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Abstract

A graph G is said to be hypo-k-totally magic cordial if G — {v} is
k-totally magic cordial for each vertex v in V(G). In this paper, we es-
tablish that cycle, complete graph, complete bipartite graph and wheel
graph admit hypo-k-totally magic cordial labeling and some families
of graphs do not admit hypo-k-totally magic cordial labeling.
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1. Introduction

Let G = (V(G),E(Q)) (or simply G = (V,E)) be a simple, finite and
undirected graph of order |V| = p and size |E| = q. For graph theoretic
notations and terminology we refer [3]. The notion of cordial labeling was
due to Cahit [1]. A binary vertex labeling f : V(G) — {0,1} induces
an edge labeling f* : E(G) — {0,1} defined by f*(uv) = [f(u) — f(v)].
Such labeling is called cordial if the conditions |vf(0) —v¢(1)] < 1 and
lef«(0) —ep«(1)| < 1 are satisfied, where vs(i) and ef«(i)(i = 0,1) are the
number of vertices and edges with label i respectively. A graph is called
cordial if it admits cordial labeling. In [2] Cahit introduced totally magic
cordial labeling (TMC) based on cordial labeling and generalized it into
k-totally magic cordial labeling.

A graph G is said to have totally magic cordial (TMC or 2-TMC) la-
beling with constant C' if there exists a mapping f : V(G) U E(G) —
{0,1} such that f(a) + f(b) + f(ab) = C(mod 2) for all ab € E(G) and
Inf(0) —ng(1)] < 1, where ng(i)(s = 0,1) is the sum of the number of
vertices and edges with label i.

A graph G is said to have a k-totally magic cordial (k-TMC) labeling
with constant C' if there exists a mapping f : V(G) U E(G) — Zj, such
that f(a) + f(b) + f(ab) = C (mod k) for all ab € E(G) provided for
i # J, |ng(i) —nyg(5)] <1, where ng(i) (i =0,1,2,...,k — 1) is the sum of
the number of vertices and edges with label ¢. A graph is called k-totally
magic cordial if it admits k-totally magic cordial labeling. Further results
on totally magic cordial labelings and k-totally magic cordial labelings were
discussed in [4]-[8].

Let G be a graph with vertex set V' and edge set E. Let v € V. The
subgraph of G obtained by removing the vertex v and all the edges incident
with v is called the subgraph obtained by the removal of the vertex v and
is denoted by G — {v} .

Motivated by the concept of k-TMC labeling in [2], we define a new
labeling called hypo-k-TMC labeling as follows : A graph G is said to
be hypo-k-TMC if G — {v} is k-TMC for each vertex v in V(G). In this
paper we establish that cycle, complete graph, complete bipartite graph and
wheel graph admit hypo-k-totally magic cordial labeling and some families
of graphs do not admit hypo-k-totally magic cordial labeling.

We use the following theorems and definitions in the subsequent section:

Theorem 1.1. [8] Let G be an odd graph with p +q = 2 (mod 4). Then
G is not TMC.
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Theorem 1.2. [8] The fan graph F,, is TMC for n > 2.

Theorem 1.3. [7] Let G be an odd graph with p+q =k (mod 2k) and
k=2 (mod 4). Then G is not k- TMC.

Theorem 1.4. [7] The complete graph K, (n > 3) is n-TMC.

Theorem 1.5. [7] The complete bipartite graph Ky, , (m > n > 2) is
both m-TMC and n-TMC.

Theorem 1.6. [7] The star graph Sy, is n-TMC for all n > 1.

Definition 1. The helm graph H, is obtained from a wheel by attaching
a pendant edge at each vertex of the n-cycle.

Definition 2. The closed helm graph C H,, is obtained from a helm H, by
joining each pendant vertex to form a cycle.

Definition 3. The web graph Wb, is obtained from a closed helm C'H,
by adding a pendant edge to each vertex of outer cycle.

Definition 4. The friendship graph T,,(n > 2) is the one-point union of n
cycles of length 3.

Definition 5. The graph S, ,, denotes a star with m spokes in which each
spoke is a path of length n.

Definition 6. The bistar graph By, , is obtained from K> by joining m
pendant edges to one end of Ko and n pendant edges to the other end of
K>. The edge of K3 is called central edge of By, , and the vertices of Ko
are called central vertices of By, .

Definition 7. The subdivision graph S(G) is obtained from G by subdi-
viding each edge of G.

Definition 8. Let Ky ,,, K1 n,, ..., K1, be a family of disjoint stars with
the vertex-sets V(K1) = {¢i, a1, ..., ain, } and deg(c;) =n;, 1 <1< k. A
banana tree BT (ni,na, ...,nk) Is a tree obtained by adding a new vertex a
and joining it to a11,a21, ..., QK1 -

2. Main Results

Theorem 2.1. The cycle Cy,(n > 3) is hypo-(n — 1)-TMC.
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Proof. Suppose we remove any vertex from the cycle C), we get a path
of length n — 1. Let vy, vs,...,v,—1 be the successive vertices of P,,_1.
Define f : V(P,—1) U E(Py—1) — Z,—1 as follows: when i is odd,

fo) =5, |
gn-l 1 ifpisodd ,

and when i is even, f(v;) =< ;.2 e
=t -1 if n is even ,

n—2i+1 (mod (n—1)) ifnisodd,
Also f(vivit1) = n%% (mod (n — 1))

if n is even .

Clearly, f(a)+ f(b)+ f(ab) =0 (mod (n—1)). Moreover, if n is even,

N1 ifi=14, e L=
ny(7) —{ 2 ifiAD and if n is odd, ny(i) = 2 ifi A, Thus for
i#jand0<4,j5 <n—-2,|ns(i) —ns(j)| <1. Hence P,_; is (n—1)-TMC.

Therefore, the cycle Cy,(n > 3) is hypo-(n — 1)-TMC. O

Theorem 2.2. The complete graph K, (n > 3) is hypo-(n — 1)-TMC.

Proof. The subgraph K, 1 is obtained by removing any vertex from
K,. According to Theorem 1.4, K,,_1 is (n—1)-TMC. Hence the complete
graph K, (n > 3) is hypo-(n — 1)-TMC. O

Theorem 2.3. The wheel graph W, is hypo-n-TMC for all odd n > 3.

Proof. Let v be the central vertex and {v1,vs,...,v,} be the set of
degree 3 vertices. Assume that n is odd. Clearly, W,, — {v} = C,,. Define
f:V(Cy) UE(C,) — Z, as follows: f(v;)) =i —1 and for 1 < i <
n—1, f(viviy1) =1—2i (mod n) and f(v,v1) =1—2n (mod n). Thus,
f(vi) + f(vig1) + f(vivig1) =0 (mod n) and ny(i) =2 forall 1 <i <n.
Therefore, C), is n-TMC.

The fan graph F,,_1 is obtained by removing any vertex from the cy-
cle C,,. Let wuq,uo,...,u,_1 be the successive vertices of F,, 1. Define
g:V(Fh—1)UE(Fy_1) — Zy, as follows:

g(v) =0, g(u;) =2t (mod n), glvu;) =n —iand for 1 <i<n—1,
g(ujuiy1) =n —4i—2 (mod n). Clearly, g(u;) + g(uit1) + g(uwivit1) =0
(mod n) and

. 2 ifi=0,2,n—2,
ng(i) =

3 ifi=1,3,...,n—3,n—1
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Thus F;,—1 is n-TMC. Hence, the wheel graph W,, is hypo-n-TMC for
allodd n>3. O

Theorem 2.4. Ifn =2 (mod 4), then the closed helm graph CH,, is not
hypo-n-TMC.

Proof.  Assume that n =2 (mod 4). Let u be the central vertex of the
closed helm CH,. Let G = CH, — {u}. Clearly, |V(G)|+ |E(G)| = 5n.
Thus by Theorem 1.3, G is not n-TMC. Hence, the closed helm graph CH,,
is not hypo-n-TMC. O

Theorem 2.5. If n =2 (mod 4), then the web graph Wb,, is not hypo-
n-TMC.

Proof. Let u be the central vertex of the web graph Wb,,. Assume that
n =2 (mod4). Let G = Wb, — {u}. Clearly, |V(G)| + |E(G)| = Tn.
Thus by Theorem 1.3, G is not n-TMC. Hence, the web graph Wb, is not
hypo-n-TMC. O

Theorem 2.6. The friendship graph T, (n > 2) is hypo-2-TMC! if and only
ifn#2 (mod 4).

Proof.  Assume that n = 2 (mod 4) Let V = {u,ul,u?]1 <i<n}
be the vertex set and E = {uu},ulu? u?u|l <i<n} be the edge set of
T,. The subgraph nP» obtained by removing the central vertex u from
the graph T), is an odd graph with p + ¢ = 3n. Clearly, 3n =2 (mod 4)
forn =2 (mod 4). Thus by Theorem 1.1, the graph nP, is not 2-TMC.
Hence, the friendship graph T, (n > 2) is not hypo-2-TMC when n = 2
(mod 4) .

Suppose n # 2 (mod 4), label the vertices of n— [%] copies of P, with
0 and the edges with 1 and the vertices and the edges of the remaining [ %]
copies of P, with 1. Clearly, C' =1 and the difference between the sum of
the number of vertices and edges labeled with 0 and the sum of the number

of vertices and edges labeled with 1 is atmost 1. Thus 7T}, — {u} = nP, is
2-TMC. Again, let T}, — {ui} = (. Choose k and j arbitrarily as k = n
and j = 2. Define g : V(G) U E(G) — Z3 as follows: g(u}) = 1, g(uu}g) =0
and g(u) = 0, g(u;) = g(uf) = 0, g(uu;) = g(uuf) = g(ujuf) = 1 for
1<i< [nT_lW nd g(u}) = 1, g(u?) = 0, g(uu}) = 0, g(uu?) = 1 and

glu
g(ulu?) = 0 for [Tﬂ <i<n—1.Ifniseven, ng(0) =ns(1) and if n
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is odd, nf(0) = ns(1) + 1 with C = 1. Thus G is 2-TMC and hence the
friendship graph T,,(n > 2) is hypo-2-TMC. O

Theorem 2.7. The complete bipartite graph K, ,, is hypo-(m — 1)-TMC
as well as hypo-(n — 1)-TMC.

Proof. Proof follows from Theorem 1.5. O

Theorem 2.8. The graph So, 2 is hypo-2-TMC if and only if n is even.

Proof. LetV = {u,ujl,uﬂl <j< Qn} and E = {uujl,ujluﬂl <j< Zn}
be the vertex set and the edge set of the graph S, 2 respectively. Assume
that n is odd. The subgraph 2nP» obtained by removing the apex u from
the graph Sa,, 2 is an odd graph with p 4 ¢ = 6n. We can easily verify that
6n = 2 (mod 4). Thus by Theorem 1.1, the graph 2nP; is not 2-TMC.
Hence, the graph S, 2 is not hypo-2-TMC when n is odd.

Assume that n is even. Define
f:2nPy —{0,1} by f(u}) = f(u3) =

0 if j#0 (mod4),
1 if j =0 (mod4)

and f(u}u?) = 1foralli < j <2n. Clearly, ny(0) = ns(1) and C' = 1. Thus
Son2—{u} is 2-TMC. Again for any j = k, Say 20— {ut} = San—120U{us}. We
label the vertices of S2,—1,2 with 0 and the edges with 1 and also label the
vertex u2 with 1. We find that ns(0) = ns(1) and C = 1. Thus Sz, 2—{ut}
is also 2-TMC. Also, label the vertices and the edges of Sa, 2 — {u?} with
0 and 1 respectively, we find that ns(0) = ng(1) +1 and C = 1. Thus
Son2 — {u2} is also 2-TMC. Hence, the graph Sa, 2 is hypo-2-TMC. O

Theorem 2.9. If m and n are odd, then the graph (B, ,, : u) obtained by
the subdivision of the central edge of By, ,, with a vertex w, is not hypo-2-
TMC.

Proof. Let G = (B, u). Assume that m and n are odd. Clearly,
G—{u} = K1 m UKy, with p4+¢ =2m+2n+2. We can easily verify that
p+q=2 (mod 4). Thus by Theorem 1.3, G — {u} is not 2-TMC. Hence,
the graph (B, , : u) is not hypo-2-TMC. O
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Corollary 2.10. If m and n are even, then the graph (B, : u) obtained
by the subdivision of the central edge of B,,, by three vertices, is not
hypo-2-TMC.

Theorem 2.11. If k=2 (mod 4), and n; is odd for 1 < i < k such that
ny+na+---+mng =0 (mod k), then the banana tree BT (ny, no, ..., nk)
is not hypo-k-TMC.

Proof. Let K = 2 (mod 4). Assume that n; is odd for 1 < i < k.
Let G = BT (n1,n2,....,n;). Now, G — {a} = Kip, UKip, U...UKqy,
with p + ¢ = 2(n1 + ne + ... + ng) + k. Since ny,ng, ...,n; are odd and
ny+na+---+np =0 (mod k), degree of the vertices of G — {a} are
odd. We can easily verify that p4+¢ =k (mod 2k). Thus, G — {a} is not
kE-TMC. Hence, the banana graph BT'(ny,na,...,n) is not hypo-k-TMC.
O

Theorem 2.12. The graph S, + K; is hypo-n-TMC for all n > 1.

Proof.  Let V(S,) = {v,v1,v2,...,un}, E(Sp) = {vv;]l <i<n} and u
be the vertex of Ki. We remove the vertex u or v from S,, + K1, then the
resultant graph is the star graph S,,. By Theorem 1.6, S, is n-TMC for all
n>1 Let G=S,+ K; —{v} forany i, 1 <i <n. Let ug,ug,...,up—1
be the successive vertices v; of G. Define g : V(G) U E(G) — Z,—1 as
follows: g(u) =1, g(v) =0, g(u;) =i —1, glvw;) =n—i+1 (mod n),
g(uju) =n —i (modn) and g(uv) = n — 1. Clearly, ngy(i) = ny(j) = 3
for all 4 # j and 0 < 4,57 < n — 1. Thus, G is n-TMC. Hence, the graph
Sp + Kq is hypo-n-TMC for all n > 1. O

Theorem 2.13. If a graph G is not k-TMC then the graph G 4+ K7 is not
hypo-k-TMC.

Proof. Suppose G + Kj is hypo-k-TMC. Then G must be k-TMC,
which is a contradiction to G is not k-TMC. Hence, the graph G 4+ K is
not hypo-k-TMC. O

Proposition 1. If G is a hypo-k-TMC graph such that ng(i) is constant
foralli =0,1,2,---,k—1 and e € E(G), then G —{e} is also hypo-k-TMC.

Proposition 2. If Gi(p1,q1) and Ga(p2, q2) are two hypo-k-TMC graphs
with n(i) is a constant in k-TMC labeling of G; — {u} or of Gy — {v} then
G1 U G is also hypo-k-TMC.
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