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Abstract

Consider the family of rational maps Fgq = {z — fu(z) =
1
1+ oy W E C\{0}} (d e N,d > 2),and the hyperbolic

component Ay = {w : fy, has an attracting fized point }. We
prove that if wy € 0A1is a parabolic parameter with corre-
sponding multiplier a primitive q—th root of unity, q > 2, then
there exists a hyperbolic component Wy, attached to A; at the
point wq, which contains w—wvalues for which f,, has an at-
tracting periodic cycle of period q.
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2 Juan Bobenrieth

1. Introduction

For any d € N,d > 2, the family Fy = {2z — 1+ Ld cw e C\{0}}
is a normal form for the set of rational maps of d%eugzree d which have
exactly two critical points, one of which maps onto the other under
one iteration. These families have been considered in [3], [4] (for the
special case d = 2), and in [1](for any d).

It is well known that a rational map f is hyperbolic if and only if all
critical points of f tend to attracting cycles under iteration. Since the
members of the family F; have only one forward orbit of their critical
points, f,, is hyperbolic if and only if f,, has an attracting periodic
orbit. The connected components of the parametric set Hy = {w :
fw(2) = 1+ 1/wz? has an attracting periodic orbit} are called the
hyperbolic components of the family F,.

Following the ideas used in [2], we can prove the following one.

Theorem If f,, has a fized point zy such that the multiplier \g =
wo(20) s a primitive q—th root of unity, ¢ > 2, then there ewists a
hyperbolic component W, which contains w—values for which f,, has
an attracting periodic cycle of period q, with wy € OW,,.

In Section 2 we prove the Theorem.

2. Proof of Theorem

It is clear that for any u € C\ {0, —d},

I
U
F
=

d
fu has a fixed point of multiplier v <~— w = —— (1 +
u

fw has a fixed point of multiplier v <= w = —%(1 4 4)*.

d
In fact, z(u) = y is the fixed point of multiplier .
Let gu(2) :==f 4 (2), that is,
77(1+%)d+1
u

d%u

d
Therefore, g, hasat z(u) = i a fixed point of multiplier u. Now,
u

we will make an analytic conjugation :
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Let M,(z) := z — z(u), and consider h, := M, o g, o M,
For any u € C\{0, —d}, h,is a rational map analytically conju-

d u d+1
gate to f, (where w = —— <1 + d> ), and which has at zero a fixed
u

point of multiplier w.
Explicitly,
u 2(d+u)+d)*—d?
ha(2) = gt - SEREESE we C\{0,—d}.
Note that, for any ¢ € N, hl(z) = uiz - D, ,(2), where P, is a
rational map with @, ,(0) = 1. Hence, in a neighbourhood of z = 0 we
have :

Ri(z) = ulz +apz® + ... ..

In what follows, ugdenotes a primitive g—th root of unity, ¢ > 2 (that
is, ul = 1,and uf # 1, for all 1 <k < ¢g—1).In order to prove the
above theorem, we show the following results:

Lemma 1 : hl has at 0a fized point of multiplicity (q+ 1).

Proof : Since h,, has at zero a fixed point of multiplier a primitive
g—th root of unity, we have that in a neighbourhood of zero,
hi (z) =z+azF™ + .. where a #0, and k € N.
From the fact that h,, has only one forward orbit of critical points,
kE=1.
Therefore, hl (z) =z+az?™ + ... .. O

Next, we will show that for unear to wug,the (¢ + 1)—fold fixed
point zero of k¢ will split up into (g+1) simple fixed points of h{, which
are : 0,and {z(u), z2(w), ... .. . z¢(u)}; the latter forms a periodic
orbit of period qof h,,.

Lemma 2 : There exist € > 0 and r > 0 such that for each u €C with
0 < |u—wup| < 7, the rational map hi has precisely q fized points in the
punctured disc 0 < |z| < e. Furthermore, these qpoints form a cycle
of length q for h,,.
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Proof : Since the zeros of an analytic function (not identically zero)

are isolated, there exist ¢, 0<e < di%_—Q , such that :

hﬁo(z)—z#()Q for  0<|z|<e, and 1<k <gq,
where ¢ := ﬁ[(Zd —1)% — d7 - e. (Note that ¢ < ¢).
Let 7. ={2€C:|z|=¢}, 1w ={z€C:|z|=¢}, and

— i LIBE (2 — o] - ,
Q= 1I§nz§2q{|h“0(z) z| z€v U} (>0).

It is clear that there exists r, 0 < r < 1,such that :

|hE(2) — 2| > %, for all |u—uo| <7, 2€7 Uy, and 1 <k <gq.
From the Argument Principle, the number Ny .(u) (resp. Ny (u))

of fixed points of h¥in the disk |z| < e(Resp. |2] < &) for |u — ug| <

rand 1 <k < gq,is given by :

1 (hy)'(2) — 1
Vee) = G -

1 (hy)'(2) — 1
(resp. Ni o (u) = - fg:e/ i) =7 dz)

From above we conclude that u — Ny (u),and u — Ngo(u),are
conti- nuous, and hence are constant since they are integer-valued.

Therefore,

Nic(u) = Nie(ug) and Ny (u) = Nio(uo)
for |u —ug| <r and for 1<k <gq.
Hence, |u —up| <7 =
Nic(u) = Nger(u) =1 , if 1<k<(¢g-1)

Nk,e(“) = Nk,s’(“) = (q + 1) ’ if k= q.

We conclude that 0is the unique fixed point of hﬁ(l < k <
(¢ — 1)) in the disk |z| < &’.On the other hand, for 0 < |u — ug| <
r, h&has at zero a simple fixed point, and has other ¢fixed points
in the punctured disk 0 < |z| < €. Note that for |u —ug| <r, h?has
no fixed points in ¢ < |z| < &', because N, (u) = Ny (u).

Furthermore, using the facts that ¢ < %, r < 1,a simple calcu-
lation shows that :

Vu e {u: |lu—ugl <r}, Izl <e = |h(2) <.
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Hence, if z;(u) denotes one of the fixed points of h? with 0 <
|z1(u)| < e, then zj(u) = hi(z(u)), for 0 < j < (¢ — 1), are the
q fixed points of hZ in the punctured disk 0 < |z| < e (they are
clearly different pairwise).

Therefore, {zi(u),hy(z1(u)), ... ... ,h37 (21 (u))} are the qfixed
points of hZin the punctured disk 0 < |z| < ¢,and they form a cycle
of length gof hy,for u € {u : 0<|u—ug| <r}. O

For v € {u : 0<|u—ug| <r}, A(u)denotes the multiplier of
the periodic cycle of period qof h,,contained in the punctured disk
0< |zl <e.

Lemma 3 : u — A(u)is an analytic function in the disk {u
|u — up| < r}. Furthermore, A(ug) = 1.

Proof : For 0 < |u — ug| < r,let {z1(u), zo(u), . .. .. . Zg(u)} be
the periodic cycle of period qof h,,contained in the punctured disk
0 < |z| < e.Furthermore, for u = ug,let z1(ug) = z2(wg) = . ... =

24(up) = 0.
Consider the polynomial P,(z) = [Ti;(z — z;(u)).
We know that P,(z) = 27+ a,1(u)z% '+ . ... +a(u)z+

ao(u), where,

ag-r(u) = (—1)* - > Zj (w2, (u) o2 (u)

1<i1<ge< - - - <jr<q

are the elementary symmetric functions in z;(u), za(u), . . . ., z,(u).
Consider the polynomials :

or(u) = Zq:(zj(u))k, E=1,2...,4¢q

Jj=1

A calculation shows that each elementary symmetric function can

be written as a polynomial in oy(u), o9(u), ... .. , 04(u). Indeed, we
have that : )
ag-1(u) = =01 (u) ag-2(u) = Fl(01(u))* — o2(u)]

ag-3(u) = 6[301 (u)oa(u) — 203(u) — (01(u))?] and, so on.
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On the other hand, by the Residue Theorem we have that for
0<|u—up| <rand 1<k <gq,

_ 1 (h4)'(2) =1
or(u) = 27r2'7|{z zkm dz

Note that the above formula holds also for u = ug.
Hence, by the Leibniz’s rule we conclude that :

Vi e {1,2, ... q}, uw— ox(u)

is holomorphic in the disk |u — ug| < 7.

Therefore, ag(u),a;(u), .. .., a;—1(u)are holomorphic functions in
the disk |u — uo| <.

For the multiplier, we have :

, q udd+1
A hiy’ h,,(
(u) = ( H (2;(u jl_ll w)(d + u) + d]¢H
Hence,
dld+D)aya
AMu) = “ lu —up| <r

([T (25 (u)(d +w) + )]
Since, YV u € {u : |u—wuo| <7}, [T{oi(z(u)(d +u) +d) = (—(d +
T (- — 2 (0) = (~(d+ )P, (df ).

we conclude that u +— A(u)is analytic in |u — ug| < r. Finally, is
clear that A(ug) = 1.

Proof of Theorem: If f,,(z) =1+ 1/wz?has a fixed point 2z, with
corresponding multiplier uy = f, (20) a primitive g—th root of unity,
q > 2,then h,, has at zero a fixed point of multiplier wuy.

By lemma 2, there exists r > 0 such that for each v € C
with 0 < |u — up| < r, the rational map h, has a periodic orbit
{z1(u), zo(u), .. ... , zg(u)} of period ¢. Furthermore, by lemma
3 the multiplier A(u) of that periodic orbit, is an analytic function
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in the disk B(ug,7) := {u : |u—ug| < r}, where A(ug) = 1. A
is clearly non- constant, and therefore is open. Then we conclude
that there exists a hyperbolic component of period ¢, W,, such that
Wy € an
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