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Abstract

In this paper, we give sufficient conditions to guarantee the asymp-
totic stability of the zero solution to a kind of delay nonlinear frac-
tional differential equations of order a (1 < « < 2). By using the
Banach’s contraction mapping principle in a weighted Banach space,
we establish new results on the asymptotic stability of the zero solu-
tion provided that g (t,0) = f (¢,0,0) = 0, which include and improve
some related results in the literature.
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1. Introduction

Fractional differential equations with and without delay arise from a variety
of applications including in various fields of science and engineering such
as applied sciences, practical problems concerning mechanics, the engineer-
ing technique fields, economy, control systems, physics, chemistry, biology,
medicine, atomic energy, information theory, harmonic oscillator, nonlin-
ear oscillations, conservative systems, stability and instability of geodesic
on Riemannian manifolds, dynamics in Hamiltonian systems, etc. In par-
ticular, problems concerning qualitative analysis of linear and nonlinear
fractional differential equations with and without delay have received the
attention of many authors, see [1]-[13], [15] and the references therein.

Recently, Agarwal, Zhou and He [2] discussed the existence of solutions
for the neutral fractional differential equation with bounded delay

{ “De (aj(t) - g<t7xt)) = f(tvxt)7 t > to,
Tty = d)a

where ¢ D% is the standard Caputo’s fractional derivative of order 0 <
a < 1. By employing the Krasnoselskii’s fixed point theorem, the authors
obtained existence results.
The delay fractional differential equation
da
—ux(t) = f(t,z(t),z(t — 7)), t €[0,T7],
x(t)=9¢(t), te[-7,0], 0<a<l,

(%
has been investigated in [1], where d—a denotes Riemann-Liouville frac-
tional derivative of order 0 < o < 1. By using the Krasnoselskii’s fixed
point theorem, the existence of solutions has been established.
In [6], Ge and Kou investigated the asymptotic stability of the zero
solution of the following nonlinear fractional differential equation

“Dg x(t) =k (t) + f (t,z(t), t >0,
2'(0) =0, z(0) = xo,

where © D§, is the standard Caputo’s fractional derivative of order 1 < a <
2. By employing the Banach’s contraction mapping principle in a weighted
Banach space, the authors obtained asymptotic stability results.
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In this paper, we are interested in the analysis of qualitative theory of
the problems of the asymptotic stability of the zero solution to delay frac-
tional differential equations. Inspired and motivated by the works men-
tioned above and the papers [1]-[13], [15] and the references therein, we
concentrate on the asymptotic stability of the zero solution for the nonlin-
ear fractional differential equation with variable delay

“Dga(t) =k (t) + f (t,x(t), 2(t — 7(1))) + D g(t, x(t — 7(t))), t >0,
2'(0) =0, z(t) = ¢(1), t € [mo,0],
(1.1)

where 1 < a < 2, k € R is a given constant, RT = [0, +00),

7 : RT™ — R' is continuous with ¢t — 7(t) — oo as t — oo, my =
infi>o {t —7(¢)}, g : RT x R — R and

f:RT xR xR — R are continuous functions and ¢(¢,0) = f(¢,0,0) =
0, CD(‘)Zr is the standard Caputo fractional derivative and we denote the
solution of (1.1) by x (¢, ¢,0). To show the asymptotic stability of the zero
solution, we transform (1.1) into an integral equation and then use Banach’s
contraction mapping principle [14].

This paper is organized as follows. In section 2, we introduce some
notations and lemmas, and state some preliminaries results needed in later
sections. Also, we present the inversion of (1.1). In Section 3, we give and
prove our main results on stability.

2. Preliminaries

We introduce some necessary definitions, lemmas and theorems which will
be used in this paper. For more details, see [7, 8, 13, 14].

Definition 2.1 ([7, 13]). The fractional integral of order o > 0 of a func-
tion x : RT™ — R is given by

a

I§.0(t) = gy [ (6= 9" el

provided the right side is pointwise defined on R™.
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Definition 2.2 ([7, 13]). The Caputo fractional derivative of order o > 0
of a function = : R* — R is given by

“D§(t) = I e (t) = m/ﬂ (t— st (s)ds,

where n = [a] + 1, provided the right side is pointwise defined on R™.

Lemma 2.3 ([7, 13]). Let R(a) > 0. Suppose z € C"~1 [0, 400) and (™)
exists almost everywhere on any bounded interval of R™T. Then

(15,7 Dg) (1) = 2(t) = > ot
k=0 :

In particular, when 0 < R(«) < 1, (I&CD&&U) (t) = z(t) — =(0).

Remark 2.4. From Definitions 2.1, 2.2 and Lemma 2.3, it is easy to see
that

(1) Let R(a) > 0. If x is continuous on R, then D§ I§, x(t) = =(t)
holds for all t € R™.

(2) The Caputo derivative of a constant is equal to zero.

The following Banach space plays a fundamental role in our discussion.
Let h : [mg, +00) — (0, 1] be a strictly decreasing continuous function with
h(mo) =1, h(t) — 0 as t — oo. Let

E = {a: € C([mo,+o0)) : ts;gza {h(t) |z(t)|} < oo} .

Then FE is a Banach space equipped with the norm [|z|| = sup;s,,, {h(t) |2(t)|}.
For more properties of this Banach space, see [8]. Moreover, let

lell, = max {|¢(s)| : mo < s <t}

for any ¢ > my, any given ¢ € C ([mg, +00)) and let (e) ={z € E: ||z <
e and z (t) = ¢ (t) if t € [myp, 0]} for any € > 0.

Lemma 2.5 ([5]). Let r € C([mg,+o0)). Then z € C ([mg,+00)) is a
solution of the Cauchy type problem

2.1) { Dy x(t) =7(t), teRT, 1 <a<?2,

#'(0) =0, z(t) = 6(t), t € [mo, 0],
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if and only if x is a solution of the Cauchy type problem

o' (t) = Ig7'r(t), t € R,
(2.2) { z(t) = ¢€57 t & [mo,0].

Lemma 2.6. If R € C ([0,00)) satisfies the integral equation
(2.3) R(t) =14 klg, R(t),

then x € C ([mg,+00)) is a solution of (1.1) if and only if
() = R (5)6(0) ~ 0, 6(~7(0)) [ B(s)ds

+/0 R(t—s)g(s,z(s—7(s)))ds

1 t s o
+m/0 R<f—8>/0 (5 — w)* 7 f(u, x(uw), x(u - 7(u)))duds.

(2.4)

267

Proof. Let x € C([mg,+o0)) be a solution of (1.1). From Lemma 2.5,

we have
a'(t) = g(t];w(t —7(t))) — 9(0,¢(=7(0)))
e [Pt —5)* 22 (s) ds
(2.5) Fla-1) Jo (b= s)" e (s)
ey o (=9 S (s (), a(s = 7(s))ds,
x(t) = ¢(t), t € [mo, 0]

On the other hand, for any given ¢ > 0, similar to the argument in
section 3.5 of [7], it is easy to see that there exists at least one R € C ([0, 0))
satisfying (2.3). Besides, for any R € C ([0, 00)) satisfying (2.3), we can get

that R (0) = 1, R’ (t) = kI§ ' R(t), and

dR(t—s) -k [t ey
7 =1k R(t—s—v)v* “dv
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(2.6) = F(a_ifl) /St R(t—u)(u—s)""2du.

For fixed ¢ > 0, we can conclude that

Ji {2 (s) + R(t = 5) 2/ (s) } ds

— R(t-s)a(s)[h = (t)~ R()6(0).
Considering (2.5) and (2.6), we have
z(t) = R(t) ¢ (0)

- édRE;S 5) g s)ds +f0 e fo ZL‘(’LL) duds

+Jo R (t =) [g(s,2(s = 7(5))) = 9(0, 6(—7(0)))] ds
+ﬁ Jo R(t—=5) Jo (s = )72 f(u, x(u), 2(u — 7(u)))duds

=J dRE;;S) + F(ak— 0 JER(t—u) (u— $)* 2 dul x (s)ds

—9(0,6(=7(0))) s R(s)ds + [y R (t — 5) g(s,2(s — 7(s)))ds
i e Rt 8) Jo(s — w2 f (u, a(u), 2(u — 7(w))duds
= —g(0,¢(~7(0))) Jg R (s)ds + [§ R (t — 5) g(s,2(s — 7(s)))ds
+ 1y Jo B (8= 8) J5 (s = w)* 2 f (u, 2(w), w(u — 7(u)))duds.

Since each step is reversible, the converse follows easily. This completes
the proof. O

Definition 2.7. The trivial solution z = 0 of (1.1) is said to be

(1) stable in Banach space E, if for every ¢ > 0, there existsaoc = o (¢) > 0
such that |¢(t)| < o implies that the solution z(t) = x(t, ¢,0) exists for all
t > mg and satisfies ||z|| < e.

(#4) asymptotically stable, if it is stable in Banach space E, and there exists
a number o > 0 such that |¢(t)| < o implies lim;_ z(t) = 0.
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3. Main results

In this section, we shall present and prove our main results. First, we define
the operator T': £ — E as follows, (T'x) (t) = ¢(t) if t € [mo, 0], while, for

t>0
(T) (t) = R () $(0) — g(0,(=7(0))) Jy R () ds

+ s R(t—5) gls, (s — 7(5)))ds
+ﬁ Jo B(t—9) J5 (s = w)* 2 f(u, 2(w), z(u — 7(u)))duds

= R (t) $(0) — g(0,p(—7(0))) f§ R (s) ds

4 [FIRG =) (s, = (61 + K (= 8) fs,0(s),als = 7)) s,

(3.1)

where

1 t o
K(t)—m/o (t — w)* 2R (u) du.

We introduce the following hypotheses.
(h1) There exists a constant M; > 0 such that

t
sup/ h(t)|R (s)|ds < M,.
t>0 JO

(h2) There exists a constant v € (0, 1) such that

’k‘ /t a—2 -1
sup —— t—s h(t)h™" (s)ds = v.
up s [ R o
(h3) g and f are continuous functions and ¢(¢,0) = f(¢,0,0) = 0. Also,
there exist constants 3 € (0,1), [ > 0 and continuous functions Lg, L1, Ly :
R*T — R such that

sup [ B (OIR (6= 9| Ly (5) + 1K (6 = 9)] L1 (5) + Lya (9]} s < 5,

>0

(3.2)



270 A. Ardjouni, H. Boulares and A. Djoudi

(3.3) g (t,x) —g (&, y)| < h(t) Ly (t) |z =yl

and

(3.4) [f(t,z,y) = f(t2,w)| S h(E) Ly (8) |2 — 2] + Ly2 (t) [y — w])
for all t >0, |z|,|y|, |z], |w| <.

Theorem 3.1. Suppose that (hl) — (h3) hold. Then the trivial solution
x =0 of (1.1) is stable in Banach space E.

Proof. Since g and f are continuous functions with g (¢,0) = f (¢,0,0) =
0, for each continuous functions Ly, L and Ly satisfying (3.2), by (3.3)
and (3.4), we have

g (t,2)| < Lg (t) ||| and [f (&2, y)] < Lp1 (&) lz]] + Ly2 (8) [yl

for all ||z||, |ly|| <. Next, we will prove that for any ¢ € (0,1], there exists
a o > 0 such that for |¢(t)] < o, the unique solution x of (1.1) satisfies
]l <e.
Let € > 0 (¢ € (0,1]) be given. For all t > 0, we have
RO IR = b () + i ot = )7 (1) R(s)ds|

<1+ % Jo(t—s)*h(t) ht (s) ds sups>o {h (s) |[R(s)[}

<1 +vsupgsg{h(s)|R(s)]},
then

sup {1 (5) | R (s)]} <
>0 v

Let My = supssg{h(s)|R(s)|} and 0 = Mz%%s. Obviously,
J(e) € E is a closed convex subset and the operator 7' is continuous.

Then for any given x € J(e), |¢ (t)| < o, we have

h(t) |(T) (¢)]

< h(t) [R ()] 16(0)] + A (2) |90, o(=7(0))| fy R (5)| ds
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+h(t) fy [[R (t = )| lg(s,2(s — 7())| + K (t = 8)[ [ f(5,2(s), 2(s — 7(5))) ]} ds
< My [¢(0)] + M1 Ly (0) [¢(=7(0))]
+fo B () {|R(t = 5)| Lg (s) + |K (¢ — )| [Ly1 (5) + Lya (5)]} ds ||
< My [¢(0)] + MLy (0) |$(=7(0)] + B |z]| < e.
Therefore, T : $(¢) — S(e). Furthermore,
h(t)|(Tz) (t) = (Ty) (1)
<) [y IRt —s)lg(s,2(s —7(s))) — 9(s,y(s = 7(s)))|
+ K (= 9)[[f(s,2(s),2(s = 7(s))) = f(s,y(5), y(s = 7(s)))| ds
< Joh W {IR(t = )| Ly (s) + |K (t = s)| [Ly1 (s) + Ly2 ()]} ds ||z — g
< Bllz—yll.
Then |(Tz) (t) — (Ty) ()] < Bllz—y| (0 < B < 1) is a contraction.
It follows from the Banach contraction mapping principle, that T’ has a
unique fixed point z € $(e), which is also the solution of (1.1).

On the other hand, for any solution x of (1.1) and any £ > 0, there

exists a o = %;M;ﬂg(o)a such that |¢ (¢)] < o implies that

2]l = supgsm, {h (8) [(T) ()]}
< Mz [¢(0)] + MLy (0) |o(—=7(0))]
+supg fo h () {|R (t = 5)[ Lg () + | K (t = 5)| [Lg1 (s) + L2 (s)]} ds |||

< Mz [¢(0)| + MiLy (0) [¢(=7(0))[ + B ||z]| <.

Thus the trivial solution of (1.1) is stable in the Banach space E. O
Before showing our main results on the asymptotic stability of (1.1), we
introduce two new Banach spaces

lim:n(t):()},

) t—o00

B - {x € C (fm, 00))

and
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Ef;:{xeC’([mg,oo)) lim 2B (£) = 0, o<5<1<a<2},

: t—00
equipped with the norms ||z||5 = sup;s,, |z (t)| and

||xHEﬁ = SUPs>pp, {t"‘_B |x(t)|}, respectively. Obviously, g C E, C FE.
Let Sy ={rx € Ex:z(t) =¢(t) if t € [mo,0]}.

Theorem 3.2. Suppose that the condition (h3) of Theorem 3.1 with h (t) =
1 holds, 1 < a < 1+ B3, limy—,00 t* " PR (t) = 0, limy_00 fy R (s)ds = 0 and

t—o00

lim [ (IR~ 9 Ly () + K (¢ = 5)| (L1 () + Lo ()]s =0

Then the trivial solution of (1.1) is asymptotically stable in the Banach
space F,.

Proof.  Similar to the argument in [6, 7, 8], it is easy to prove that there
exists at least one solution of (2.5) in the Banach space Eg. Moreover, if
limy_0o t* " BR () = 0, we have lim;_,o, R (t) = 0 and

5 (5] = [y Jo (= w20 ou R (w) du

< MFa) 5L sup,. {ta—ﬁR (t)} .

By Theorem 3.1, if lim; o t* PR (t) = 0, limy—oo [3 R (s)ds = 0 and
the condition (h3) of Theorem 3.1 with h () = 1 holds, then the trivial
solution of (1.1) is stable in the Banach space F,. Furthermore, for any
t > 0, if follows from (3.1) that

(T2) (1)) < |R(1)]|6(0)] + Ly (0) [(~7(0))] [ J§ R(5) s
+ Jo {IR(t = 8)| Ly (5) + | K (t = )| [Ly1 (s) + Ly2 (s)]} ds |12]| s,
— 0 ast — oo,

which means that T : S, — . Therefore, the trivial solution of (1.1) is
asymptotically stable in the Banach space E,. O
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