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Abstract

Let G be a graph with p vertices and q edges and A = {0,1,2,...,
[41}. A wvertex labeling f : V(G) — A induces an edge labeling f* de-
fined by f*(uwv) = f(u)+ f(v) for all edges wv. For a € A, let vy(a) be
the number of vertices v with f(v) = a. A graph G is said to be vertex
equitable if there exists a vertex labeling f such that for all a and b in
A, |vs(a) —vsp(d)] <1 and the induced edge labels are 1,2,3,...,q. In
this paper, we prove that key graph KY (m,n), P(2.QSy), P(m.QSy),
C(n.QSn), NQ(m) and Ki, x P are vertex equitable graphs.
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1. Introduction

All graphs considered here are simple, finite, connected and undirected.
We follow the basic notations and terminology of graph theory as in [1].
A graph labeling is an assignment of integers to the vertices or edges or
both, subject to certain conditions. There are several types of labeling
and a detailed survey of graph labeling can be found in [2]. The vertex
set and the edge set of a graph are denoted by V(G) and E(G) respec-
tively. The concept of vertex equitable labeling was due to Lourdusamy
and Seenivasan in [3] and further studied in [4]-[10]. Let G be a graph
with p vertices and ¢ edges and A = {0,1,2,...,[%]}. A graph G is said
to be vertex equitable if there exists a vertex labeling f : V(G) — A in-
duces an edge labeling f* defined by f*(uv) = f(u) + f(v) for all edges
wv such that for all @ and b in A, |v¢(a) — ve(b)] < 1 and the induced
edge labels are 1,2,3,...,q, where vy(a) be the number of vertices v with
f(w) = a for a € A. The vertex labeling f is known as vertex equitable
labeling. A graph G is said to be a vertex equitable if it admits vertex
equitable labeling. In this paper, we extend our study on vertex equi-
table labeling and prove that key graph KY (m,n), P(2.QS,), P(m.QS,),
C(n.QSy), NQ(m) and Kj, x P, are vertex equitable graphs. In [3],
it is proved that the comb graph P, ® Kj is a vertex equitable graph. In
the following theorem we give an another vertex equitable labeling for the
same graph P, ® K.

Theorem 1.1. The comb graph P, ® K is a vertex equitable graph.

Proof. Let V(P, ® K1) = {u;,v; : 1 < i < n} and E(P, ® K1) =
{uwv; : 1 <i<n}U{ujuisq : 1 <i<n-—1}. Here |V(P, ® K7)| = 2n and
E(P,® Ky)| =2n—1. Let A={0,1,2,..., [2]}.

Define a vertex labeling f : V(P, ® K1) — A as follows:
Case (i). When n is even.
f(ugz;l) = 2(i — 1), f(ugi) = Qi, f(’l}gl',l) = f(’l}gl') =21—1if1 S ) S %

Case (ii). When n is odd.

flugica) =20 =1, f(vgi) = 2(i = 1) if 1 <4 < [3], fv2s) = 20, f(u2) =
20 —1if 1 < i < |5]. It can be verified that the induced edge labels of
P,®Kjarel,2,...,2n — 1 and |vf(a) — vy(b)| <1 for all a,b € A. Hence
P, ® K is a vertex equitable graph. O

We use the following theorem and definitions in the subsequent section.
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Theorem 1.2. [3] The cycle C,, is a vertex equitable graph if and only if
n =0 or 3(mod 4).

Theorem 1.3. [7] The kCy-snake is a vertex equitable graph.

Theorem 1.4. [4] Let Gi(p1,2n + 1) and Ga(p2,q2) be any two vertex
equitable graphs with equitable labeling f and g respectively. Let u and
v be the vertices of G and Gy respectively such that f(u) = n + 1 and
g(v) = 0. Then the graph G obtained by joining u and v by an edge is a
vertex equitable graph.

Theorem 1.5. [9] Let G1(p1,q), G2(p2,9q), - - - s Gim(Pm, q) be the vertex eq-
uitable graphs with q is odd and u;,v; be the vertices of G;(1 < i < m)
labeled by 0 and [4]. Then the graph G obtained by joining vy with us
and ve with us and vs with uq and so on until we join v,,_1 with u,, by an
edge is also a vertex equitable graph.

Definition 1.6. Let NQ(m) be the n'" quadrilateral snake obtained from
the path ui,ug,...,uy by joining u;,u;y1 with 2n new vertices vj and
wi,1<i<m-—1,1<j<n.

Definition 1.7. The key graph is a graph obtained from K2 by appending
one vertex of Cy, to one end point and comb graph P, ® Ki to the other
end of Ks. It is denoted as KY (m,n).

Definition 1.8. [11] Let G1,Ga,...,Gp,n > 2 be n graphs and u; be a
vertex of G; for 1 < i < n. The graph obtained by adding an edge between
u; and u;p1 for 1 < ¢ <n —1 is called a path union of G1,Gos,...,G, and
is denoted by P(G1,Ga,...,Gy). When all the n graphs are isomorphic to
a graph G, it is denoted by P(n.G).

Definition 1.9. Let G1,Ga,...,G,, be n graphs and u; be a vertex of G;
for 1 < i < n. The graph obtained by adding an edge between u; and
uiy1(1 <i<n-—1),u, and uy is called a cycle union of G1,Ga,...,Gy and
is denoted by C(G1,Go,...,Gy). When all the n graphs are isomorphic to
a graph G, it is denoted by C(n.G).

2. Main Results

Theorem 2.1. The key graph KY (m,n) is a vertex equitable graph if
m =0 or 3(mod 4).
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Proof.
Case(i). m = 3(mod 4).

Let Gy = Cp,, G2 = P, ® K;. Since GG1 has m edges and G5 has 2n — 1
edges, By Theorem 1.1 and Theorem 1.2, P, ® K1, C,, are vertex equitable
graphs. Hence, by Theorem 1.4, K'Y (m,n) is a vertex equitable graph.

Case(ii). m = 0(mod 4).

Let G1 = P, ® K1,Go = (. Since G has 2n — 1 edges and G2 has
m edges, By Theorem 1.1 and Theorem 1.2 P, ® K; and C,, are vertex
equitable graphs. Hence by Theorem 1.4, KY (m,n) is a vertex equitable
graph. O

An example for the vertex equitable labeling of K'Y (7,5) is shown in
Figure 1.
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Figure 1

Theorem 2.2. The path union graph P(2.Q)S,,) is a vertex equitable graph.

Proof. Let V(P(2.Q5y)) = {us,vij,wij : 1 <i <21 <j<n}and
== {u1u2,uivi1,uiw,~1 01 < 1 < 2} U {uijvij,uijwij 01 <
< < j < npU{uvijn, w0 1 < i <21 < j < n—1}L
Here |V(P(2.QSy))] = 6n + 2 and |E(P(2.QS,))| = 8n + 1. Let A =
{0,1,2,..., [8oL]},

Define a vertex labeling f : V/((P(2.QSy))) — A as follows:

flur) =0, f(up) = [#5].
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For 1 <j <m, f(ui;) = f(wi;) = 2j, f(viy) = 25— 1, f(ve;) = f(vz;) =
flugg) = [85] = 25, fway) = [¥52] — 25 + 1.

It can be verifed that the induced edge labels of P(2.Q)S,,) are 1,2,...,8n+
1 and |vf(a) —vy(b)] < 1 for all a,b € A. Hence P(2.QS,) is a vertex equi-
table graph. O

Theorem 2.3. The path union graph P(m.QS,) is a vertex equitable
graph if m > 2.

Proof.  Here V|P(m.QSy)| = m(3n + 1) and E|P(m.QS,)| = 4mn +
m — 1.
Case(i). m is even.

Let G; = P(2.QSy) for 1 < i < 3. By Theorem 2.2, P(2.QS,) is a
vertex equitable graph. Since each G; has 8n + 1 edges, by Theorem 1.5,
P(m.QS,) admits vertex equitable labeling if m is even.

Case(ii). m is odd and take m = 2k + 1.

By Case (i) P(2k.QS,) is a vertex equitable graph. By Theorem 1.3,
nCy snake is a vertex equitable graph. Let G; = P(2k.QS,,) and G2 = nC4.
Since G1 has 8mn +2m — 1 edges, by Theorem 1.4, P(2m +1.QS,,) admits
vertex equitable labeling. O

An example for the vertex equitable labeling of the graph obtained by
the path union of 4 copies of 3Cy-snake is shown in Figure 2.

1 26
18 15 35 24
15 24
16 17 23 22
17 22
18 13 21 20
13 20

Figure 2
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Theorem 2.4. The graph obtained by the cycle union of n copies of mCy-
snake, C'(n.QSy,) is a vertex equitable graph if n = 0, 3(mod 4).

Proof. Let V(C(n.QSp)) = {ui, uij,vij,wij : 1 <i <n,1 <j<m}
and E(C(n.QSp)) = {ujuir1 : 1 <i<n—1} U{uyus } U{ujvi, vwi 2 1 <
7 < n}U{uijvij,uijwij 1< <n,1<5< m}U{uijvijJrl,uijwijJrl 1< <
n,1 <j<m-—1}. Here |V(C(n.QSn))| = 3mn+n and |E(C(n.QSy))| =
dmn +n. Let A ={0,1,2,..., [220£0]}

Define a vertex labeling f : V(C(n.QSy,)) — A as follows:

Case (i). n =0(mod 4).
f(ug;) = (4m +1)iif 1 <i< 2,

Flugiy) = (4m+1)(i —1) if1<i<?
YT am (- 1) + 1 if24+1<i< %,
For 1 <j <m,
Hvgrp) = 4 M D —1)+2) if1<i<}
CENT T Um+ -+ (25 1) i H1<i<y,
flogp;) =@Am+1)i—1-2(j—1)if 1<i<Z,
Fw ) = Am+1)(E-1)+2j-1 if1<i< %
Ve T (4m )i -1) 42 ifE+1<i<y
(Am+1)i —2j if1<i<y
Fweig) = {(4m+ Di—2(j—1) if24+1<i<2
(Adm+1)i—1)+2j ifl1<i<Z
U(2i—1);) Am+1)(i-1)+1+2j ifF+1<i< 3,
flu@i;) = (@dm+1)i—25if 1 <i < 3.
Case (ii). n = 3(mod 4).
f(ug) = (4m+1)(i — 1) + (2m+1) if 1 < < |2],
Fluzi 1) = (Adm+1)(i—1)+2m if 1 <i<[%]
. 2:( Am+1)(i— 1)+ @m+1) if [2]+1<i<[2],
orls js=m,
flugp;) = @m+1)(i - 1)+ 2m+1)+25if 1 <i < | 5],

(u )= Am+1)(i—1)+2m—2j ifr<i<re
H(2i-1)j (dm+1)i—-1)+2m—-2j+1 if [F]+1<
Adm+1)(E—-1)+2m—-2(j—-1) if1<i<

V(2i-1)5) Am+1)G—1)+2m+1-25 if [2]+1
f(vai) = m+1)(E-1)+2m+2j -1 if 1 <i<[F]
o2 Am—+1)(i—1)+2m+2j  if[2]+1<qi<|%],
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S @mEDE - +2m—2i+1  if1<i<[2]
Flwaiony;) = Am+1)Gi—1)+2m—2(j —1) if [2]+1<i<[2],
 am+ 1) —1)+2m+2§ if1<i<[2]

Flwei) = Am+1)(G—1)+2m+2j+1 if [2]+1<i< |2

It can be verified tha the induced edge labels of C(n.QS,,) are 1,2, ..., 4mn+
n and |vf(a) —ve(b)| < 1 for all a,b € A. Hence C(n.QSy,) is a vertex eq-
uitable graph. O

An example for the vertex equitable labeling of the graph obtained by
the cycle union of 7 copies of 2Cy-snake is shown in Figure 3.

16
16 18
17
14
10 1z 15 22 20
13
9 14 23 ’
11 29
A 13 %1 19
8 - 24 26
E <>©~ ' 7
7 [ 25
¢ % = 25 7
= 3
0
2 ] 32 30 ®
2 ad a0 o8
Figure 3

Theorem 2.5. The n'* quadrilateral snake NQ(m) is a vertex equitable
graph if n > 2 is even.
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Proof.  Let V(NQ(m)) = {ui/1 < i <m}U{vj/1 <i<m—1,1<
j<npu{w/2 <i<m,1 <j<nl,E(NQ(m)) = {uuir1/1 < i <
n—1}U{uvl/1 <i<m—1,1<j <n}U{uw}/2<i<m,1<j<n}
Clearly NQ(m) has 2(m — 1)n + m vertices and 3(m — 1)n +m — 1 edges.
Let A= {0,1,2,..., [2nlmim_1)y

Define a vertex labeling f : V(NQ(m)) — A as follows:

For 1 <i<m, f(u;) = [E=0,

For 1 <i<|%],1<j<n, f0} ") =@n+1)(i—1)+

FF) = B+ 1) — 1)+ [E5H] + (5 - 1),

For 1<i<|%2],1<5<%, fw? ™) =@n+1)G—1)+ 5] -2

fwiT)) = Bn+ 1) - 1)+ [F52] - (2] - 1).

For 1 <i<[%],1<j<%, f(w]')=Bn+1)i—(2—1),

fwi;) = Bn+1)i—(2j - 2).

It can be verified that the induced edge labels of NQ(m) are 1,2, ..., 3(m—
n+m —1 and |vg(a) —ve(b)] < 1 for all a,b € A. Hence NQ(m) is a
vertex equitable graph. O

An example for the vertex equitable labeling of 4Q)(4) is shown in Figure
4.

17

19

16

20

10

Figure 4
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Corollary 2.6. The book graph Ky, x P is a vertex equitable graph.
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