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Abstract

We study the existence of positive periodic solutions of a system of
neutral differential equations. In the process we construct two map-
pings in which one is a contraction and the other compact. A Kras-
noselskii’s fized point theorem is then used in the analysis.
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1. Introduction

In this paper we use a fixed point theorem due to Krasnoselskii to study the
existence of positive periodic solutions of the system of neutral differential
equations

d d
(L.1)Zz(t) = A@)z(t - 7(t)) - Ct) ot — 7(t) — F(¢,2(t - 7(2))),
where

C(t) = diaglei(t), ca(t), ..., en(t)], A(t) = diaglai(t),a (75), an(t)], and
F(t,z(t — (1) = [filt,z1(t = 7(2))), fat, 22(t = 7(2))), - ( n(t —
I

The scalar version of (1.1) arises in food-limited population models ([3],[4]-
[7],18],[9]) and blood cell models [2]. Recently, Raffoul, [21] obtained suffi-
cient conditions for the existence of positive periodic solutions for the scalar
neutral nonlinear differential equation

(1.2) 2'(t) = —a(t)z(t) + c(t)2'(t — g(t) + q(t, z(t — g(1))).

In the current paper we extend the results in [21] to systems of equations.
It must be noted that if 7(¢) = 0 in the first term on the right hand side
of (1.1) and n = 1, then (1.1) reduces to (1.2). Thus, even for n = 1 our
results obtained in this paper are more general than that obtained in [21].
Let Ry = [0, 400). For each = = (21,2, 23, ..., 2,)" € R", the norm of x is
defined as [z = X7, |z;]. R} = {(z1, 22,23, ..c,zn)l €ER" 1 2; >0, j =
1,2,3,...,n}. We say that  is "positive” whenever x € R}

In this paper we make the following assumptions.

(H1) There exist constants o; > 0 such that o; < ¢;(t), j =1,...,n, for all
t € [0,w].

(H2) There exist constants o, such that ||c;|| < o, j=1,2,...,n

(H3) There exist continuous functions hj : R — R, j =1,...,n such that

(1.3) hy(t+w) = / hi(s)ds > 0.

(H4) 0 < hj(t) <lforallte [0,w], j=1,..,n
(H5) 7/(t) > 1 for all t € R.
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2. Preliminaries

Let Sy, = {0 € C(R,R") : ¢(t+w) = ¢(t) for t € R }, be endowed with
the usual linear structure as well as the norm

H¢|| = Z |¢j|07 for ¢ = ((bla(b% '--7¢n) € Su,
j=1
where

[95l0 = sup |¢;(¢)] = sup [¢;(t)], j=1,...n.
teR te0,w]

Then S, is a Banach space.

We assume that all functions in (1.1) are continuous with respect to their
arguments.
We also assume that for all ¢t € R,

(2.1) aj(t+w)=uaj(t), j=1,2,...,n
(2.2) filt+w,.) = fit,.), j=1,2,....,n
(2.3) T(t + w) = 7(¢)
(2.4) cit+w)=c¢j(t), j=12,...,n

Let

efi hj(s)ds .

(2.5) Gj(t,u) = S T j=12,..n
Set
(26)  Gltu) = diag[Gr(t, u), Galt, ), ., Gu(t, )],

Also, let
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2w
Qi hi(s)lds

M= 1— e Jo hils)ds’ j=52..n
and
— [ |hy(s)|ds
e Jo .
m; = T e*fow s i=12.n.

It is easy to see that for all (¢,s) € [0, 2w] x [0, 2w],

mj < Gj(t,s) < M;.

It is clear that G(t + w, s + w) = Gj(t,s) and so G(t + w, s + w) = G(t, s)
for all (¢,s) € R2.

Let v = max;cRr {Tl(t) - 1] and 7, = min;cg {Tl(t) - 1}

For the next lemma we consider

2(t) = a;j(t)z;(t — 7(t) — ()25 (t — 7()) — fi(t, 25 (t — 7(1))),
(2.7) j=1,2,..n.

Lemma 2.1. Suppose (2.1)-(2.4) hold. Suppose also that 7'(t) # 1 for all
te R. Ifx(t) € Sy, then x(t) is a solution of (2.7) if and only if

zi(t) = Cj—(t)m(t—T(t)) n HwG-(t $)[fi(s, (s — 7(s))
J T’(t)—l J A VAN VARl

(28)  + hi(s);(s) — ()5 — 7(5)) — as(s)ws(s — 7(s))]ds,
where G(t,u) is defined by (2.5) and
() = @My (1= 7)) +7(5)es 9
- 7(s)? |
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Proof.
t
Multiplying both sides of (2.7) by e~ Jo 75 31 then integrating from
t tot+w gives

t4+w

t t+w
:Bj(t + w)e— fo hj(s)ds :L'j(t)e_ fo hj(s)ds _ /t aj(s)mj(s _ T(S))

= hy(s)ag(s) — ej(s)ai(s — 7(s))
— syl = r() e b0,

t
By dividing both sides of the above equation by e Jo hi(s)ds

the fact that ;(t + 1) = z;(t), in the above equation gives

and using

(2.10) s (s — T(S)))} o hitw)du g

Rewrite

t+w )
/t CJ'(S)J:;'(S — 7—(5))6[3 hj(u)duds

,.

/t+w cj(s)xj (s —7(s))(1—7(s)) ef: hj(u)
\ (1—7'(s))

Integration by parts on the above integral with

dugs,

U= G (u) efst hj(u)du

=T , and dV = (s — 7(s))(1 = 7'(s))ds

gives

Hci(s)a! (s — T(s))efst hi(w)du g g
— (gt = (0 | I O | ()l 0 (5 () ds.
(2.11)

Substituting (2.11) into (2.10) and dividing through by ¢~ Jo h3du 1
we obtain,
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i) = (e -r0)+ [ Gt sy (s - )+ hy(o)a)

— rj();(s — 7(s)) — aj(s)a;(s — (s))]ds.

This completes the proof.

We next state Krasnoselskii’s Theorem which is the main mathematical
tool in this paper in the following lemma.

Lemma 2.3 ( Krasnoselskii’s ) Let M be a closed convex nonempty subset
of a Banach space (S, ||.||). Suppose that J and D map M into S,, such
that

(i) z,y € M, implies Jx + Dy € M,

(ii) D is continuous and DM is contained in a compact set,

(iii) J is a contraction mapping.
Then there exists z € M with z = Jz + Dz.

3. Main Results

For some non-negative constant L and a positive constant K define the set

L K
M={¢eS, : L<|¢|| <K with - <lgjlo < P j=1,2,...n.},
which is a closed convex and bounded subset of the Banach space S,,. We
also assume that for all s € R,p e M

(1—ojm)L (1—a;7)K
ij < fi(s,p5) + hi(s)pj — 1i(s)pj — aj(s)p; < Tj)n

(3.1)

where 5 =1,2,...n.
Define the map D : M — S, by
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t+w

(D)) = | Gt:5)F(s,0(s = 7(s))) + H(s)e(s)

(3.2) — R(s)p(s —7(s)) — A(s)(s)p(s — 7(s))]ds,

where (Dg) = (D1, D, ..., Dpp)t, H(s) = diag[hi(s),..., hn(s)] and
R(s) = diag[ri(s), ..., n(s)].

Also, define J: M — S, by

(33) ()0 = Z— CDg(t ~7(0).

where (Jp) = (Jo1, Jp2, ..., Jon)T.

Lemma 3.1. Suppose that (2.1)-(2.4), (3.1), (H1), (H2), (H3) and (H5)
hold. Then the operator D is completely continuous on M.

Proof. For ¢t € [0,T] and for ¢ € M, we have by (3.1) that

Pe®] < 1[Gt eals = o)) + hs()is(s)
= ry(s)es(s = 7(9) = ai(5)()s(s = 7(s))lds
GyA—anK  (A-oayK
= M Mjwn n '
It follows that
(g < G=oE

Thus,

10N = S |(De))

IN
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where o = minj<j<, (ozj'y). It therefore follows that

I(Dp)| < K.

This shows that D(M) is uniformly bounded.

We will next show that D(M) is equi-continuous. Let ¢ € M. Then differ-
entiating (3.2) with respect to ¢ gives

(D) (t) = |Gj(t,t+w) — Gyt t)} [ fit,pi(t = T(2))) + hj(t)e;(2)
34 “ri(Oi(t = 7(0) ~ a5ty (¢~ 72| + B (DO,
Thus

[(Dg;) (1)) < % n HM!%.
It follows that
Dyl < LoeEM Ly, 00K
Hence
(D)l = > 1(De))lo
j=1
< Zn: [% + ||h||%
j=1
< (1 — a*)KM n ||h”(1 _ a*)K7

where M = max{M, My, ..., M, }. Thus showing that D(M) is equicontinu-
ous. Then using Ascoli-Arzela theorem we obtain that D is a compact map.
Due to the continuity of all the terms in (3.2), we have that D is continuous.
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Lemma 3.2 Suppose that (H2) and (H5) hold. Then the operator J is a
contraction.

Proof. For ¢,y €¢ M

[(Joj) = (JYi)lo < ajvle; —¥jlo

Hence,

IN

1(05) — (7)) i (Ts) — (T)lo

IN
M: Ik

a;jvle; = ¥jlo

<.
Il
_

< Oéz i — ilo = alle — ],
=1
where o = max{a17, ..., apy}. This completes the proof of lemma 3.2.

Theorem 3.3 Suppose (H1), (H2), (H3), (H4), (H5), and (3.1) hold. Also
suppose that the hypotheses of Lemma 3.2 and Lemma 3.3 hold. Then
(1.1) has a positive periodic solution z satisfying L < ||z|| < K.

Proof. Let ¢,v € M. Then

()0 + D)) = eyt =)
[ 65 )1 (50— () + By )y ()

—1j(s)pi(s = 7(s)) — aj(s)pj(s — 7(s))lds

< a0y [ Ui osts — 7)) + hi5)es(5)
~ rj(shesls — 7()) — ag(s)es(s — 7(s))lds

< Odj'}/% + Mjw—(l ngﬁ)[{

< &

Thus,
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On the other hand,

()0 + D)) = eyt =)

t+w
+ [ G055 = 7)) + hy(5)es(s)
= 1y(s)y(s = () — ay(s)i(s — 7(s)lds

> o Z s [ Uisests = o) + hy()pi)
— (sl = 7()) — as(s)(s — 7()lds
J
L
=
Thus,
(Je)(1) + > Yoo
7=1

This completes the proof of theorem 3.3.
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