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Abstract

Consider the family of rational maps Fd = {z 7→ fw(z) =

1 +
1

wzd
: w ∈ C \ {0}} (d ∈ N,d ≥ 2), and the hyperbolic

component A1 = {w : fw has an attracting fixed point }.We
prove that if w0 ∈ ∂A1 is a parabolic parameter with corre-
sponding multiplier a primitive q−th root of unity, q ≥ 2, then
there exists a hyperbolic component Wq, attached to A1 at the
point w0,which contains w−values for which fw has an at-
tracting periodic cycle of period q.
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1. Introduction

For any d ∈ N, d ≥ 2, the family Fd = {z 7→ 1 +
1

wzd
: w ∈ C \ {0}}

is a normal form for the set of rational maps of degree d which have
exactly two critical points, one of which maps onto the other under
one iteration. These families have been considered in [3], [4] (for the
special case d = 2), and in [1](for any d).

It is well known that a rational map f is hyperbolic if and only if all
critical points of f tend to attracting cycles under iteration. Since the
members of the family Fd have only one forward orbit of their critical
points, fw is hyperbolic if and only if fw has an attracting periodic
orbit. The connected components of the parametric set Hd = {w :
fw(z) = 1 + 1/wzd has an attracting periodic orbit} are called the
hyperbolic components of the family Fd.

Following the ideas used in [2], we can prove the following one.

Theorem If fw0 has a fixed point z0 such that the multiplier λ0 =
f ′w0

(z0) is a primitive q−th root of unity, q ≥ 2, then there exists a
hyperbolic component Wq,which contains w−values for which fw has
an attracting periodic cycle of period q,with w0 ∈ ∂Wq.
In Section 2 we prove the Theorem.

2. Proof of Theorem

It is clear that for any u ∈ C \ {0,−d},
fw has a fixed point of multiplier u ⇐⇒ w = −d

u

(
1 +

u

d

)d+1

.

fw has a fixed point of multiplier u ⇐⇒ w = − d
u
(1 + u

d
)d+1.

In fact, z(u) =
d

d + u
is the fixed point of multiplier u.

Let gu(z) := f
−

d

u
(1+u

d )
d+1

(z) , that is,

gu(z) = 1− ddu

(d + u)d+1zd
, u ∈ C\{0,−d}.

Therefore, gu has at z(u) =
d

d + u
a fixed point of multiplier u.Now,

we will make an analytic conjugation :
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Let Mu(z) := z − z(u), and consider hu := Mu ◦ gu ◦M−1
u .

For any u ∈ C\{0,−d}, hu is a rational map analytically conju-

gate to fw (where w = −d

u

(
1 +

u

d

)d+1

), and which has at zero a fixed

point of multiplier u.

Explicitly,

hu(z) = u
d+u

· (z(d+u)+d)d−dd

(z(d+u)+d)d , u ∈ C\{0,−d}.
Note that, for any q ∈ N, hq

u(z) = uqz · Φu,q(z),where Φu,q is a
rational map with Φu,q(0) = 1.Hence, in a neighbourhood of z = 0we
have :

hq
u(z) = uqz + a2z

2 + . . . . .

In what follows, u0 denotes a primitive q−th root of unity, q ≥ 2 (that
is, uq

0 = 1, and uk
0 6= 1, for all 1 ≤ k ≤ q − 1). In order to prove the

above theorem, we show the following results:

Lemma 1 : hq
u0

has at 0 a fixed point of multiplicity (q + 1).

Proof : Since hu0 has at zero a fixed point of multiplier a primitive
q−th root of unity, we have that in a neighbourhood of zero,

hq
u0

(z) = z + azkq+1 + . . . . where a 6= 0, and k ∈ N.

From the fact that hu0 has only one forward orbit of critical points,
k = 1.

Therefore, hq
u0

(z) = z + azq+1 + . . . . . 2

Next, we will show that for u near to u0, the (q + 1)−fold fixed
point zero of hq

u0
will split up into (q+1) simple fixed points of hq

u,which
are : 0, and {z1(u), z2(u), . . . . . , zq(u)}; the latter forms a periodic
orbit of period q of hu.

Lemma 2 : There exist ε > 0 and r > 0 such that for each u ∈Cwith
0 < |u−u0| < r, the rational map hq

u has precisely q fixed points in the
punctured disc 0 < |z| < ε.Furthermore, these q points form a cycle
of length q for hu.
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Proof : Since the zeros of an analytic function (not identically zero)

are isolated, there exist ε, 0 < ε <
d− 1

d + 2
, such that :

hk
u0

(z)− z 6= 0 for 0 < |z| < ε′, and 1 ≤ k ≤ q,

where ε′ :=
2

d− 1
[(2d− 1)d − dd] · ε. (Note that ε < ε′).

Let γε = {z ∈ C : |z| = ε}, γε′ = {z ∈ C : |z| = ε′}, and

α := min
1≤k≤q

{|hk
u0

(z)− z| : z ∈ γε ∪ γε′} (> 0).

It is clear that there exists r, 0 < r < 1, such that :

|hk
u(z)− z| ≥ α

2
, for all |u− u0| < r, z ∈ γε ∪ γε′, and 1 ≤ k ≤ q.

From the Argument Principle, the number Nk,ε(u) (resp. Nk,ε′(u))
of fixed points of hk

u in the disk |z| < ε(Resp. |z| < ε′) for |u− u0| <
r and 1 ≤ k ≤ q, is given by :

Nk,ε(u) =
1

2πi

∮

|z|=ε

(hk
u)
′(z)− 1

hk
u(z)− z

dz

(resp. Nk,ε′(u) =
1

2πi

∮

|z|=ε′

(hk
u)
′(z)− 1

hk
u(z)− z

dz)

From above we conclude that u 7→ Nk,ε(u), and u 7→ Nk,ε′(u), are
conti- nuous, and hence are constant since they are integer-valued.

Therefore,
Nk,ε(u) = Nk,ε(u0) and Nk,ε′(u) = Nk,ε′(u0)

for |u− u0| < r and for 1 ≤ k ≤ q.
Hence, |u− u0| < r ⇒



Nk,ε(u) = Nk,ε′(u) = 1 , if 1 ≤ k ≤ (q − 1)

Nk,ε(u) = Nk,ε′(u) = (q + 1) , if k = q.

We conclude that 0 is the unique fixed point of hk
u(1 ≤ k ≤

(q − 1)) in the disk |z| < ε′.On the other hand, for 0 < |u − u0| <
r, hq

u has at zero a simple fixed point, and has other q fixed points
in the punctured disk 0 < |z| < ε.Note that for |u− u0| < r, hq

u has
no fixed points in ε < |z| < ε′, because Nq,ε(u) = Nq,ε′(u).

Furthermore, using the facts that ε < d−1
d+2

, r < 1, a simple calcu-
lation shows that :

∀ u ∈ {u : |u− u0| < r} , |z| < ε ⇒ |hu(z)| < ε′ .
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Hence, if z1(u) denotes one of the fixed points of hq
u with 0 <

|z1(u)| < ε, then zj(u) = hj
u(z1(u)), for 0 ≤ j ≤ (q − 1), are the

q fixed points of hq
u in the punctured disk 0 < |z| < ε (they are

clearly different pairwise).
Therefore, {z1(u), hu(z1(u)), . . . . . ., hq−1

u (z1(u))} are the q fixed
points of hq

u in the punctured disk 0 < |z| < ε, and they form a cycle
of length q of hu, for u ∈ {u : 0 < |u− u0| < r}. 2

For u ∈ {u : 0 < |u − u0| < r}, λ(u) denotes the multiplier of
the periodic cycle of period q of hu, contained in the punctured disk
0 < |z| < ε.

Lemma 3 : u 7→ λ(u) is an analytic function in the disk {u :
|u− u0| < r}.Furthermore, λ(u0) = 1.

Proof : For 0 < |u − u0| < r, let {z1(u), z2(u), . . . . . , zq(u)} be
the periodic cycle of period q of hu, contained in the punctured disk
0 < |z| < ε.Furthermore, for u = u0, let z1(u0) = z2(u0) = . . . . =
zq(u0) = 0.

Consider the polynomial Pu(z) =
∏q

j=1(z − zj(u)).
We know that Pu(z) = zq + aq−1(u)zq−1 + . . . . + a1(u)z +

a0(u),where,

aq−k(u) = (−1)k · ∑

1≤j1<j2< . . . .<jk≤q

zj1(u)zj2(u) . . . zjk
(u)

are the elementary symmetric functions in z1(u), z2(u), . . . . , zq(u).
Consider the polynomials :

σk(u) =
q∑

j=1

(zj(u))k, k = 1, 2 . . . , q

A calculation shows that each elementary symmetric function can
be written as a polynomial in σ1(u), σ2(u), . . . . . , σq(u). Indeed, we
have that :

aq−1(u) = −σ1(u) aq−2(u) =
1

2
[(σ1(u))2 − σ2(u)]

aq−3(u) =
1

6
[3σ1(u)σ2(u)− 2σ3(u)− (σ1(u))3] and, so on.
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On the other hand, by the Residue Theorem we have that for
0 < |u− u0| < r, and 1 ≤ k ≤ q,

σk(u) =
1

2πi

∮

|z|=ε
zk (hq

u)
′(z)− 1

hq
u(z)− z

dz

Note that the above formula holds also for u = u0.
Hence, by the Leibniz’s rule we conclude that :

∀ k ∈ {1, 2, . . ., q}, u 7→ σk(u)

is holomorphic in the disk |u− u0| < r.
Therefore, a0(u), a1(u), . . . ., aq−1(u) are holomorphic functions in

the disk |u− u0| < r.
For the multiplier, we have :

λ(u) = (hq
u)
′(z1(u)) =

q∏

j=1

h′u(zj(u)) =
q∏

j=1

udd+1

[zj(u)(d + u) + d]d+1

Hence,

λ(u) =
d(d+1)quq

[
∏q

j=1(zj(u)(d + u) + d)]d+1
, ∀ |u− u0| < r

Since, ∀ u ∈ {u : |u − u0| < r}, ∏q
j=1(zj(u)(d + u) + d) = (−(d +

u))q ∏q
j=1(

−d

d + u
− zj(u)) = (−(d + u))qPu

( −d

d + u

)
,

we conclude that u 7→ λ(u) is analytic in |u − u0| < r.Finally, is
clear that λ(u0) = 1.

Proof of Theorem: If fw0(z) = 1+1/w0z
d has a fixed point z0 with

corresponding multiplier u0 = f ′w0
(z0) a primitive q−th root of unity,

q ≥ 2, then hu0 has at zero a fixed point of multiplier u0.
By lemma 2, there exists r > 0 such that for each u ∈ C

with 0 < |u − u0| < r, the rational map hu has a periodic orbit
{z1(u), z2(u), . . . . . , zq(u)} of period q. Furthermore, by lemma
3 the multiplier λ(u) of that periodic orbit, is an analytic function



Parabolic perturbation in the family z 7→ 1 + 1/wzd 7

in the disk B(u0, r) := {u : |u − u0| < r}, where λ(u0) = 1. λ
is clearly non- constant, and therefore is open. Then we conclude
that there exists a hyperbolic component of period q, Wq, such that
w0 ∈ ∂Wq.
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