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Abstract

Let X be a 0-dimensional Hausforff topological space, E, F non-
archimedean Banach spaces and Cy(X, E) the space of all continuous
E-valued functions on X provided with two strict topologies. In this
paper we show that every F—walued linear operator which is strictly
continuous can be represented by a certain L(E, F)—valued measure
defined on the ring of all clopen subsets of X.
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1. Introduction and notations

By the classical Riesz Representation Theorem, a linear functional v on the
space of continuous real functions on a compact Hausdorff space X, is con-
tinuous for the topology of uniform convergence if, and only if, there exists
a bounded regular Borel measure m on X such that u (f) = [ fdm. The
Riesz Representation Theorem has been extended to many other spaces
(see [8]) and linear operators instead of linear functional (see [4]). The re-
lation between vector measures, linear operators and strict topologies in the
classical case have been studied by several authors (see [1] [4]). Analogous
situation in the non-archimedean case is studied in [5].

This paper is devoted to extend the work given in [5] for another two
strict topologies. Throughout this work, X will be a zero dimensional
Hausdorff topological space, K a complete non-archimedean valued field
with nontrivial valuation and E, F' non-archimedean Banach spaces.

We will denote by Cy(X, E) the space of all F—valued bounded and
continuous functions on X and by C,.(X, E) the subspace of Cy(X, E) of
those functions whose image of X are relatively compact. If £ = K, we
will write Cy(X) and Cy.(X) respectively.

We will denote by 5,X the Banaschewski compactification of X [7]
and understand by f the unique continuous extension of f to 5,X. For
A C X, we will denote by A% the closure of A in BoX and by X4 the
K-valued characteristic function of A. For an E—valued function f on X
and A C X, we will denote

114 =sup [[f @), [Ifllx = [/l
€A

Let S(X) be the collection of all clopen subsets of X. An L(E,F)—
valued set function m on S(X) is said to be a measure if:

1. m is finitely additive
2. The set m (S(X)) is bounded in L(E, F).

We will denote by M (X, L(E, F)) the space of all these measures. For
me M(X,L(E,F)) and A € S(X), we define

lm[| (A) = sup {[m(B)el|p : B C A, B € S(X),|lellp <1}

In order to introduce strict topologies, we will denote by €2 the collection
of all compact subsets of 5, X \ X and by €, the collection of @ € Q such
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that @ admits a clopen partition {Uy},c; of X such that U§°X N =10
for all a € I.

The strict topology 5 (8y) on Cyp(X, E) is the inductive limit of the
locally convex topologies B, where g is generated by the family of semi-
norms f +— | gf||, where g € Cg = {g €Cre(X) : g0 = ()} and Q € Q(€,)
(see [5], [2,3]).

Next, we will define the integrability of an F—valued function f on X
with respect to a m € M(X,L(E,F)). For A € S(X), A # 0, let Dy
denote the family of all « = {Ay, -+, Ap;x1,- -+, 2}, where {Ag, -+, Ay}
is a clopen partition of A and x; € A;. We will introduce the following
relation: aq > o iff the partition of A in o is a refinement of the partition
of A in ais. We will denote by 24 the collection of all these c. €24 will become
to be a directed set. For f, m and a € Q4, a = {41, -, Ap;x1,- -, 2},

we will define "

@ (f,m) = m(A) (f(xi)).

n=1
Note that @ (f,m) € F.
We will say that f is m—integrable over A if lim, w (f,m) exists; in
such a case, we will denote this limit by

/ fdm =limw (f,m).
A [e%

If A = (), then we will define Jo fdm = 0. For A = X, we will simply
write [ fdm. It is easy to see that if f is m—integrable over X, then f is
m—integrable over every A € S(X).

We will present the following very well-known technical result.

Lemma 1. Let e > 0 and f € C,.(X, E). Then, there exist disjoint clopen
sets A1, Ao, ..., A, covering X and elements e, es, ..., e, of E such that

‘ F=> " Xae
i=1

where X4,e; (x) = e;, if x € A; and the null element 0 of E otherwise.

<eg,

2. The space L(C,.(X, E), F).

In this section we will study the relation between measure theory and
F—valued continuous linear operators on C,..(X, F). We will denote by
L(Cre(X, E), F) the space of all these operators.
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Theorem 2 : If f € C,.(X,E) and m € M(X,L(E,F)), then f is m-
integrable over A, for each A € S(X).

Proof. Without loss of generality, we can assume that A = X and
|m| (X) < 1. Let p € K, with 0 < |p] < 1, and ¢ > 0. We take v € K
such that 0 < |v| < |ule, Since f € Cro(X, E), there exists a finite clopen
partition {Aj, Ao, ..., Ay} of X and finite subset {e1,es,...,e,} of E such
that
[f(x) —eillp < |v| , Vo € A

Choose z; € A; and consider o, = {41, Ag, ..., An; T1, %2, ..., Tn } . Take

a ={B1,Bs, ..., Bi; Y1, Y2, ..., Y} such that a > . Then, for B; C A;, we
have

1 (i) = flellp = 1F(y;) —ei+ei = fzi)ll

max {|| f(y;) — eill g s lei — f(@i)l g}

v

IAIA

Thus, if A = vy, then

AL (ys) = f@)]ll g < A[v] < |pl <1
and then
[m(A)(A[f(y;) — Flz)DIl <1
which implies
Im(A)(f(y;) = F@)llp < vl pl ™t <e.
Therefore,
N k
[wa (f,m) — way (fsm)| = H];m(Aj) fy) — Z;77”6(131‘) f(@i)
< max [m (A45) (f (vi) = f (@)l

<j<N

F

Now, if a1, a2 > ao, then
[way (fs M) = way (f; m)|| p = [[way (f; M) — wa, (f; M) + wa, (f;m) — way (f, m)|| 5
< max {||lwa, (f,m) — Wao (fs )| g, lwae (f,m) — wa, (f, m)[|p} <e.
This proves that the net {w,(f,m)} is Cauchy in F' and hence convergent,
since F' is complete.

Lemma 3 : Let f : X — E be a m-integrable function over A € S(X).
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1. If the valuation of K is dense or the valuation is discrete and
I|E|| C |K|, then

H/A / de <111y Il (A).

2. If the valuation of K is discrete and if p > 1 is the generator of
|K| \ {0}, then

|/ sam] < o1t i ),

Proof. 1.) We can assume that 0 < ||f]|, < oo, since otherwise, the
statement is trivial. Under the denseness conditions, for each € > 0, there
exists A € K such that

[flla<A<Iflla+e
Since H)\*lf(x)H <1,V z e A, we have
A wa(fm)] = waAf,m)|
[
< [[ml| (A)
for each o € Q4. It follows that

H/A / de < 1f1La llmoll (4).

2.) If we consider the norm |le|* = inf {|\|: A € K, [A\| > |le||} on E, then
|E|I" C |K| and ||-||" < p]l-]|. Therefore, from 1.), we have

H/Af de < LIP3 Il (A) < plIflLa llm] (A).

Remark 4 : The previous lemma proves that if m € M (X, L(E, F)), then
the linear operator T, : Cro(X,E) — F defined by T,,(f) = [ fdm is a
7, —continuous linear operator, where 7, denotes the uniform convergence
topology on Cy.(X, E).

Theorem 5 : If T': C,.(X,E) — F is a 7,—continuous linear operator,
then there exists m € M (X, L(E, F)) such that T' = T,,.
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Proof. For each A € S(X), we define

m(A): E —F
e —m(Ae=T(Xae) "~

Since T' is bounded, with bound M > 0, we have

[m(Ael| = [T(Xae)ll
<M || Xae|
< M e

that is, m(A) € L(E, F'). We claim that the set-function

m: S(X) — L(E,F)
A —m(A)

is a measure. In fact, trivially m is well-define and finitely additive. To
prove that {m(A4): A € S(X)} is equicontinuous, take ¢ > 0 and choose
d = &/M; hence,

(VA € S(X)) ([lell < 6 = [lm(Ae]| < M |le]| < M =e).

Finally, we claim that T = T,,. In fact, if f = Z Xa,e;, then it is im-

mediately to prove T,,,(f) = T(f). On the other hand by the facts that
({Xae:e€ E;A e S(X)}) is T,—dense in Cyo(X, F) (see Lemma 1) and
both T, and T are 7,,—continuous, we get T, (f) =T(f),V f € Cre(X, E).

Corollary 6 : The mapping

U: M(X,L(E;F)) — L(Cr(X,E),F)
m — U(m) =T,

is an algebraic isomorphism.
3. 7 and u-additive measures.

This section will devote to study certain class of members of M (X, L(E, F))
and study the behavior of the associated F'—valued continuous linear op-
erators given in the previous section.

Definition 7 : Let m € M(X, L(E, F')). We will say that
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1. m is T-additive if for each decreasing net {A,},c; in S(X) such that
Ay | 0, we have
[ml| (Aa) — 0.

2. m is u-additive if for each clopen partition {Ua},; of X, we have

jed

[lm] (X\ U Uj) —0

where the limit has to be taken over the directed set of all finite
subsets J C I.

Proposition 8 : M. (X,L(E,F)) C M,(X,L(E,F))

Proof. Let m € M.(X,L(E, F)) and (Uy)aer be a clopen partition of X.

For any finite subset J of I, we define the decreasing net {A;} ;, where

Ay =X\ U Uj. Now, since (Uy)aer is a clopen partition of X, we have
jed

j
that A; | 0; therefore, |m| (A;) = |m| (X \ U U;) — 0. Therefore,
jed
m e M (X, L(E, F)).

In the previous section we proved that if f € C,.(X,F) and m €
M(X,L(E,F)), then f is m—integrable over any A € S(X). The next
theorem will extend this result.

Theorem 9 : If f € Cy(X,E) and m € M, (X,L(E,F)), then f is m-
integrable over A, for each A € S(X).

Proof. = Without loss of generality, we can assume that ||f|| < 1, and
|lm|| (X) < 1. For a given ¢ > 0, we define the following equivalence relation

zoy s |f@) - fly)l <e

Note that the corresponding equivalent classes {A;},.; form a clopen
partition of X. Let us choose z; € A; and define g = Y Xy, f(z;). Clearly,
el
g € Cp(X, E). For a finite subsets J of I, we denote by By = X \ |J UA;.
JjeJ
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Each By is clopen and By | (. Since m is u— additive, we have that there
exists a finite subset J, of I such that if J is another finite subset of I with
Jo C J, then ||m|| (By) < e. For such a J, we define the following functions

95 =Y Xa, f(z;)

jedJ

hy=g—g7=> Xaf(zi)
id]

Let us consider the finite clopen partition {A; : j € J}U{B;} of X and
take {D1,,...Dy } arefinement of {A; : j € J}U{B,}, . If we choose y; € D;,
then g;(y;) = f(x;) and hy(y;) = 0, if D; C Aj for some j € J, or g;(y;) =0
and hj(y;) = f(x;), for some j ¢ J, if D; C Bj. Therefore, if we denote
by a = {D1,Da,...Dp;y1,- -, yn} and ao = {41, ...Ap, By;z1, T, T}
then

[@wa(h,m)| = | 32 m(Dg)(hs(yp) + 2 m(Dk)(f(:m))H
DKQA] DkCBJ
= = m(Dk)(f(fBi))‘
DyCBy

< max {|m (Dg) (f (zi)|| - Dr. € By}

< |[lm[[(By) <e.

On the other hand,

@algr,m) = ¥ m(Dy)(f(z;))

Dy, CA]'

= 2 m(A;)(f(z))

jeT

Therefore,

jET

| £ mew) - £ mD@w)

Hwa(g,m) s m(Aj)(f(xj))H

= |l@alg — g7, m)]|
= [l@alhs,m)| <e.
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Also, since || f(yx) — f(x)|| < e,

et~ gl = | £ m(Du)Fw) ~ )

< max {{|m(Dp)(f (yr) = f(zi))[ sk =1,...,n}
< max {[|m(Dg) || [ f(yx) = f(@i)l[ 5k =1,...,n}
< emax{||m(Dg)|;k=1,...,n}

mmH%@m—zm&www

jeJ

jed

W%@m—m@m+%@m—ZM&wmw

= max { ||wa(f,m) — wa(g, m)|,

@alg,m) — %m(Aj)(f(wj))H}
<e ’

Now, if {G1, G, ..., Gs} is another refinement of {A; : j € J} UB; and
B ={G1,Ga,...,Gs;z1, - 25}, then

lwa(f,m) —w(f,m)]|
=llwa(f,m) = 3 m(A;)(f(z))) + X m(A;)(f(z5)) — @p(f, m)]l
=max {||@a(f, m) = X m(A;)(f(z)Il, 1 m(A;)(f(z;)) — @ws(f,m)l[}
<e
Therefore, {wa(f,m)} is a Cauchy net in F, which is convergent since

F' is Banach. This proves that f is m -integrable over A.

Remark 10 : From Prop. 8, if m is 7—additive measure and f €
Cy(X, E), then f is m-integrable over A. In [6], it has been proved that
M(X,L(E,F)) and the space of all F—valued and [,-continuous linear
operators on Cy(X, E) are algebraically isomorphic. The next theorems
will show similar results for M. (X, L(E, F)) and M, (X, L(E, F)).

Theorem 11 : If T' € L(Cy(X, E), F'), then the following statements are
equivalent:
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1. T is B-continuous.

2. The associated measure m is 7—additive.

Proof. 1.) = 2.) Let {As},c; be a net of clopen subsets of X such that
Ay | 0. By the continuity of T,

W=A{feCG(X,E): T (Il <1}

is a S-neighborhood of 0, and by the definition of 8, W is a Sx-neighborhood
of 0, for all K € . Now, since A_QBOX 1 Q € Q, there exists h € Cp(X)
such that

U={f € CyX,B): | fll, <1} C W,

For a given € > 0, we choose p € K, with 0 < || < € and define
G={zeBX: |h) < |ul}.

Note that () C G; hence, there exists a, € I such that A—%’BOX C G.
Now, if & > a, and ||e]| < 1, then for any A C A,, A € S(X),

| Xell,, =sup ()] |u " [le]
€A
< || ™" sup |h(z)]
r€A

~1
< |pl™ pl =1,
that is, p~*X4e € U, and then ||T(u~1X4e)|| < 1 or equivalently

[m(Aell < [ul <e.
Therefore, since e and A are arbitrary, we have ||m/| (4) <e.
therefore m € M (X, L(E, F)).
2.) = 1.) We will prove that
W =A{feC(X,E):Tf] <1}

is a B-neighborhood of 0. Let us take d > 0 and choose A,y € K such that
Al > d and |[y|[|m]| (X) < 1. Let @ € €; hence, there exists a net {Ba}c;
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in X with B, | Q. Now, if Ay, = BN X, then {Aq},; is net of clopen
subsets of X with A, | (. Thus, there exists a, such that

a>ao = [ml| (Aa) < A7

The clopen subset D = X \ A, of X satisfies D% n Q = (. We claim
that the Bg-neighborhood of 0

U={feC(X,E):f <dNflp < I}

is contained in W. In fact, if f € U, then

1T AN = LS fdmll
= HfD fdm+ [, fde :

[ fao, fam| < 1A Imll (Ao)
<P =1

and

1fp fdmll < [Ifllp lml (D)
< [yl mll (D)
< Pyl lImll (X)
<hlh™ =1

therefore f € W.

Theorem 12 : If m € M. (X, L(E, F)), then the linear operator

Tm: CyX,E) —F
[ e T(f) = [ fdm

is [-continuous.

Proof. The same arguments used in the previous theorem proves this
statement and then we omit the proof.

Theorem 13 :M.(X,L(E,F)) and the space of all F—valued and (-
continuous linear operators on Cy(X, F) are algebraically isomorphic.
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Proof. In order to prove this theorem, we need to prove that the linear
map
Ui MA(XL(EF) - Ls(Cy(X, B),F)
m — U(m) =T,

is an algebraic isomorphism, where Lg(Cy(X, E), F')) denotes the space of
all B-continuous linear operators.

It is easy to see that the map W is linear and one to one. To prove that ¥
is onto, take T': Cp(X, E) — F and prove that T' = T,,, for the associated
measures m.

By Th. 11, m € M. (X,L(E,F)) and T = T), on Cy(X, E) follows from
the S—denseness of C,.(X, F) in Cy(X, E) and the f—continuity of both T
and T,.

Theorem 14 : If m € M, (X,L(E, F)), then T,, is §,-continuous.
Proof. Let W = {f € Co(X,E) : |Tin(f)]| <1} and @ € Q,,. There
exists a clopen partition {A;},.; of X such that @ N EﬁoX =0,vViel.
For any finite subset J of I, we define By = X \ |J A;. Since m €
M, (X,L(E,F)), there exists a finite subset J, of I sulcel{ that for a given
0 > 0, we have
Iml| (Bs) <67,

for any finite subset J of I with J, C J. If B =1 € J,UA;, then B is clopen
inXandEBOXﬂQ:Q).

We claim that U = {f € C,(X, E) : || f|| < 0,[|fllg < 1} C W. In fact,
if f € Cy(X, E), then

H/Bf de < [ £llp Imll (B) < [[fll [lm[l (X) < 1.

On the other hand,

H/ £ dm|[ < |If]||mll (By) <667 =1
X\B

/X\dem|}§1

Therefore, since @@ € €, is arbitrary, the continuity of 7}, follows.

Theorem 15 : M, (X,L(E, F)) and the space of all F'—valued and f3,-
continuous linear operators on Cy(X, F) are algebraically isomorphic.

Thus,

Y

1T (£)] SmaX{'/Bf dm
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Proof.  As before, we only have to prove that if 7" is a F'—valued and
By-continuous linear operators on Cy(X, E), then T' = T,,.

Let T be given and m be the associated measure, that is, T (f) = / f dm,

f € Cre (X, E). We need to prove first that m is u-additive.

Let {A;},c; be a clopen partition of X and Q = 8,X \ U E&X. Clearly,
el
Q € Q, and then T' is Bg-continuous. Thus, there exists h € Cg such that

Vi={feC(X,E):|fll, <1} cW={feC(X,E): Tl <1}.
Take £ > 0 and choose A € K with 0 < |\| <e. The set

A={zeBX: |h(@)| <N}

is clopen in 5, X, Q C f, and X\A C U E[BOX' Now, by the compactness of
el
BoX \ A, there exists a finite subset J, of I such that S, X\A C | UEBOX.
1€Jo
Takes a finite subset J C I with J, C J, and take any clopen B of X

contained in X \ |J A;. If e € E with |le]| < 1, then it is easy to see that
e

A'Xge € V. Therefore, |m (B)e| < e and then ||m|| (X\ U 4 <e.
ieJ

This proves m € M, (X, L (E, F)).
Finally, T' = T,,, on Cy(X, F) follows from the 3, —denseness of Cy.(X, E)
in Cy(X, E) and the (,—continuity of both 7" and T,,,. O
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