Proyecciones Journal of Mathematics
Vol. 35, N° 4, pp. 457-468, December 2016.

Universidad Catdlica del Norte

Antofagasta - Chile
DOI: 10.4067/S0716-09172016000400007

Stability of generalized Jensen functional
equation on a set of measure zero

Hajgira Dimou
Unwversity of Ibn Tofail, Morocco
Youssef Aribou
University of Ibn Tofail, Morocco
Abdellatif Chahbi
University of Ibn Tofail, Morocco
and
Samir Kabbaj
University of Ibn Tofail, Morocco
Received : June 2016. Accepted : August 2016

Abstract

Let E is a complex vector space and F is real (or complex ) Ba-
nach space. In this paper, we prove the Hyers-Ulam stability for the
generalized Jensen functional equation

3

flx+bry) = mf(x), v,y € E,
0

=~
Il

where f: E — F andbk:exp(%) for0<k<m-—1, on a set of
Lebesgue measure 0.
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1. Introduction

The question concerning the stability of functional equations has been posed
by S. M. Ulam in 1940 [29], and its solution given by H.D. Hyers [13] in 1941.
Hyers theorem was generalized by T. Aoki [1] for additive mappings and
by Th. M. Rassias [22] for linear mappings by considering an unbounded
Cauchy difference. The paper [22] of Th. M. Rassias has provided a lot
of influence in the development of what we now call Hyers-Ulam-Rassias
stability of functional equations. During the last decades, many stability
problems for various functional equations have been studied by numerous
mathematicians, we refer, for example, to [12],[14],[15],[17].

The stability problems of several functional equations on a restricted
domain have been extensively investigated by a number of authors, for
example [[4], [9], [8], [10] [11], [17], [20], [26], [23] ].

It is very natural to ask if the restricted domain D = {(z,y) € E? :
llz|| 4+ |ly|| > d} can be replaced by a much smaller subset 2 C D (e.g. a
subset of measure 0 in a measure space E).

In 2013, J. Chung in [8] answered to this question by considering the
stability of the Cauchy functional equation

(1.1) flx+y)=flx)+ f(y)

inaset Q C {(z,y) € R?:||z||+||y|| > d} where m(2) =0 and f : R — R.
In 2014, J. Chung and J. M. Rassias [9] proved the stability of the

quadratic functional equation in a set of measure zero.

Throughout we assume that F is C vector space and F' vector space over

K =Ror Cand2<m e N. Our aim is to prove the Hyers-Ulam stability

for the generalized Jensen functional equation

m—1

(1.2) > f(@+bry) =mf(z), 2,y € E,
k=0
where by, = exp(%) for 0 < k <m—1, on a set Lebesgue measure 0. These
results are applied to study of an asymptotic behavior of this functional
equation. The stability and solution of this equation and its generalizations
were studied by numerous researchers, see for example [5, 2, 19, 28|.
We also recall the following theorem which will be used in the sequel.
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Theorem 1.1 ([6]). Suppose that E is a complex vector space and F' is
real (or complex) Banach space, m > 2 € N, by, = exp(22Z) for 0 < k <
m—1landd§ >0.If f: F — F satisfies

m—1

> @+ bry) —mf(x)

k=0

(1.3)

for all x,y € E. Then there exists a unique generalized polynomial (GP)
q: E — F at most m — 1 such that q(0) =0 and

£ () = £(0) — q(z)|| <3™ 1§ for all x € E.
Moreover

q(x 4+ bry) —mq(z) =0 for all x,y € E.

||Pﬂ3

2. Main result

For given z,y,t €
Poyt =A{(z;t), (x + bit; y), (x + bpy; t),k =0,...,m — 1}

Let Q C E2?. Throughout this section, we assume that € satisfies the
condition:
For given z,y € E there exists ¢t € F such that

(@) Az, t), (z+bit,y), (x+ by, t)} C

We prove the following stability theorem in 2.
Theorem 2.1. Let § > 0. Suppose f : F — F satisfies the functional
inequality

(2.1) ) —mf(z)

for all (z,y) € Q, where by = exp(2£T),0 < k < m — 1. Then there
exists a unique generalized polynomial (GP) q : E — F' of degree at most
m — 1 such that ¢(0) = 0 and

(2.2) 1f(z) = £(0) = q(x)|| < 3™0 for all z € E.

Moreover

m—1
an:—i—bky mq(z) =0 for all z,y € E.
k=0
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Proof. Let D(z,y) = S0 f(z + bry) — mf(z). It is clear that

m—1 m—1 m—1
mY (flz+byy) —mf(@)] = [D (mf(z+bry) = > f@+bry + but))]
k=0 E=0 n=0
m—1 m—1
+ D (=mf(@+bpt) + D f(@+bpt + bny))]
k=0 n=0
m—1

+ fo—i—bkt —mf(x)],

S?r
’_‘O

I
|
NN

0

3
Lo
l

+ D(z + bit,y) + mD(z, ).
k=0

Since (2 satisfies (C), for given x,y € F, then there exists ¢ € E such that
|D(x + bry, t)|| <0, ||D(z + bit,y)|| <6 and || D(x,t)|| < J. Now by using
the triangle inequality, we get

ml|Z T+ bry) = mf(z)l| <3md, @y € E.
This implies that
HZ (z +bry) —mf(z)]| <30, z,y€E.

Next, according to Theorem 1.1, there exists a unique generalized poly-
nomial (GP) ¢ : E — F of degree at most m — 1 such that ¢(0) = 0

and
I f(z) — £(0) — q(z)|| <3™§ for all x € E.

This completes the proof. O
Now with m = 2. The condition (C) is reduced to the following: for
given x,y € E there exists t € E such that

(2.3) {(x +y,t),(x —y,t),(x + t,y), (x — t,y), (x,t)} C Q.

As a direct consequence of Theorem 2.1, we obtain the following corol-
lary
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Corollary 2.2. Let § > 0. Suppose that f : E — F' satisfies the functional
inequality

If(z+y)+ flz—y)—2f(@)|| <6 for all z,y € Q.
then there exists a unique additive mapping A : ¥ — F such that

1f(x) — f(0) — A(x)|| <96 for all x € E.

3. The Ulam-Hyers stability in a set of Lebesgue measure
Zero

In this section, we prove the Ulam-Hyers stability in a set of Lebesgue
measure zero for the functional inequality

m—1

(3.1) I Z f(z4+08) —mf(2)|| <6 for all (2,£) €

k=0

where f : C — F and Q C C? is of four-dimensional Lebesgue measure
zero, and the Jensen functional inequality

(32) |If(e+y)+ fla—y) —2f(2)|| < for all (x,y) € A C R,

where f: R — F and € is of two-dimensional Lebesgue measure zero.

Firstly, the inequality (3.1) is a particular case of(1.3) where £ = C.
Now, the condition (C) reduces to the following:

For given z,£ € C there exists np € C such that

(3.3) {(z+b&,n), (z+bkgn, &), (2,m) : k=0,....,m—1} C Q.

By virtue of Theorem 2.1, it suffice to construct a set  C C? of measure
zero satisfying (3.3). It is known from [[21],Theorem 1.6] that there exists a
set K C R of Lebesgue measure 0 such that R\ K is of first Baire category.
That is, R\ K is a countable union of nowhere dense subsets of R.

Lemma 3.1 (Lemma 2.4, [9]). Let K be a subset of R of measure 0
such that K = R\ K is of first Baire category. Then, for any countable
subsets U C R,V C R\{0} and M > 0, there exists t > M such that

(3.4) U+tV={u+tv:uelUwveV}CK.
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From now on we identify C with R?.

Theorem 3.2. Let K be the set defined in Lemma 3.1, R be the rotation

—cosf 0 sin 6 0

0 —cosf 0 sin 0
—ginf 0 —cosf 0

0 —sinf 0 —cosf

with 6§ € R\{Z + km,kr/k € Z} and @ = R"1(K x K x K x K). Then
satisfies (3.3) and has four-dimensional Lebesgue measure 0.

Proof. Our method in this proof is inspired by [10, Theorem 3.2]. Let
z=x+1iy, E=u+iv, n=t+iseC, k=0,1,---,m—1,

and let
Pz,f,n,k = {($+UCOSM ’USID2 7y+US1n2Lk+UCOS 2nk ., S)}

U{( + t cos 22X — s sin 228y 4 ¢ sin 228 + 5 cos 20K u, v),

(z,9,t,5)}.

Then € satisfies (3.3) if and only if, for every z = x+iy and £ = u+iv €
C, there exists n =t +4s € C such that
m—1
(3.5) R(|J Pgnr) CK x K x K x K.
k=0

Hence the inclusion (3.5) is equivalent to

m—1

Seem = U {— cosOpy + sin Opsz, — cos Ops + sin Opy, — sin Op; — cos Ops,
k=0
—sinfpy — cosOps : (p1,p2,p3,p4) € Prgyr} C K.

Now, we can choose o € R(a # 0) such that

2rk 2k 2rk 2k
cosi—asinL7é0,sini+acosi7é0
m m m m

for all k =0,1,---,m — 1. Then it is easy to check that the set S, ¢ 11 q¢ is
contained in the set of the form U + ¢V, where
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m—1
2k 21k 21k
U= U{—COSQ({E—FUCOSL—USiHL),—COSQ(y—FUSiDL—l—
k=0 m m m
veos 2 —sin 0(z + ucos 2Z2E — ¢ sin 278 — sin O(y + u sin 2%

k
+ v cos TI)}
U{—zcosf + usinf, —ycos 0 + vsinf, —(xsinf + ucos ), —(ysin 6

+v cos @), —zcosb, —ycosf, —xsinf, —ysin O}

m-t . 27k . 27k
V= U {sin @, asin @, — cos 0, —a cos 0, — cos f(cos — — asin —),
m m
k=0
. o 2k L 2wk N L 27k o 21k iy o 2k
—cos f(sin =7% +a cos <77 ), — sin O(cos “7F —asin <77 ), — sin O(sin =%

+acos 2},

By (3.4), for given z = x + iy, £ = u+iv € C and M > 0 there exists
t > M such that

Sz7§,t+am' cU+tV CK.
Thus, 2 satisfies (3.3). O

Theorem 3.3. There exists a set ) C C? of Lebesgue measure zero such
that if f : C — I satisfies the inequality

m—1

I Z f(z+b&) —mf(z)|| <6 for all(z,&) € Q

k=0
for all (z,§) € ), then there exists a unique mapping q : C — F' satisfying

m—1

Z q(z + bp&) —mq(z) =0 for all z,€ € C.
k=0

such that

1£(2) = £(0) — q(2)|| <3™§ for all z € C.
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Proof. The proof follows immediately from Theorems 3.2 and 2.1. O

Remark 3.4. It is easy to see that the set Qg = {(2,&) € C? : |z|+|¢] > d}
also satisfies (3.3). Thus, the result of Theorem (3.3) holds when  is
replaced by Q4. Thus, as consequence of Theorem (3.3) with the above
remark, we obtain a strong version of asymptotic behavior of f satisfies

m—1
(3:6) |1 Y flz+ k&) —mf(2)|| =0, as [z + [€] — o0, (2,€) € Q.
k=0

Corollary 3.5. Suppose that f : C — F satisfies (3.6). Then f satisfies
the functional equation

m—1
3 Fz+ b)) =mf(2), 2,6 € C.

k=0

Secondly, we consider (3.2) in view of Corollary 2.2, it suffice to con-
struct a set 2 C R? of measure zero satisfying (2.3).

Theorem 3.6. Let Q = exp(—i6)K x K be the rotation of K x K by —6.
Then Q satisfies (2.3) and has two-dimensional Lebesgue measure 0.

Proof. The proof is similar to the proof of Theorem (3.2). However, we
prove the completeness. Let x,y,t € R, and let

Px,y,t = {(x + y,t), ($ - y,t), (*f + t,y), (x - t,y), (ﬁvt)}'
Then () satisfies (2.3) if and only if, for every z,y € R such that
(3.7) exp(i6) Py yt C K x K.
The inclusion (3.7) is equivalent to
Szyt = {—cosfu+sinfv, —sinfu — cos v : (u,v) € Ppys} C K.
It is easy to check that the set S, ; is contained in a set of form U +tV,
where
U = {cosb(x +y), sinf(z+y), cosb(z —y),sinb(z —y),xcosf

—ysinf,ycosf + xsin b,z cosh, xsin O}
V = {£ sinb,; £ cosf}
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By Lemma 3.1, for given z,y € R and M > 0 there exists t > M such
that
S:r,y,t =U+tV C K.

Thus,  satisfies (2.3). O
By Corollary 2.2 and Theorem (3.6) we have the following result.

Theorem 3.7. Let 6 > 0. There exists a set  C R? of Lebesgue measure
zero such that if f : R — F satisfies the inequality

If (@ +y) + fle—y) =2/ ()| <0

only for all x,y € §2, then there exists a unique additive mapping A : R — F
such that
|[f(z) — f(0) — A(z)|| <96 for all z € R.

: The authors are very thankful to the referee for valuable suggestions.
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