Similarly ’wlmn) < 8Ub1mn + €lmm + TV At w0

Therefore P —limy y, n(AL);mn = 0 and P —limy p, p(AL); . =0
This completes the proof of the theorem. a

Theorem 2.2. If A= (a;mnpgqr) and B = (bymnpqr) be two six dimen-
sional RH-regular summability matrices sum a bounded triple sequence
(2p,qr) to the different sums, then there exists a bounded triple sequence
which is summed by A but not summed by B.

Proof. The proof of the theorem can be established following the technique
applied in the above theorem. a
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