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Abstract

We study the scale of function spaces M, introduced by Zamboni.
For these spaces, we get a characterization in terms of nonlinear
Bessel potentials. This result is based on a known characterization
of the Kato class K,, 5 of order s in terms of Bessel potentials and the
space of bounded uniformly continuous functions.
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1. Introduction

The Kato class K, was introduced and studied by Aizenman and Simon
(see [7] and [2]). For n > 3, it consists of locally integrable functions f on
R"™ such that

lim,_,g sup n 1f ()|
zeR fB(m,r) ‘ﬁdyzo.

z—y|"T

For 1 <p <mn, the following classes were defined by Zamboni (see [9]):
the class M), of functions f such that
1
2) = L
SupZCERn {fB(xﬂ") ‘x_y1|n71 (fB(:L‘,T') ‘y;lezn,1 dZ) dy} < o0,
and the class M, of functions f such that f € Mp and

1
. Z = p_l
llmT*,() SUpP,cRn» {fB(m,T) W (fB(x,r) Lf( 72'_1 dz) P dy} =0.

ly—=|

In [3], Davies and Hinz introduced the scale K, of the Kato classes
of order s > 0. It was shown by Gulisashvili (see [4] Theorem 1) that for
a locally integrable function f the following conditions are equivalent:
(a) feKns for s> 0;
(b) JIf€ Lo and  limg_ g 0* 1J=(fall = 0;
(¢) J*|f| € BUC.

In (a) and (c), the symbol J—° stands for the Bessel potential of order
s, BUC denotes the space of bounded uniformly continuous functions on
R", and |f|,(z) = |f(az)|,z € R, a > 0. Previously, this result was
obtained for the Kato class K, and the Kato class of measures K,, in
[6] and [5], respectively.

In the present paper, we generalize the theorem formulated above for the
classes Mp and M), using the nonlinear Bessel potentials (see Theorems
1 and 2 below)

2. Definitions and Notation

In this section, we gather definitions and notation that will be used through-
out the paper. We also include several simple lemmas. By L} (R") we
will denote the space of functions which are locally integrable on R, and

by L}OC’U the space of functions f such that
SUPzeRn [ (a1 1/ (¥)] dy < o0

DEFINITION 1. Let f e L (R"). Forany 1 <p<mn and r > 0, we set

loc
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1
a: \71, \P!
(I)(T) = SUPgecRr (fB(a:,r) W (fB(a:,r) Jzﬂ_aﬂ’%) dy) ’
where B(z,r) ={y: |z —y| <r}. )
We say that f belongs to the space Mpy(R™), if ®(r) < oo for all
r > 0.

DEFINITION 2. We say that a function f € My(R") if
lim, o ®(r) = 0.

We are now ready to formulate some simple properties of the classes
M, and M, .

LEMMA 1. (See [9], p. 151) For 1 <p <mn, we have
(i) My(R") C My(R"), and
(ii) Mz(R"™) = K,,.

From Lemma 1 we conclude that both M,(R™) and M,(R") are
generalizations of K,.

REMARK 1. The following example shows that K, is properly contained
in My(R"™) for p > 2. It is known that the function f(x) = |z| 72 is not
in the Kato class K,. However, f € M,. Indeed,

1

1 =L
(2.1)lim sup{ / —s (/ #) ’ 1dy} =0.
70"z \JB@r) |z — 9l Blar) |2|7 |z =yl

This can be shown by splitting the domain of integration in the interior in-

tegral into the following three parts B(z,r)({|z| < % |y|}, B(z,7) {3 |y <
lz| < 3|y} and B(z,r)N{|2| > 2|y|}. After routine calculations we see

that

f dz
B(,r) 2P a—y[* T

N

is majorized by C'|y|™". Finally we have
p—1
C Supy { fB(x,T) ¢} —0 as r—0,

= —
ly|P~1 |z—y|

this shows that (2.1) holds. Thus, f € (59 Mp.

REMARK 2. (i) For 0 < r < 1, it is not hard to check that for
1 < p <2 the expression
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1 1£(2)| T \P!
fll iz, Ry = Sup ( / — ( / . dz) dy)
|| HMp(R) »cR7 B(IE,I) |fL'—y| 1 B(x,l) |Z—y| 1

(2.2)

defines a norm on M,(R™).
(ii) For p > 2, the expression (2.2) satisfies the following inequality.

(2.3) 15+ sl ey < 2 (1L ey + sl e )

for all f and g in M,(R™). IfU is a neighborhood of 0, from (2.3) we
have 2p~*1U +2r-lUy c U,
then Mpy(R™) is a topological vector space.

LEMMA 2. M,(R") C R") for 1 <p<n.

loc u(

Proof. Let f € My(R"), and fix 9 > 0. Then there exists a positive
constant C' such that ®(rg) < C. It follows that

1

(=) 1\
SUPgzeRn (IB(:EJ'O W <fB (z,r0) m—|nld2> dy)

_1
d T\ P!
2 SUPgcRr <f3<:c,m> T (chc,m) @%%dz> )
n—1 p—1
B
> supsere () (2B 5G)

To

Therefore
SUPcRn JB(a,r) f(2) dz < BC,

where
B= (2r9)" ! (rom(B(0,1)))"~
Finally, let B(z,1) C UZ 1B(xk,r0) then

SUPzecRn fB (x,1) f( ) dz ZZ 1 SUPzcRr fB(:pk,m) f(Z) dz,

SO
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SUD,eRn [y £(2) dz < o0

therefore
Mp(Rn) - Llloc,u(Rn)' O

LEMMA 3. For 1 <p<n, MP(R”) is a complete space.

Proof.  Let {fu}nenr be a Cauchy sequence in B(0,7) = {f € M,(R") :
F ity <7}
By Lemma 2, {f,}nen is a Cauchy sequence in L}OQU(R”). Since this
space is complete, there exists a function f € L}OC’u(R") such that f, — f
in LlIOC u (Rn) *

By Fatous’s Lemma, we have f Ny (Rn) = liminf f, N, (R <r.

Thus f € B(0,7), which means that B(0,7) is complete with respect to
the topology generated by L}OC,U(R”) - norm. By Corollary 2 of Proposi-
tion 9 in [4, Chapter III § 3,n0.5] we obtain the assertion. O

LEMMA 4. If 1 <p<n, then M,(R") is closed in M,(R").

Proof. Let us define the map ¢ : My(R™) — [0,00) by o(f) =
lim, o ¢f(r) (see definition 1). It is not hard to prove that the family
{¢r}r>0 where ¢.(f) = ¢¢(r) is equicontinuous and ¢, — ¢ pointwise
as v — 0. Since My(R") = ¢ 1(0). We obtain the result. O

Nonlinear Bessel Potentials

In this section, we gather some well-known results concerning Riesz and
Bessel potentials (see, e.g., [8]). Let

_ 1 oo ,an 7ﬁ,
Galw) = (2m)222T(2) JotTE e
denote the Bessel kernel of order « > 0. For more information on the

0
Bessel kernel, we refer the reader to [8], Chapter 5.

dt

t?

[JES

DEFINITION 3. For any f € L} (R"), and a > 0, the function

loc
Go * (Gq * f)p_il
is called the nonlinear Bessel potential of f, (see [1], p. 21).
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The symbol [, will stand for the Riesz potential kernel which is defined
as follows:

(2.4) Io(2) = —.
]
where v, is a certain constant (see [8], section V.1). It is Known that
1 X0 4—n wla|?
(2.5) I(z) = 7/ 37" e @,
(2m)2221(§) Jo t
where 0 < o < mn. We have from (2.3) and (2.4) that

(2.6) 0 < Go(z) < Iy(x) for 0 < a<n.

It is known that the local behavior of the Bessel potential kernel and
the corresponding Riesz potential kernel is the same for 0 < a < n. It is
also known that the Bessel potential kernels decay exponentially at infinity.
More exactly, the following estimates holds: if 0 < a <n, then there exist
Cy >0 and C, >0 such that
(2.7) Co |2]*™ < Go(z) < Cf ||,
for all z with 0 < |z| < 1. On the other hand, for every a >0 we have
(2.8) Go(z) < Cue™e,
for all z € R™ with |z| > 1. We have from (2.7) and (2.8) that for all =

with 0 < |z| < oo,

(2.9) Golz) < O (XB(O—”(”:) + e—clw).

Main Results
In this section we will give a characterization of the classes MP(R”) and

M,(R") in terms of nonlinear Bessel potentials.

REMARK 3. It is not hard to prove that the following are equivalent
(a) f € MyR"),

1
(b) lim, o+ SUPzeRn f\y—x|§r W (f|y—x|§1 ﬂ%d'z) " dy =0,
. 1
(C) hInTH0+ SUpP,cRn f\yfm|§r W (fR" Gl(y — z)’f(z)’dz) —1 = (.
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THEOREM 1. Let fc L} (R"), and 1 <p <n. Then f & M,(R") if
1
and only if sup,crn{G1 * (G1 * |f|)P1} < 0.

Proof. Let f ¢ Mp(R”), Gin = XB(0,)G1 and Gout = XR»|B(0,1)G1-
Since G171 = Gin + Gour and using (2.9), we have sup,cr-{Gi1 * (G1 *
7T (@)} 1

= suPgeRn {(Gin + Gour) * (G1* [ f])7~7 ()}

< suppern{Gin * (G1* |f])7 7 (2)}

+SuDero {Gou * (G = f)FT (@)}

= SupPeRn {Gin * [(Gin + GOUf) [ fl]7=T (x)}

+suppeRrn {Gout * (G [f]) 777 (2)}

< supeRrn {Gin * (Gin * \f|)?( )}

+ supyeRrn { Gout * (Gl * ’f’) 1 (z )} )

= SUp,cRn Jrn G Y) (Jrn Gin(y — 2)|f (2 )|‘1l2?)”—*11 dy

+ Supyern Jre G Y) (Jrn Gout(y — 2)|f (2 )|dz)? dy

+ Sup,cRn JRn out(fB —y) (Jrn Gl( = 2)|f(2)|dz)?»-1 dy 1

= SUP,eRrn Jr» XB(O,)G1(T — ¥) (fRn XB(0,1)G1(T — y)|f<z)|dz) " dy

+SUP,eR» JRn XB(0,)G1(2—Y) ([Rn XRe (0.1 (Y — 2)G1(y — 2)| f (2 )]dz) 1 dy
+8Up,eRn SR XR2(B(0,1) (T — Y)G1(z — ) (Jr» G1(y — 2)|f(2)]d )Pil dy
= supeme Syen) 612 =9) (Jgya) Grly = ) F(2)ldz) ™y
+5uPgeRr [p(a,1) G1(2 — ) (fRn|B 1) G1(y — z)\f(z)\cl,z)”Tl dy
+ SUDseRe S pan) G1® — 1) (Jra G1(y = 2| (2)]d2)77 dy

)
)

by (2.9) we have

1
Subgern (G 5 (G = /)7 ()} 1
< SUP,cRr fB(z,l) |ac—yl|”’1 (fB(y,l) ‘Z/I_ch(iz'fld'z) o

1

+ Sup;cRn fB(:r,l) \xfy1|"*1 (fR”IB(y,l) eily%"f(z)’dz) T dy
1

+5uPyeRn JRopn) €Y7 (re G1ly — 2)|f(2)]d2) 7T dy

1

< SUpeRn fB x,1) Jz— y|” 1 (IR"|B (y:1) \yl »£|72‘ 1dZ) oy
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_1
+ e sup,eRrn S e (JRepy 1F(2)1d2) 7 dy

1
+5uPyeRn JRop) €Y (e [f(2)]d2) 7T dy
< 0.
To prove the sufficiency in Theorem 1, let us assume that sup,cg» G1*

(G * |f|)p_i1(:n) < oo and 0 <r < 1. Then (2.7) gives

1
XB(0,r) (T—Y) XB(0,r) (Y—2) f(2) p—1
Cp SupLEGRn fR” il('(iy)|n71 (fRn %dz> dy
1

< sup,crn Jrr G1(z — ) (fRn Gily - 2) (2) dz) "y < oo,

therefore, f € M,(R™).
This completes the proof of Theorem 1.
O

THEOREM 2. For 1<p<mn, then fe& My(R") if and only if

1

Gy + (G1 = |f|)71 € BUC.

Proof. Let fe M,(R"), and ¢ be any function in C.(R"™) such that
)1 |2 <1/2,
(2.10) #(z) { 0 if |z|>1
with 0 < ¢(z) <1 forall x € R" and sptp C B(0,1).
Let us define Gip o = go(é-)Gl and Goyto = (1 — go(i))Gl. Observe

1
that Gout,a is a continuous function. We claim that Goue o % (G1*|f])?—T €
BUC for 1 <p<mn, toprove this let us consider

Gouta * (G1 # )77 (2 + h) = Gout % (G1 5 | )77 (2)
Jro [Gout,a(T + b —y) = Gout,a( — y)] (G * |f|)p_i1 (y)dy’ =1

SUP,cR»

— SupIeRn

by Lemma 2 we obtain
I< SUP cR» |fRn (Gout,a(:E +h— y) - Gout,a(x - y))|

1

(suPserr Jon 1F)) T

< SUPgzeRn fR" |G1 (LE + h) -G (LE)| + sup,crn fR" |Gin,a(x + h)

—Gina(x)|dz

—0
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as h — 0, and the claim is proved.

Next we want t? show that G; * (G * | f|)P_i1 can be approximate by
Gout,a * (G1 % | f|)P=T. Since we get G1 = Gin, @+ Gout,o We have
G1# (G % |f)77 (2) = Gousa * (G % |f) 77 (2)
= SupeRn | R Ginal(z = y) (Jrn G1(y — z)|f(a:)]dz)13+1 dy’
= SUDyeRr flo—yj<ar G1(x — ) (e Gy = )| F(2)|d2) 77 dy

SUP,cR»

by hypothesis and Remark 3 we have
1

< SUP, fiy_y <ayn Tmir (s Gy — 2)IF(2)ld) 7T dy — 0
as a— 0.

Next, assume that Gj * (Gp * \f|)P_i1 € BUC. Then by theorem 1 in
[5]

1

lima—o 0 supyere (frve G1(x — 3) (s Grlay — 2)|F(2)]d2) 77 dy) =0,

using (2.7), we see that
1
asup,err (fro G1(@ — ay) (Jrn Grlay — 2)|f(2)ld2)7T dy)

zT—u -
_ X a 2 — -
< o supen e RS (fe M) a) T
1

= SUPgzeRn fB(x,a) |x,—1}‘n—1 (fB(:r,a) —‘u‘fiz,ztl dz) P dy — 0,

as o — 0. Applying Theorem 1 in [5] again, we get f € M,(R").
This completes the proof of Theorem 2
O
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