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Abstract

In this article we introduce the sequence spaces c'(F, A, A, p),
o (F, A, A, p) and Lo (F, A, A, p), associated with the multiplier
sequence A = (A), defined by a sequence of modulli F = (f). We
study some basic topological and algebraic properties of these spaces.
Also some inclusion relations are studied.
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1. Introduction and Preliminaries

The notion of I-convergence generalizes and unifies several notions of con-
vergence for sequence spaces. The notion of I-convergence was studied at
the initial stage by Kostyrko, Salat and Wilcznyski [23]. Later on it was
studied by Tripathy et.al.[5-9, 15], B.Sarma [16], Debnath et.al.[25, 26],
Khan et.al.[28]and many others. They used the notion of ideal I of subsets
of the set N of natural numbers to define those concepts.

Let X be a non-empty set. Then a family of subsets I C 2% is said to
be an ideal if I is additive, i.e, A,B € I = AU B € I and hereditary i.e.
AclI, BC A= Bel. Anon-empty family of subsets F' C 2% is said to
be a filter on X iff

)0 ¢ Fii)forall ABe F=ANBeFii)AecF,AC B= BEF.

An ideal I C 2% is called non-trivial if I # 2%X. A non-trivial ideal
I is called admissible iff I D {{z} : * € X}. A non-trivial ideal I is
maximal if there does not exist any non-trivial ideal J# I, containing [
as a subset. For each ideal I there is a filter F'(I) corresponding to I i.e
F(I)={KCN:K°¢e€l}, where K=N — K.

A sequence = = (x,) is said to be I-convergent to a number L € R if
for each ¢ > 0, A(e)={n € N : |z, — L| > ¢} € I. The element L is called
the I-limit of the sequence = = (x,).

The natural density of a subset A of N is denoted by d(A) and is defined
by

d(A):limn_,oo% | {k<n:keA}|
Example: Let I=Iy={A C N : A is finite}. Then I; is a nontrivial
admissible ideal of N and the corresponding convergence coincides with or-
dinary convergence. If I=I;={A C N : d(A) = 0}, where d(A) denotes the
asymptotic density of the set A, then I; is a non-trivial admissible ideal of
N and the corresponding convergence coincide with statistical convergence.

The scope for the studies on sequence spaces was extended on introduc-
ing the notion of an associated multiplier sequence. S.Goes and G.Goes [18]
defined the differentiated sequence space dE and the integrated sequence
space [ E, for a sequence space E, by using the multiplier sequence (k1)
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and (k), respectively. We shall use a general multiplier sequence A = (\g)
for our study.

Throughout the article w, ¢, ¢y, £ denote the spaces of all, convergent,
null, bounded sequences respectively.

The notion of difference sequences was introduced by H.Kizmaz [19]
and it was further generalized as follows:
Z(Am) ={(z) € w: (Apxy) € Z}
for Z = ¢, cg, oo, where Ay xp, = T, — Tham, for all k € N.

Throughout the article, p = (px) denotes the sequence of positive real
numbers. The notion of paranormed sequences was studied and investi-
gated by Tripathy et.al.[10,12] and many others.

The notion of modulus function was introduced by Nakano [17]. It was
further investigated with applications to sequences by Tripathy and Chan-
dra [12], Khan et. al[28] and many others.

The following well-known inequality will be used throughout the article.

Let p = (pr) be any sequence of positive real numbers with 0 < pg <
suppr = G and D = maz{1,2571}. Then (|ag + b|)P* < D(|ag|P* 4 |bk|P*)
for all Kk € N and ag, by € C.

Definition 1.1: A modulus function f is a mapping from [0, c0) into [0, c0)
such that

(i) f(z) =01if and only if x =0

(ii) flz +y) < flz) + f(y)

(iii) f is increasing

(iv) f is continuous from the right at 0

Hence f is continuous everywhere in [0, 00)

Let X be a sequence space. Then the sequence space X (f) is defined
as

X(f) =A{z = (an) : far) € X},
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for a modulus function.

Definition 1.2: A sequence space F is said to be solid (or normal) if
(yx) € E whenever (z) € E and |yg| < |xg| for all kK € N.

Definition 1.3: A sequence space F is said to be monotone if it contains
the canonical preimages of all its step spaces.

Lemma 1.1: A sequence space E is normal implies that it is monotone.

Definition 1.4: A sequence space E is said to be symmetric if (z(,)) € E,
whenever (z,,) € E, where 7 is a permutation of V.

Definition 1.5: A sequence space F is said to be convergence free if
(yn) € E, whenever (z,,) € E and z,, = 0 implies y,, = 0.

2. Main result

Definition 2.1: Let F' = (fi) be a sequence of modulli, then for a given
multiplier sequence A = (\g), we introduce the following sequence spaces:

CI<F,A,Am,p) = {(xk) cw: {n € N: (fk(‘ Ak(Amek - L) |))pk >
e} € I, for some L € R} co! (F,A, Ap,p) = {(x) € w: {n € N : (fi]
Me(Amxr) ))PF > e} € I} Lo (F A, Ay, p)={ (1) € w : there exist M > 0

such that {n € N : (fi(| \e(Amzr — L) |))Pr > M} el }

When fi(z) = f(z), for all K € N, then the above spaces are denoted
by Cl(fv A: Amvp)v COI(fa A> Amvp)a gool(fv A: Amvp)

When I = Iy and f(x) = f(x), for all k € N, then the above spaces be-
come c(f, A, A, p),co(fy Ay A, D)y loo(f, Ay Apy, p), which was studied by
Tripathy and Chandra [12].
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When A\ = pr =1, for all kK € N and m = 1, then the above spaces are
denoted by ¢! (F, A), co! (F, A), Lo’ (F, A), studied by Khan et. al[28].

When I = I, \y =pp, =1, for all k € N and fi(z) =, forall k e N
then the above spaces are denoted by ¢(A,), co(An), éoo( ) studied by
Tripathy et.al.

When I = Iy, Ay =pp =1, forall k € N and fi(z) =, forallk € N
and m=1, then the above spaces reduce to c¢(A),co(A), loo(A), studied by
Kizmaz [19].

Theorem 2.2: The classes of sequences c!(F, A, A, p),col (F, A, A, p),
and (oo (F, A, A,,,p) are linear spaces.

Proof: We prove the theorem for the class of sequences co! (F, A, A, p).
The other cases can be proved similarly.

Let (zx), (k) € col (F, A, Ay, p), then

A={keN: (fi(] M(Amzy) |))P* W} el
and B ={k € N : (fi(| M:(Amyx) )P* > 55 [5]4_1)} el

Our aim is to show that (axy + Byr) € col (F, A, A, p), for scalars a, 3.

We have

(il M (Am(azr + Byr)) |))Px
< (fe(| @ || Me(Amzg) ) + fe(] B 1) DA (Amk) [)P*
< D(la] + D)(fe(| Me(Amzg) )P + D([B] + 1) (fr(| Me(Amyk) )P

Now, C'={k € N : (fi(| Ae(Am(czy + Byx)) )™ = €}
€ {ke N: D([o] + D)(fe(| M(Amzr) D)P* = 5 ULk € N D([B] + 1) ( /(]
Ae(Amyr) [))PE = 5}
={k e N: (fi(l A(Bmz) D7 = sppamyt Uk € N (fr(l Ae(Bmyk) |
NP 2 apamy
=AUB
ie, CCAUB
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But A,B € I, hence AU B € I, therefore C € I.

Theorem 2.3: The classes of sequences ¢! (F, A, A, p),col (F, A, A, p),
and (o! (F,A, A, p) are paranormed spaces paranormed by g,

9(x) = supr(fr(] Me(Amay) ),
where M=max(1,sup py).

Proof: Clearly g(z) > 0,9(—x) = g(x),9(z +y) < g(z) + g(y).

Next we show the continuity of the product.
Let « be fixed and g(x) — 0. Then it is obvious that g(az) — 0.

Next let @ — 0 and x be fixed. Since f; are continuous, we have
(| a || MApzy [) — 0, as a — 0.

Thus we have ”
supk(fi(| Me(Amay) )M — 0, as a — 0.

Hence g(az) — 0, as a — 0.
Therefore g is a paranorm.

Proposition 2.1: co! (F, A, A, p) C L (F,A, A, p) C oo (F, A, Ay, p)
and the inclusion is proper.

Example: Let [ = Iy, fi(zg) = 2, = (=1)*, A\, = pr = 1,m = 1, then
(k) € Loo” (F, A, A, p) but (z1) & col (F, A, A, p) or ¢! (F, A, Ay, p).

Theorem 2.4: The spaces ¢! (F, A, Ay, p), co’ (F, A, Ay, p), and
Ot (F, A, A, p) are neither solid nor monotone in general, but the spaces
col (F, A, p), and €' (F, A, p) are solid and as such are monotone.

Proof: Let (x) be a given sequence and (ay) be a sequence of scalars such
that | ag |< 1, for all k € N.
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Then we have
(fe(] Mearzr 1))PE < (fu(] Axxg |))Px, for all k € N.

The solidness of co! (F, A, p), and £oo! (F, A, p) follows from this inequal-
ity. The monotonicity follows by lemma 2.1

The first part of the proof follows from the following example:

Example: Let I = I¢, fi(z) = x, for all z € [0,00], m = 1, \;; = 1 for all
k€ N, pr. =1 for k odd, pp = 3 for k even, x, = k, for all kK € N belongs
to c/(A,p) and £ (A, p). For E, a sequence space, consider its step space
Ej defined by (yr) € Ej implies y = 0 for all k£ odd and y;, = =z for k
even. Then (y;) neither belongs to (¢/(A,p))s nor to £oo (A, p);. Hence
the spaces are not monotone. Hence are not solid.

Theorem 2.5: The spaces ¢! (F, A, A, p), co’ (F, A, Ay, p) and
(ool (F, A, Ay, p) are not symmetric in general.

Proof: The result follows from the following example:

Example: Let I = Iy, fi(z) = x, for all x € [0,00], m = 0, \;; = k for
all k € N, p, =1 for k odd, p, = 4 for k even, z;, = k2, for all k € N.
Then () belongs to ¢! (F, A, p),co’ (F, A, p). Consider its rearrangement
(yx) defined as follows:

(yn) - (:Ela L3, T4, T2, TGy L7y Ly evee- s X245 L5y L26y L2Ty +vvy L6245 L25, L626 )
Then (y,) neither belongs to c¢!(F,A,p) nor to ¢! (F,A,p). Hence the
spaces ¢! (F,A, A, p), co (F, A, Ay, p) and Lo (F, A, Ay, p) are not sym-
metric in general.

Theorem 2.6: The spaces ¢! (F, A, A,,,p), co’ (F, A, A, p), and
(oo (F,A, A, p) are not convergence free.
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Example: Let I = Iy, fi(z) = =, for all z € [0,00], m = 1,\; = 1 for
all k € N, pp, = 1 for k odd, pr, = 2 for k even, consider the sequence
(zx) defined by z = k™!, for all k € N, then (x3) belongs to each of
(A, p), col (A, p), and lo’(A,p). Consider the sequence () defined by
yr = k%, for all k € N. Then (y;) neither belongs to ¢!/(A,p) nor to
col (A, p) nor to Lo’ (A, p). Hence the spaces are not convergence free.
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