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0. Introduction

Over the years, a number of descriptions of products of fuzzy topological
spaces have appeared. As mathematicians have attempted to develop and
extend topics of general topology in various ways using the concept of
fuzzy subsets of an ordinary set, it is not surprising that searches for such
products were obtined with different degrees of success, depending on the
structure of the underlying lattice L. The aim of this paper is to give a
characterization of arbitrary products of LF-topological spaces, when the
underlying lattice L is a GL - Monoid with some additional structures.

The paper is organized as follows: After some lattice-theoretical pre-
requisites, where we briefly recall the concept of a G L-monoid, we present
the concept of uniform structures on GL-monoids in order to get condi-
tions for the existence of arbitrary products of elements of a G L-monoid
(section 2). Then, in section 3, we shall build the LF-topology product
of a given family of LF-topological spaces. Finally in sections 4,5 and 6
we define Kolmogoroff and Hausdorff LF-topological spaces and we show
that these properties are inherited by the product LF-topology from their
factors, together with the separation concepts in this context.

1. GL - Monoids

The basic facts needed are presented in this section. We are mainly in-
terested in the basic ideas about GL-monoids. Let (L,) be a complete
infinitely distributive lattice, i. e. (L,) is a partially ordered set such that
for every subset A C L the join \/ A and the meet A A are defined, and for
every a € L we have:

(\/A)/\oz:\/{a/\oa | a € A}, (/\A)\/a:/\{a\/a | a € A}.

In particular, T := \/ L and L := A L are respectively the universal
upper and the universal lower bounds in L. We also assume that | # T,
i.e. L has at least two elements. A GL—monoid (cf. [9]) is a complete
lattice enriched with a further binary operation ®, i.e. a triple (L,,®)
such that:

(1) ® satisfies the isotonicity axiom i.e. for all «,8,7v € L, af
implies a® v6 ® 7;

(2) ® is commutative, i.e. a® =R «, Vo, 5 € L,
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(3) ® is associative, that is to say, a® (f®7) = (a®p)®, Va, 8,7 € L;

(4) (L,,®) is integral, i.e. the universal upper bound T is the unit with
respect to ®: a® T =, Va € L;

(5) L is the zero element in (L,,®), that is to say, a® L = 1, Ya € L;

(6) ® is distributive over arbitrary joins, this means that
a® (\/Jﬁ]) = \/j(a®ﬁj), VYaoe L, Y{B;:jeJ} CL;

(7) (L,,®) is divisible, i.e. for every pair (o, ) € L x L with af there
exists v € L such that a=®~.

On the other hand, every GL— monoid is residuated, i.e. there exists an

[13 2

additional binary operation “—" in L satisfying the condition:
a®pBy+=afr—7) Va,B,v€L

for all a, B,y € L. It is clear that:
a»—>ﬁ=\/{/\€L|oz®)\B}.

The Heyting algebras and the MV -algebras are important examples
of GL-monoids. A Heyting algebra (cf. [5]), is a GL-monoid of the kind
(L,,A,V,A) (i.e. in a Heyting algebra A = ®). A GL-monoid is a MV -
algebraif (a— L)— 1L =a Va € L (cf. [9]). Thus in an MV-algebra
an order reversing involution ¢ : L — L can be naturally defined by setting
o =ar— 1 Vae€lL.

If X is a set and L is a GL-monoid, then the fuzzy powerset L in an
obvious way can be pointwise endowed with a structure of a G L-monoid.
In particular the L-sets 1x and Ox defined by 1x(x) := T and Ox(x) := L,
Vz € X, are respectively the universal upper and lower bounds in LX.

In the sequel L denotes an arbitrary G L-monoid.

2. Infinite Products in G L-monoids

In order to get arbitrary products of elements of a G L-monoid, let us begin
with recalling the notion of infinite sums in commutative groups given by
Bourbaki in [3]. We briefly sketch his construction below.
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Infinite Sums in Topological Groups
Let us begin with the following data:
1. A Hausdorff commutative group (G, +, 1),
2. an index set I,
3. a family (z)),c; of points of G, indexed by I.

If Pr(I) denotes the set of finite subsets of I, and with each J € Ps(1)
we associate the element s; := > ,c;2; of G, which we call the finite
partial sum of the family (x)),c; corresponding to the set J, we have thus
a mapping

Z:'Pf(l)—>G

J—sy.
Now, Pf(I) is a directed set (with respect to the inclusion relationship).
Let ® be the section filter of the directed set P (I):
For each J € P¢(I), the section of Py¢(I) relative to the element J is the
set
S(J)={K € Ps(1)|J C K}.

Then the set
S={S(N)|J € Ps(I)}

is a filter base. The filter ® of sections of P;(I) is the filter generated by
S.

The family (z)),c; of points of (G, +,7) is said to be summable if the
mapping

> Pl) — G
Jr—sg
has a limit with respect to the section filter ®. When such limit exists, it
is denoted by > ;o ;.

Infinite Products in GL-Monoids

Employing the method introduced in the previous section, and proceeding
in the same way, we discuss the closely related notion of infinite products
in GL-Monoids. Now, we need the following data:

1. A GL-monoid (L,,®),
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2. an index set I,
3. a family (x)),c; of elements of L.

If Pr(I) again denotes the set of finite subsets of I, and with each
J € Py(I) we associate the element ®),c i, of L, which we call the finite
partial product of the family (z)),c; corresponding to the set .J, we have
thus a mapping

[1:Pr(I) — L
J— T1(J) = Qe wi-

We would like to define the “tensorial” product of the family (z)),¢;
of points of L as the limit of the mapping

[1:Pr(I) — L
I — Qe Ti-
with respect to the section filter ® and some convergence structure on L.
A fundamental approach to constructing such convergence is the uniform
structure. Uniform spaces are the carriers of uniform convergence, uniform
continuity and the like.

Uniform structures on G L-Monoids

In order to get conditions for the existence of “tensorial” product on GL-
Monoids, we will now introduce a uniform structure on a GL-Monoids L,
paraphrasing W. Kotzé in [6], Bourbaki in [3], and Willard in [10]:

Definition 2.1. A mapping f : L — L is expansive if for each a € L we
have that af(a), i. e. Apf, where Ay : L — L is the identity map of L.
On the other hand we say that f : L — L commutes with arbitrary joins if

F\ z2) =V flzn).
A A
for every family (x)),c; of points of L.

We denote by LL the set of all expansive mappings f : L — L that
commute with arbitrary joins. Now we define for each f € LL the map

~

f:L— Lby

foy=N{aeL|b[f(a—L)— 1]}, VbelL.

Lemma 2.2. If f € LL then fe LL.
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Proof. Let f € LNL, in order to show that f is expansive; we observe
that
ba < ar—cbr—c and ar— Lf(a+— 1).

The statement bf(a — L) —— L is equivalent to
ar— Lf(a— L)b— 1,
hence we have that ba, and therefore
b\laeL|blfla—L)— L]} = f(b)

Now, we wish to show that the mapping f commutes with arbitrary
joins. Let {x)}aea be a collection of elements of L and put:

B={ye L | Vacaarf(yr— L) — L}
Ay={{a €L |zyflar— L)— L} VA €A

Then y € B if and only if

fly— L) A\ (@x— 1),
AeA

that is to say,
fly— L)zy — L, YA €A

In other words, for each A € A we have that z)\f(y — 1) — L
showing y € A, i.e. B C Ay. We therefore have that

Mea A\ B < f(22)f(Vaer 22)
< Vaea f(2x)f(Vaea 7r)-

On the other hand, f(\yepzr) =A{c€ L | fle— L)(Vrepa ) —
1}
— Mee L] fler— 1) Arenlon — L)}
MeeL| fler— Lay— 1} = f(ay)
Vaea (@)

This concludes the proof. O

Following W. Kotzé’s paper (c.f. [6])

Definition 2.3. An L-uniformity is a map U : L L satisfying the
following axioms:

(IUO) U(IL) =T.

(lul) fg implies U(f)U(g).
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(lu2) U(f) ©U(g) SU(f ©g), for all f,g€ LL .
(Iu3) U(FYU(S), for each f e LL.

(lu4) For each f € LL there exists g € LL such that gogf and LU(g)U(f).

Now we note the set {v € L | * # 1} with L% and the foregoing
definition is reworded from [3] and[4]:

Definition 2.4. Let B : L — LY be a map; then for each p € L the
image of p under B is denoted by B, : L — L. B is an L-neighborhood
system on L iff B satisfies the following axioms

(Iv0) By(T)=T.

(Ivl) ab implies By(a)Bp(b).

(Iv2) For all a,b€ L, By(a)® By(b)Bp(a® b).
(Iv3) By(a) € L° implies pa,

(Iv4) If By(a) € L° then there exists b € L such that Bp(a)B,(b), and
By(a) € LY, for all qb.

Theorem 2.5. Let U : LI — L Be an L-uniformity and let p € L. Then

By, : L — L given by

By(w) ={u (Vg€ LL | gp) =}), i {g € LL | g(p) = a} # 0, L, elsewhere.
is an L-neighborhood of p on L

Proof.  (Iv0). Since 11(p) = T and U(1y) = T, it follows that B,(T) =

-

(lvl). Let a,b € L such that a < b. We distinguish the following cases:
Case 1: a # f(p) and b # f(p) for all f € LL; then

By(a) = L = By(b).
Case 2: a # f(p) for all f € LL and b= g(p) for some g € IA/Z, then
By(a) = L < By(b) = (\{g € L* | g(p) = b}) .

Case 3: There exists f € LL such that f(p) = a. Construct amap g¢g: L —

L defined by g(x) = f(z) V b, for each z € L. We now verify that g € [7,
in fact we have that
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1. g is expansive since

x < f(z) < f(x)Vb=g(x), foreach z €L

2. g commutes with arbitrary joins:

g\ z2) =F(\zx) Vo= (\/ f(@x) Vo= (\ fzr) V) =\ g(zn).
A A A

A A

Finally, a = f(p)g(p) = f(p) Vb =aV b =0b, and therefore Bj(a)B,(b).

(lv2). For each x € L, consider the set S, := {f € Lt | f(p) = z}, and
let fo=VSa go=VSyand hg =\ Segp. By (lu2) of definition 2.3, we
have that U (fo) @ U (go) U (fo ® go) then

By(a) @ By(b) = U (fo) ©U (90) U (fo ® go) U (ho) = Bp(a @),

because fo ® go € Sawp-

(Iv3). Since the elements of L are expansive mappings, the conclusion
is obvious.

(lv4). Suppose By(a) € L? and, as in ([v2), let fo =/ S,. In virtue of
(lu4) of definition 2.3, there exists g € L such that gogfo and U(g) € L°.

Since the elements of L% are expansive mappings and preserve arbitrary
joins, we get

zg(2)g(9(x)) fo(z), V€ L.
Let b = g(p). It remains to show that By(a) € L° for all ¢b. Take

h: L — L defined by h(x) = g(z) V a, as in the proof of (Ilvl) (case 3),
and note that

qb = g(q)g(b)a,

and so
a=g(q)Va=h(qg).

Therefore h € {k € LL | k(q) = a}. Consequently
U(g)U(h)By(a),

proving (lv4). O
Now, we return to the existence of arbitrary product of elements of a
GL-monoid (L,,®):



Products of LF-Topologies and separation in LF-top 189

Definition 2.6. Let (2)),c; be an arbitrary family of points of L, let ®

be the section filter of the directed set Ps(I), and let U : LY — L an

L-uniformity. A point p € L is said to be a limit of the mapping
[1:P¢I) — L

J — Qiegzi.

with respect to the section filter ® and with respect to the L-uniformity U

if T[*(a) € ® for each a € L such that B,(a) € L°. When such limit

exists, it is denoted by &);cr ;.

Some examples

Example 2.7. Let (G,,+, 1) be a conditionally complete Hausdorff com-
mutative topological l-group (i.e. (G,,+) is a patrially ordered commu-
tative group in which every bounded subset has a supremum and infimum
(c.f. [2]). Further let w be an element of the positive cone G {0} of G.
Then

(L,), where L ={g € G |0gu},

is a complete lattice. On L we consider the binary operation ® defined by
r@y=(x+y—u)V0 Vx,ye L.

Then (L,,®) is a complete MV -algebra (c.f. [4]).

Let I be an index set and let (x;);c; be a family of point of L indexed by
I. Then @;c;x; exists whenever the family (x))yc; of points of (L, +,T)
is summable in (G,,+,7), (c.f. [3]) and Y ;crzi2u.

Example 2.8. Let (I,, Prod,7) be the real unit interval provided with
the usual order, the usual multiplication, and the (uniform) topology of
subspace of the real line (R,7,). It is easy to see that (I,,Prod) is a
G L-monoid (c.f. [2]).

Let A be an index set and let (x))aea be a family of point of I
indexed by A. Then @,cp ) exists whenever the family (x))ycp of
points of (I, Prod, T) is multipliable (c.f. [3]).

Example 2.9. InaGL-monoid (L,,®) the product of the collection {x; }icr,
where x; = T for each i € I, is T, since for each J € Py(I) one has that

Rzi=TRT®..0T=T.
ieJ

finite factors

(This example is useful for working with products of L-Topological
Spaces).
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3. Product of LF-Topological Spaces

In this section we build the product of an arbitrary collection of LF-
topological spaces, for a GL-Monoid (L,,®) (which we always assume
to be equipped with arbitrary “tensorial” products).

Given a family {(X,7\) | A € A} of LF-topological spaces, we want to
build the LF-topology product on the cartesian product

AIZHXA:{¢1A_> UXA‘(b/\GX)\, )\GA}
AEA A€A

associate with the LF-topologies 7\, A € A. (¢, denotes the Ath com-
ponent of ¢, i.e. ¢(A)).

Preliminary discussion
Each projection
Pa ‘A— Xo, @ € A, defined by pa (@) = da
induces the powerset operator
po s LXe — A

defined by p5 (9) = g © pa, for all g € LXe (c. f. [8]).
Now we need to build a map such that:

1. op, = Tas
2. is a LF-topology.

3. is universal in the following sense: If n : LA — L is such that
nops = Ta then Zn (c.f. [1]).

In order to get such a mapping, we proceed as follows:
For each f € LA let us consider

I'y={ne H LX) | po = 1x, for all but finitely many indices o, and Q) piy (a) [}
AEA acl

Lemma 3.1. Let 1a € [[ycp L™ defined by (1a)a = lx,, for each o € A.
Then 1a € FlA.
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Proof. It follows from the fact that
® (1a)a o pal,
AEA
[

Lemma 3.2. Let p1 € [[yep L** and suppose that X = X for all X € A.

Then
QR (a0 pr) = () 1a) 0 pa.

A€A A€A

Proof. Since (@yen tr)(t) = Qrealpa(t)), for each t € X, and
(o pa)(r) = p(ry), for all r €p, we have that [(Qyca ) © PAl(r) =
(@xea 1) ()
= Qxealka(ra))
= @xealtalpa(r)))
= @xealtaopa)(r).

Thus

®M/\Op,\ ®MA O Px-
AeA AeA
O

Lemma 3.3. If p € I'y and n € T'y then @y cp Py (A @m)f ® g.

Proof. Since

QR (taopa)f and R)(nrop)g,

aEA AEA

then
Q) (1a 0 pa) @ Q) (mropr)f @ 9.
ach AEA

On the other hand, since ® is associative and commutative,

Q[(1ropx) © (maopA)lf @ g.
AEA

Applying lemma 3.2, yields

Ql(ur@m)opalf ®g
AEA

and the proof is complete. O
Now we have
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Theorem 3.4. The map : L» — L defined by
() = VIR ) | peTs}

A€A

is an LF-topology on 4.

Proof.

1. Using lemma 3.1 we check the first fuzzy topological axiom:

1) =\V{Q ) [ pely, }=T.

A€A

2. Let f,g € LA, we must verify the second fuzzy topological axiom:

(f)® (9)(f ® g). Since
() =\VIRn(m) | 1 eTs}, (9) = VIR mm) | v €Ty}

AEA AEA

and ® commutes with arbitrary joins, from lemma 3.3 it follows,

H)2(9) = V{®irea ma(kr) ® ®aea Ta(Va) | p €Ty, v €Ty}
\/{TA(®>\GA pa) ® Ta(®aeA Vo) | 1 € Iy, ve Fg}

VI®aea Ta(ra) | Tyogt

=(f®g).

3. Let {fj|j € J} C LA. As follows, we check the third fuzzy topological
axiom:
AN f).
jeJ JjeJ

We have /\jej(fj) = Njes V{®xea al(p)a) | 1y € Ty}
VIAjeA@rea a((15)2) | 1y € Ty, }]
V{®xea Ta(Njes ((13)x) | 15 € T}

On the other hand, since

(V ) = VIR m(pr) [ e Py nb

jed AEA
the result follows.

O

Theorem 3.5. The Bth projection map pg :p— Xpg is continuous.
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Proof. Let gz € LX5. We need to check that 75(gs)(gs o pg). Define
g:A— L by

=195, i p=Plx,, ifpsp

It follows that p € I'y,0p,, and thus that (gg o pg)7s(gs). O

Theorem 3.6. : LA — L is the weakest LF-topology on a for which each
projection map pg :A— Xg is continuous.

Proof.  Let : L» — L be an LF-topology for which each projection pg
is continuous, i.e. 75(gs)(gs o ps), V gz € L*¢. We need to check that

(98 ©ps)(9s © P3)-
For each 3 € A, and for each gg € L*5,

VA 75(08) | p € Tgzop, (95 © p)-

BeA

Thus (g5 0 ps)(95 0 pp). O

4. Products of Kolmogoroff and Hausdorff LF-topological
Spaces

Kolmogoroff L-topological Spaces have been considered by U. Héhle, A.
Sostak in [4]. In this section we shall define the notion of Kolmogoroff
LF-topological space. We shall show then that the Kolmogoroff property
is inherited by the product LF-topological Space from the coordenate LF-
topological Spaces.

Definition 4.1. Let (X,7) be an LF-topological space. (X,7) is a Kol-
mogoroff LF -space (i.e. fulfills the Ty axiom)if for every pair (p,q) € X x X
with p # q, there exists g € LX such that

e 7(9)el’:=L— 1,
e g(p) # 9(q).

Theorem 4.2. Let (X, 7x)xea be a nonempty family of Kolmogoroff LF -
topological spaces. Then (y,) is also a Kolmogoroff LF-topological space.
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Proof. If a, § €p with a # 3, then ay # [y for some A € A. By
hypothesis there exists gy € LX* such that

e T\(gn) € LY,
o ga(an) # gr(Br),

in other words,

(gr o pa)(@) = ga(an) # ga(Br) = (gr o pA)(B).
Thus, for
g:=gropy €L
define g :p— L by

gu=1{9,, if p=2Ax,, if p#A\

It follows that g € I'y, because \ # p implies
(9u ©Pp) ® (Lx, 0 pr)gA © -

Therefore (§) = V{Q,en () | h € Ty}
> (®V¢A Tu(lxy)) ® TA(92)
=T ®7a(g))
= 7x(g») € L°, showing
(9) € L°.
O

Hausdorff LF-topological Spaces

Hausdorff L-topological Spaces were considered in [4]. In this section we
seek generalizations of their results to LF-topological Spaces. Finally, we
shall show that the Hausdorff property is inherited by the product LF-
topological Space from their factors.

Let (X,7) be an LF-topological space. For each g € LX, such that
7(g) € L, define ¢* € LX by

g ::\/{hGLX|T(h)€LO y h®g=0x}.

Definition 4.3. (X, 1) is a Hausdorfl LF-topological Space (i.e. fulfills
the Ty axiom) iff whenever p and q are distint points of X, there exists
g € LX satisfying:
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o 7(g9) € L,
o 7(g*) € L, and,
e g(¢g) ®g*(p) # L.

Theorem 4.4. Let (X, 7\)aea be a nonempty family of Hausdorff LF-
topological spaces. Then (a,) is also a Hausdorff LF-topological space.

Proof. If z = (z\)xea and y = (yx)rea are distint points of 4, then
there exists i € A such that z; # y;. Since (X;,7;) is a Hausdorff LF-
topological space, there exists g; € L~ satisfying:

° Tl(gl) € LO,

o 7i(gf) € LYy,

® gi(yi) @gF(x;) #T.
Consider the element

g=QQhropy in L*
AEA
where
h)\z{lX/\,if)\#Z‘gi,if/\:’i.

Since
Ty={fer | Q Hopg}
AEA

we have that (g)= V{®xea 7a(f2) | f € L'y}
> (@i m(lx,)) @ 7ilgy)
=7(9:) # L

ie, (g) € LO.

On the other hand, g* =V{feLr | (f)e L’ v fog0x®1,}
=V{felr [ (el y [®(@renhropr)=0x}
=V{felr[(f)eLl’ y f&(giopi)=0x} and

Ty={fen | Qfromg*}
AEA
therefore, (g%) = V{®nea 72a(f2) | f €5}
> (®)\;ﬁi TA(1XA)) ®7i(g7)
=7(g}) # L, showing, (g*) € LY.
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Finally, g(y)=Qaen fx 2 pa(y)
= (®azi 13, (1) @ gi(ws)
=T ®gi(yi)
= gi(yi)
and

gie)=(V{felr | (f)el’ y f@(giop) =0x}) (z)
(97 opi) (2)
9; (xi).

It follows that

>

g (x) @ g(y) = g7 (xi) ® gi(y;) # L.

Hence (a,) is a Hausdorff LF-topological space. O

5. From the Quasi-coincident Neigborhoods

Let + € X and A € L be, the L-point x) is the L-set x) : X — L
defined as

zA(y) ={) ify=zl if y#x
We note the set of L-points of X with pt(L¥).

We say that x) quasi-coincides with f € LX or say that =z, is quasi-
coincident with f (cf [7], [11]) when

1. AV f(z) =T and

2. AN f(x) > L,

if ) quasi-coincides with f, we denote this z)qf; relation x) does not
quasi-coincide with f or z) is not quasi-coincident with f is denoted by
T g f.

Let (X,7) be an LF-topological space and ) € pt(L%X), and define
Quzy 1 LY — L by

Qx}\(f) - {v:rAqgggf T(Q)? si x)\QfJ—a si 37/\_|Qf
The set
Q={Qu, | zx€pt(L™)}

is called the LF-quasi-coincident neighorhood system of 7. Certainly we
can think @, (f) as degree to which f is a quasi-coincident neigborhood
of xy.
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Proposition 5.1. Let (X,7) be a LF-topological space, then

1.
2.
3.
4.

Qz, (1x) =T for all z) € pt(LY),
Qz,(0x) = L for all z € pt(L¥),
If Qu, (f) > L then x)qf,

Qzy (f A g) = Quy (f) A Qu, (g9) for all zy € pt(LX) and for all pair
fige L,

For each z € pt(LX) and for all f e L%,

Qu, (f) = \/ /\ Qyu(g)a

xA\q99<f Yn49

For each f € LX,
T(f): /\ Q:c;(f)

zxqf

Proof. Let (X,7) an LF-topological space and z) € pt(LX), we have

that,

1.

From 1x(z) = T and AV T = T we obtain that z)glx; on the
other hand, for each f € LX we have that f < 1x and we obtain

Quy(lx)=\/ 7(f) =7(1x)=T.

zAqf

. From Ox(xz) =1, AVL=X A L=_1 and Ox < f we obtain:

Qm\ (Ox) = 1.

. If zy—qf then @, (f) = L consequently, Q,(f) > L implies

zAqf.

. Let f g€ LX by,

Qu, (fAg)= \/ 7(h) < \/ 7(h) = Qu, (f)

zAqghh<fAg xxqghh<f
also, Qu,(f A g) < Qz,(g); then

Qa:/\<f /\g) < Qx,\(f) A Ql‘)\(g);
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on the other hand, Qm(f)/\ka(g):< V T(h))/\( V T(k)):

xxghh<f zAgkk<g
<T(h) A T(k))
xzaqh; h<fzgk; k<g
< V T(h N k) = V T(h AN k)
zagh; h<fzxgk; k<g TAGhAKRAES fAg

= QIA(f/\g)v i e, Qxx(f/\g) = Qﬂb\(f) AQIA(Q)'
5. For each z) € pt(L¥) and for all f € LX,

me (f) = \/ /\ Qyu (g)

9<fizAqg9 Yna9

6. For each f € LX,

= /\ Qa:/\<f)

zxqf

O

6. Separation Degrees

In contrast with the classical topology, we shall introduce a kind of separa-
tion where the topological spaces have separation degrees; these topics are
due to how many or how much two L-points are separated, this question is
naturally extended to the LF-topological space ambience. These ideas are
inspired in [11] where the development of theoretical elements is applied on
the lattice I, the unitary interval.

Let (X,7) be a LF-topological space,

1. Given zy, z, € pt(LX), i. e. L-points with the same support; the
degree in which the points xz, z, are quasi-Tj is

q—To(zx, ) ( V Qu.(f )\/< \V Qm(g))

er—af =99
2. The degree to which (X, 7) is quasi-Ty is

q—To(X,7) = N{g—Toler,z,) | z€ X, N# p}

We emphasize that the degree quasi-Tg is defined on L-points with
the same support.
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. Given z),y, L-points with different support, i. e. x # y, the degree

for which, xy,y, are Ty is

Toer) =V Q) vV @nlo)

zax—qf Y99

. Now, the degree to which (X,7) is Ty is

To((X,7)) = N{To(zxn yu) | @x, 90 € L), 2 # y}.

. The degree to which zy, y, € pt(LX) with = £y are T} is

Tier) = (V@) A (V @)

zxqf Yu—aqg
The degree to which (X,7) is T} is
Ty (X, 7)) = NMTu(@xnyu) | @x,yp € pHLY), 2 # y).

The degree to which zy, y, € pt(LX) with o #y are Ty is

vy =V (Qulh)A0n()

fAg=0x

. The degree to which (X,7) is Ty is

To((X, 1) /\{TQ oY) | T, yp € PHLY),x # y).

Proposition 6.1. For each LF-topological space (X,T) we have that

To((X; 7)) = Th((X, 7)) = To((X, 7).

7. Concluding Remarks

One of the most pervasive and widely applicable constructions in mathe-
matics is that of products. We hope that the results outlined in this paper
have exhibited the main properties of products of LF-topological spaces.
Clearly, there is much work remaining to be done in this area. Here are
some things that might deserve further attention:

1.

Describe the relation between products of LF-topological spaces and
compact of LF-topological spaces (Tychonoff Theorem).

Describe the products of variable-basis fuzzy topological spaces.

. Examine the relation between products of LF-topological spaces and

further separation axioms.
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