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Abstract

For a connected graph G of order n > 2, and for any minimum
open monophonic set S of G, a subset T' of S is called a forcing sub-
set for S if S is the unique minimum open monophonic set contain-
ing T. A forcing subset for S of minimum cardinality is a minimum
forcing subset of S. The forcing open monophonic number of S, de-
noted by fom(S), is the cardinality of a minimum forcing subset of
S. The forcing open monophonic number of G, denoted by form(G),
18 fom(G) = min(fom(S)), where the minimum is taken over all min-
imum open monophonic sets in G. The forcing open monophonic
numbers of certain standard graphs are determined. It is proved that
for every pair a,b of integers with 0 < a < b—4 and b > 5, there
exists a connected graph G such that for,(G) = a and om(G) = b.
It is analyzed how the addition of a pendant edge to certain standard
graphs affects the forcing open monophonic number.
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1. Introduction

By agraph G = (V(G), E(G)) we mean a finite, undirected connected graph
without loops or multiple edges. The order and size of G are denoted by
n and m, respectively. For basic graph theoretic terminology we refer to
Harary [5]. The distance, geodesic and geodetic number of a graph were
introduced and studied in [1, 3]. A set S of vertices of a connected graph G
is an open geodetic set of G if for each vertex v in GG, either v is an extreme
vertex of G and v € S, or v is an internal vertex of a x-y geodesic for some
z,y € S. An open geodetic set of minimum cardinality is a minimum open
geodetic set and this cardinality is the open geodetic number og(G). The
open geodetic number of a graph was introduced and studied in [2, 6, 8]. A
chord of a path ui,us,...,u, in G is an edge w;u; with j > 7 + 2. For two
vertices u and v in a connected graph G, a u-v path is called a monophonic
path if it contains no chords. A monophonic set of G is a set S C V(G)
such that every vertex of GG is contained in a monophonic path joining some
pair of vertices in S. The monophonic number m(G) of G is the cardinality
of a minimum monophonic set. A subset T of S is called a forcing subset
for §'if S is the unique minimum monophonic set containing 7. A forcing
subset for S of minimum cardinality is a minimum forcing subset of S. The
forcing monophonic number of S, denoted by f,,(S), is the cardinality of
a minimum forcing subset of S. The forcing monophonic number of G,
denoted by fin(G), is fi(G) = min(f(5)), where the minimum is taken
over all minimum monophonic sets in G.

A set S of vertices in a connected graph G is an open monophonic set
if for each vertex v in G, either v is an extreme vertex of G and v € S, or
v is an internal vertex of a z-y monophonic path for some z,y € S. An
open monophonic set of minimum cardinality is a minimum open mono-
phonic set and this cardinality is the open monophonic number om(G) of
G. The open monophonic number of a graph was introduced and further
studied in [9, 10, 11, 12]. The following is the motivation for the introduc-
tion of open monophonic concepts and the corresponding forcing concepts.
In a communication network, the main problem of protection from inter-
cepting and overhearing is an inevitable one. Hence there is a need for
enhancing security in a communication network design. Since graphs lend
themselves naturally as models for these real life situations, the security
based communication network problems can be studied and settled using
the open monophonic and the corresponding forcing concepts. Further,
these concepts have interesting applications in Channel Assignment Prob-
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lem in Radio Technologies [4].
The following theorems are used in the sequel.

Theorem 1.1. [10] Every extreme vertex of a connected graph G belongs
to each open monophonic set of GG. In particular, if the set S of all extreme
vertices of G is an open monophonic set of G, then S is the unique minimum
open monophonic set of G.

Theorem 1.2. [12] For a connected graph G of order at least 2, om(G) = 2
if only if there exist two extreme vertices u and v such that every vertex
lies on a monophonic path joining v and v.

2. Forcing open monophonic number of a graph

Definition 2.1. Let G be a connected graph with at least two vertices and S
a minimum open monophonic set of G. A subset T of S is called a forcing
subset for S if S is the unique minimum open monophonic set containing T'.
A forcing subset for S of minimum cardinality is a minimum forcing subset
of S. The forcing open monophonic number of S, denoted by fom(S), is the
cardinality of a minimum forcing subset of S. The forcing open monophonic
number of G, denoted by fom(G), is fom(G) = min(fom(S)), where the
minimum is taken over all minimum open monophonic sets in G.

(e

Figure 2.1.

Example 2.2. For the graph G in Figure 2.1, it is clear that the sets S1 =
{v1,v2,v3,v6} and Sy = {v1,ve,v3,v7} are the minimum open monophonic
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sets of G. Now, T = {wg} is a forcing subset for Sy and so fom(S1) = 1.
Similarly T" = {v7} is a forcing subset for S so that fu,(S2) = 1. Hence
fom(G) - 1.

The next theorem follows immediately from the definition of an open
monophonic number and the forcing open monophonic number of a con-
nected graph G.

Theorem 2.3. For every connected graph G, 0 < fo,(G) < om(G) < n.
Remark 2.4. For the complete graph G = K,,(n > 2), the set of all vertices
of K, is the unique minimum open monophonic set so that om(G) = n and
fom(G) = 0. Also, all the inequalities in Theorem 2.3 can be strict. For
the graph G given in Figure 2.1, om(G) = 4, for(G) =1 and n = 6.

Now, we proceed by proving a main result regarding forcing monophonic
number of a graph.

Theorem 2.5. Let G be a connected graph. Then

(1) fm(G) (or fom(G)) = 0 if and only if G has a unique minimum (open)
monophonic set.

(ii) fim(G) (or fom(G)) = 1 if and only if G has at least two minimum
(open) monophonic sets, one of which is the unique minimum mono-
phonic set contains one of its elements.

(iii) fim(GQ) (or fom(G)) = m(G) (or om(G)) if and only if no minimum
(open) monophonic set of G is the unique minimum (open) mono-
phonic set containing any of its proper subsets.

Proof. We prove the theorem for forcing monophonic number. The
proof for open forcing monophonic number is similar.

(i) Let fin(G) = 0. Then by definition, f,,(S) = 0 for some minimum
monophonic set S of G so that the empty set ¢ is the minimum forcing
subset for S. Hence it follows that S is the unique minimum monophonic
set of G. The converse is clear.

(ii) Let fm(G) = 1. Then by (i), G has at least two minimum mono-
phonic sets. Also, since f,,(G) = 1, there is a singleton subset T" of a
minimum monophonic set S of G such that T is not a subset of any other
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minimum monophonic set of G. Thus S is the unique minimum monophonic
set containing one of its elements. The converse is clear.

(iii) Let f(G) = m(G). Then f,,(S) = m(G) for every monophonic
set S in G. Also, m(G) > 2 and hence f,,(G) > 2. Then by (i) G has
at least two minimum monophonic sets, and so the empty set ¢ is not a
minimum forcing subset for any minimum monophonic set of G. Since
fm(G) = m(G), no proper subset of S is a forcing subset of S. Thus no
minimum monophonic set of G is the unique minimum monophonic set
containing any of its proper subsets. Conversely, assume that no minimum
monophonic set of G is the unique minimum monophonic set containing any
of its proper subsets. This shows that G contains more than one minimum
monophonic set, and no subset of any minimum monophonic set S other
than S is a forcing subset for S. Hence it follows that f,,(G) =m(G). O

Definition 2.6. A vertex v of a connected graph G is said to be an open
monophonic vertex of G if v belongs to every minimum open monophonic

set of GG.

We illustrate this by an example. For the graph G given in Figure
2.2, it is easily verified S; = {v1,va,v3,v6}, So2 = {vi,v2,v3,05}, S5 =
{v1,v2,v3,v4}, Sy = {v1,v2,v5,v6}, S5 = {v1,v2,v4,06}, S6 = {v1,v2,v4,v5}
are the minimum open monophonic sets. Hence the vertices v; and vy are
the open monophonic vertices. It is to be noted that the set T = {v3, vg}
is a forcing subset for S; and so fyn(S1) = 2. Hence fon(G) = 2. Also,
every endvertex in a graph is an open monophonic vertex.

[&]

Ug

Figure 2.2.
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Theorem 2.7. Let G be a connected graph and let F' be the set of relative
complements of the minimum forcing subsets in their respective minimum
open monophonic sets in G. Then Npcp F is the set of open monophonic
vertices of G.

Proof. Let W be the set of all open monophonic vertices of G. If v € W,
then v belongs to every minimum open monophonic set S of G. Let T'C S
be any minimum forcing subset for any minimum open monophonic set S of
G. We claim that v ¢ T. If v € T, then 7" = T — {v} is a proper subset of
T such that S is the unique minimum open monophonic set containing 7"
so that T" is a forcing subset for S with |T”| < |T'|, which is a contradiction
because T' is a minimum forcing subset for S. Thus v ¢ T and so v € F,
where F' is the relative complement of 7" in S. Thus v € (\pep F' so
that W C Npep F. Now, if v € Npep F', then v belongs to the relative
complement of 7" in S for every T and every S such that T" C S, where T
is a minimum forcing subset for S. Since F' is the relative complement of
T in S, we have F' C S and thus v € S for every S. Hence v is an open
monophonic vertex of G so that v € W. It follows that (pcp F7 C W, and
so W =Nper F. a

Theorem 2.8. Let G be a connected graph and W be the set of all open
monophonic vertices of G. Then f,,,(G) < om(G) — |W/|.

Proof. Let S be any minimum open monophonic set of G. Then
om(G) = |S|. Since W is the set of all open monophonic vertices of G,
it follows that W C S and S is the unique minimum open monophonic set
containing S — W. Hence fo,(G) < |S —W|=|S| = |W| = om(G) — |W|.
O

The following result is an easy consequence of Theorems 1.1 and 2.8.

Corollary 2.9. If G is a connected graph with k extreme vertices, then

fom(G) < om(G) — k.

We observe that the bound in Theorem 2.8 is sharp. For the graph G
given in Figure 2.2, om(G) = 4, fom(G) =2 and W = {vy, v3} is the set of
open monophonic vertices of G. Hence fon,(G) = om(G) — |W/|. Also, the
inequality in Theorem 2.11 can be strict. For the graph G given in Figure
2.3, it is clear that S; = {v1,v3,v5} and So = {vg,ve,v7} are the only two



The forcing open monophonic number of a graph 73

minimum open monophonic sets of G so that om(G) = 3, fom(G) =1 and
W = ¢. Hence fom(G) < om(G) — |W].

(Hrd

" o g

Us Us Uy

G
Figure 2.3.

Theorem 2.10. For any cycle G = Cp(n > 4),

3 ifn>"7
1 ifn=6
fom(G) = 4 ifn=5
0 ifn=4.

Proof. Let G = Cy(n > 4) be the cycle C), : v1,v2,v3,...,0p,01.

For n =4, S = {v1,v9,v3,v4} is the unique open monophonic set of G
so that by Theorem 2.5(i), fom(G) = 0.

For n = 5, the sets S1 = {v1,v2,v3,v4}, So = {v1,v2,v3,05}, S3 =
{v1,v2,v4,v5}, Sq = {v2,v3,v4,v5}, S5 = {v1,v3,v4,v5} are the minimum
open monophonic sets of G. It is clear that no proper subset of any of the
sets Si(i = 1,2,3,4,5) is a forcing subset so that fo,(G) = 4.

For n = 6, the sets S1 = {v1,v3,v5} and So = {va,v4,v6} are the only
two minimum open monophonic sets of G. Since {v1} is a forcing subset
for Sy, it follows that f,,,(G) = 1.

Let G = Cy(n > 7). Then any set containing three independent vertices
of G is a minimum open monophonic set so that om(G) = 3. Since n > 7,
it is clear that no 2-element subset of any minimum open monophonic set
S is a forcing subset for S. Hence fon(G) = 3. O


MMartinez
figure-2-3


74 A. P. Santhakumaran and M. Mahendran

Theorem 2.11. For any wheel W,, = K; + C,—1(n > 4),

3 ifn>8

1 ifn=7
Jom(Wn) = 4 ifn=6

0 ifn=4,5.

Proof. Let Cp—1 : v1,v2,...,0p—1v1. Let K3 = {z}. Then W, =
C’nfl + Kl

For n =4, Wy is the complete graph Ky so that fu,,(G) = 0.

For n = 5, the set S = {v1,v2,v3,v4} is the unique open monophonic
set of G, then by Theorem 2.5(i), fom(G) = 0.

For n = 6, it is clear that no 3-element subset of vertices of W is an open
monophonic set of Wgs. The sets S1 = {v1,va,v3,v4}, So = {v1,v2,v3,05},
S3 = {v1,v2,v4,v5}, Sq = {va,v3,v4,v5} and S5 = {v1,v3,v4,v5} are the
minimum open monophonic sets of G. It is easily verified that no subset
of S;(1 <14 < 5) containing at most 3 elements is a forcing subset for S;.
Hence it follows that fo.,,(Ws) = 4.

For n = 7, the sets S; = {v1,v3,v5} and So = {va,v4,v6} are the only
two minimum open monophonic sets of W7. Since {v;} is a forcing subset
for Sy, it follows that f,,,(W7) = 1.

Let W,, = K;14+Cp,—1(n > 8). Then any set containing three independent
vertices of W,, is a minimum open monophonic set so that om(W,) = 3.
Since n > 8, it is clear that no 2-element subset of any minimum open
monophonic set S is a forcing subset for S. Hence fo,(G) = 3. O

Theorem 2.12. For the complete bipartite graph G = K, 4(2 < r < s),
0 ifr=s=2
fom(G) =X 2 if2=r<s .
4 if3<r<s

Proof. Case 1. r = s = 2. Then G is the cycle Cy and by Theorem
2.10, fom(G) = 0.

Case 2. 2 =7 < 5. Let U and W be the partite sets of K, with
|U| =r and |S| = s. It is clear that the minimum open monophonic sets S
of G are obtained by choosing the two elements of U and any two elements
from W. It is easily verified that no single vertex subset of any of these
sets is a forcing subset for S. Also, it is clear that any 2-element subset of
W is a forcing subset for one of these minimum open monophonic sets S of

G. Hence fon(G) = 2.
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Case 3. 3 <r < s. Then any minimum open monophonic set S is got
by taking any two elements from U and any two elements from W. It is
easily verified that no 3-element subset of any minimum open monophonic
sets S of G is a forcing set for S. Hence it follows that fom,(G) = 4. O

It was already seen that f,,,(G) = 0 if G is a complete graph or a tree
or the cycle Cy or the wheels W, and W5. Hence we leave the following
problem as an open question.

Problem 2.13. Characterize graphs G for which (i) form(G) = 0 (ii) fom(G) =
om(Q).

Theorem 2.14. If G is a connected graph with om(G) = 2, then f,,(G) =
0.

Proof. Let S = {u,v} be any minimum open monophonic set of G.
Then by Theorem 1.2, v and v are the only extreme vertices such that
every vertex of G lies on a monophonic path joining v and v. It follows
from Theorem 1.1 that S is the unique minimum open monophonic set of
G. Hence by Theorem 2.5(i), fom(G) = 0. 0

Theorem 2.15. Given any positive integer with n > 2, there exists a
connected graph G of order 2n such that om(G) =n and fon,(G) = 0.

Proof. Let P, be a path on n vertices. Let G be the graph obtained by
adding a pendant edge at each vertex of P,. Then it is clear that om(G) = n
and fom(G) = 0. |
The following graphs given in Figure 2.4 and Figure 2.5 are such that
om(G) = 2. Hence by Theorem 2.14, fo,,(G) = 0 for these two graphs G.

Vi e Vo
=+ L, . . . :
1 Up—1 Ug—2 Ua 1
Vit1
8
Ui U3 Ug

Figure 2.4
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L‘J. . . . t 11+ 1

wy_1 Uy

U1 Ug Up—o Up—1

U3 Vi—2 Vi1

Figure 2.5.

In the view of Theorem 2.3, we have the following realization theorem.

Theorem 2.16. For every pair a, b of integers with 0 < a < b—4and b > 5,
there exists a connected graph G such that fo,,(G) = a and om(G) = b.

Proof. = We prove this theorem by considering three cases. For b = 4, we
have a = 0. Hence for G = Ky, we have f,,(G) = 0 and om(G) = 4 = b.
Now, b > 5.

Case 1. a = 0. Let G = Kj. Then, by Theorems 2.5(i) and 1.1, we
have fom(G) = 0 and om(G) = b.
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Case 2. a = 1.

Up_3

v
G

Figure 2.4.

Let G be the graph in Figure 2.4, obtained from Cj : v1, vo, v3,v4, v1 by

first adding b — 3 new vertices wui, uz, us, ..., up_3 to C4 and joining each
u;(1 <4 <b—3) to the vertex v; of Cy; and also adding the new vertex vs
and joining the edges vsve and vsvy. Let S = {uy, ug,...,up—_3} be the set of

all extreme vertices of G. By Theorem 1.1, every open monophonic set of G
contains S. Then G contains exactly two minimum open monophonic sets
namely S1 = SU{va,v3,v4} and So = SU{ve,v4,v5}. Thus om(G) = |S|+
3 = b. Since S; is the unique minimum open monophonic set containing
vs, it follows from Theorem 2.5(ii) that fo,(G) =1 = a.

Case 3. a > 2. Let F; : u;,v;, w; be a path of order 3 (1 <i < a). Let
P53 : u,v,w be a path of order 3. Let H be the graph obtained from the
graphs P3 and F;(1 < i < a) by first adding the 2a edges uu; and ww; for
1 <4 < a; and also adding b — a — 2 new vertices y1,¥2, - - -, Yo—a—35 Yb—a—2
and joining y;(1 < i < b—a — 3) with w and yp_q—o with u. Let G be
the graph in Figure 2.5 obtained from H by adding the new vertex z and
joining each u; and w;(1 < i < a) with z, and also adding the new vertices
x1 and x9 and joining the edges xx; and vxy. We prove that om(G) = b
and fom(G) = a. Let S = {z1,22,91,%2,- -, Yb—a—3, Yp—a—2} be the set of
all extreme vertices of G. By Theorem 1.1, every open monophonic set of
G contains S. Since the vertices vy, v9,...,v, do not lie on a monophonic
path joining any pair of vertices of S, S is not an open monophonic set of
G. Let S; = {u;, w; }(1 <i < a). We observe that every open monophonic
set of G must contain at least one vertex from each X;(1 < i < a). Thus
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om(G) > b—a+a = b. Now, since the set X = SU{u1, ua, ..., us} is an open
monophonic set of G, it follows that om(G) < |X| = b. Thus om(G) = b.
Next, we show that f,,,(G) = a. Since every open monophonic set of G
contains S, it follows from Theorem 2.7, that fu,,(G) < om(G) — |S| =
b— (b—a) = a. Since om(G) = b and every open monophonic set of G
contains S, it is easily seen that every minimum open monophonic set Y is
of the form S U {z1, 22,...,2,}, where z; € S;(1 <i < a).

Yp—a—2 : 1
4 L2 : L]
Yb—a-3
U w
u
g k) 1 .

-u-;\ \ % / /u

o -
\\ U3 w,
Ty - Wy

G
Figure 2.4.

Now, let T be a proper subset of Y with |T'| < a. Then there is a vertex
zj(1 < j < a) such that z; ¢ T. Let t; be a vertex of S; distinct from z;.
Then Z = (Y —{z;})U{t;} is an open monophonic set properly containing
T. Thus Y is not the unique minimum open monophonic set containing
T. Thus T is not a forcing subset of Y. This is true for all minimum open
monophonic sets of G and so it follows that fo,(G) = a. O
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3. Addition of a pendant edge and forcing open monophonic
number

A main problem in graph theory that commonly arises is how the value of a
parameter is affected by making a small change in the graph. In this section,
we study how forcing open monophonic number of a graph is affected by
the addition of a pendant edge. In this section we analyse how the forcing
open monophonic numbers of certain standard graphs are affected by the
addition of a pendant edge.

3 ifn>5
Theorem 3.1. For the graph G = C,+e(n > 3),om(G) =<¢ 4 ifn=4
3 ifn=3.

and
2 if n>6
fom(G)_{ 0 if n=3,4,5.

Proof. For the graph G = C3 + e where e = vyz, the set S = {z,v9,v3}
is the unique minimum open monophonic set of G and so om(G) = 3, and
by Theorem 2.5 (i), fom(G) = 0.

For the graph G = Cy + e, where e = v, the set S = {z, vy, v3,v4} is
the unique minimum open monophonic set of G and so om(G) = 4, and by
Theorem 2.5(1), fom(G) = 0.

For the graph G = Cj + e where e = vjz, the set S = {x,v3,v4} is
the unique minimum open monophonic set of G and so om(G) = 3, and by
Theorem 2.5(1), fom(G) = 0.

Let Cy, : v1,v2,v3,...,0,,01 be a cycle and let G = C,, + e(n > 6) with
e = v;x. Let v; and vy be the vertices adjacent to v;. Then it is clear that
the (n — 3)Cy sets S = {z,u,v} with u and v distinct from v; and vy, are
the only minimum open monophonic sets of G. It follows that om(G) = 3.
Since no singleton subset of S is a forcing subset for S and since {u, v} is
the unique minimum forcing subset for S, it follows that f,,,,(G) =2. O

Theorem 3.2. Let W,, = C,,_1+Ki(n > 5), where Cj,_1 : v1,02, ..., Up_101
and K7 = {v,}. Then for the graph G = W,, + e where W,, is a wheel on
n vertices and e is the pendant edge added at a vertex on C,_1,

3 ifn>6 2 ifn>7
om (G) = and fom (G) =
4 ifn=5 0 ifn=5,6.
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Proof. For the graph G = Ws5 + e, where e = vz, the set S =
{x,v2,v3,v4} is the unique minimum open monophonic set of G so that
om(G) = 4. Hence by Theorem 2.5(i), fom(G) = 0.

For the graph G = Ws + e, where e = vyz, the set S = {z,v3,v4} is the
unique minimum open monophonic set of G so that om(G) = 3. Hence by
Theorem 2.5(i), fom(G) = 0.

For the graph G = W7 + e, where e = vjz, the sets S; = {x,v3,v4},
Sy = {x,vs,v5} and S3 = {x,v4,v5} are the minimum open monophonic
sets of G, it is follows that om(G) = 3. It is clear that the set 71 = {v3,v4}
is a minimum forcing subset of S; so that fu,,(G) = 2.

Let G = Cp, +e(n > 8) with e = v;z. Let v; and v, be the vertices
adjacent to v;. Then it is clear that the (n —3)Cy sets S = {z,u, v} with u
and v distinct from v;, v; and vy are the only minimum open monophonic
sets of G so that om(G) = 3. Since no singleton subset of S is a forcing
subset for S and since {u,v} is the unique minimum forcing subset for S,
it follows that fom,(G) = 2. O

Theorem 3.3. Let W,, = C,,_1+K1(n > 5), where Cj,_1 : v1,V2, ..., Up_101
and K7 = {v,}. Then for the graph G = W,, + e where W,, is a wheel on
n vertices and e is the pendant edge added at a vertex on vy,

4 ifn>"7
Om(G)_{ 5 ifn=5,6.
and
3 if n>8
1 if n=7
Jom(G) = 4 if n=6
0 if n=>5.

Proof. Let W, = C,,_1 + K7 where C,,_1 : v1,v9,...,v,_1v1 and K7 =
{vn}.

For the graph G = W5+ e, where e = vsz, the set S = {z,v1, v2, v3,v4}
is the unique minimum open monophonic set of G so that om(G) = 5. By
Theorem 2.5(i), fom(G) = 0.

For the graph G = Wg+e, where e = vgz, the sets S = {z, v, v, v3,v4},
Sy = {x,v2,v3,v4,05}, S3 = {z,v1,v2,v3,05}, Sa = {z,v1,v3,v4,v5} and
S5 = {x,v1,v9,v4,v5} are the unique minimum open monophonic sets of G
so that om(G) = 5. Since T1 = {v1, v2,v3,v4} is a minimum forcing subset
of Sy, it follows that fo,(G) = 4.

For the graph G = W7 + e, where e = vz, the sets S1 = {x,v1,v3,v5},
Sy = {x,v9,v4,v6} are the only two minimum open monophonic sets of
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G, so that om(G) = 4. Since {v;} is a minimum forcing subset for S, it
follows that fom(G) = 1.

Let G = W, + e(n > 8) with e = v,z. Let v;, vj,v; be three non-
adjacent vertices on Cy,_1. Then it is clear that the sets S = {x,v;,vj,vi}
are the only minimum open monophonic sets of G so that om(G) = 4.
Since n > 8, it is clear that no 2-element subset of any minimum open
monophonic set S is a forcing subset for S. Since {v;,v;,v;} is a forcing
subset for S, it follows that f,,(G) = 3. O

Theorem 3.4. For the graph G = K, + e(n > 2), om(G) = n and
fom(G) — 0.

Proof.  For the graph G = K, + e, where e = viz(n > 2), the set S =
{z,v9,...,v,} is the unique open monophonic set of G so that om(G) = n.
By Theorem 2.5(i), fom(G) = 0. O

We observe that for any non-trivial tree T, it is clear that T+ e is also
a tree so that fo,, (T +¢€) = 0.

Theorem 3.5. Let U = {uj,uo,...,u,} and W = {wy,we,...,ws} be
the partite sets of K, ;. Then for the graph G = K, s +e(2 < r < s),
om(G) = 4,

fom(G) == {
and

for 2 =1 <s, fom(G) :{

0 if r=s5=2
1 if 3<r<s

2 if e=wuzx
1 if e=wix

Proof. Forr =s =2, wehave K, ; = C4 and by Theorem 3.1, om(K, s+
e) =4 and fom(Krs +e€) =0.

For 2 =r < s, let e = uyx. Then any set .S formed by taking x, us along
with any two elements w;, w; of W forms a minimum open monophonic set
of G so that om(G) = 4. It is clear that the subset T' = {w;, w;} is a forcing
subset of S and so fom, (G) = 2. Similarly, if e = ugx, then again om(G) = 4
and fom(G) = 2. Now, for e = wyz, the sets S; = {uy, ua, x, w; }(w; # w1)
is the minimum open monophonic sets of G so that om(G) = 4. Then {w;}
is a forcing subset of S; so that fy,(G) = 1. Similarly, if e = w;z, where
i # 1, then again om(G) =4 and f,n(G) = 1.

For 3 < r < s, let e = uyz. Then a set S; formed by taking any two
elements of W together with x and u; such that ¢ # 1 forms a minimum
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open monophonic set. Hence om(G) = 4. Also {u;} is the forcing subset of
S; so that f,,,(G) = 1. Similarly, if e = u;z(i # 1) or e = w;x, then again
om(G) =4 and fon(G) = 1.
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